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Preface

Quantum theory is one of the mostfiult subjects in the physics curriculum.
In part this is because of unfamiliar mathematics: partial differential equation:
Fourier transforms, complex vector spaces with inner products. But there is al
the problem of relating mathematical objects, such as wave functions, to the phy
ical reality they are supposed to represent. In some sense this second probler
more serious than therst, for even the founding fathers of quantum theory had &
great deal of dficulty understanding the subject in physical terms. The usual ap
proach found in textbooks is to relate mathematics and physics through the conc
of a measurement and an associated wave function collapse. However, this doe
not seem very satisfactory as the foundation for a fundamental physical theo
Most professional physicists are somewhat uncomfortable with using the conce
of measurement in this way, while those who have looked into the matter in great
detail, as part of their research into the foundations of quantum mechanics, ¢
well aware that employing measurement as one of the building blocks of the su
ject raises at least as many, and perhaps more, concepfimllti#s than it solves.

It is in fact not necessary to interpret quantum mechanics in terms of measut
ments. The primary mathematical constructs of the theory, that is to say wa:
functions (or, to be more precise, subspaces of the Hilbert space), can be gi\
a direct physical interpretation whether or not any process of measurement is |
volved. Doing this in a consistent way yields not only all the insights providec
in the traditional approach through the concept of measurement, but much mc
besides, for it makes it possible to think in a sensible way about quantum systel
which are not being measured, such as unstable particles decaying in the cel
of the earth, or in intergalactic space. Achieving a consistent interpretation is n
easy, because one is constantly tempted to import the concepts of classical phys
which fit very well with the mathematics of classical mechanics, into the quantur
domain where they sometimes work, but are often irflactrwith the very different
mathematical structure of Hilbert space that underlies quantum theory. The res

Xiii



Xiv Preface

of using classical concepts where they do not belong is to generate contradictic
and paradoxes of the sort which, especially in more popular expositions of the st
ject, make quantum physics seem magical. Magic may be good for entertainme
but the resulting confusion is not very helpful to students trying to understand tt
subject for thefirst time, or to more mature scientists who want to apply quantun
principles to a new domain where there is not yet a well-established set of princ
ples for carrying out and interpreting calculations, or to philosophers interested
the implications of quantum theory for broader questions about human knowled
and the nature of the world.

The basic problem which must be solved in constructing a rational approac
to quantum theory that is not based upon measurement as a fundamental prir
ple is to introduce probabilities and stochastic processes as part of the founc
tions of the subject, and not just ad hoc and somewhat embarrassing addition to
Schibdingets equation. Tools for doing this in a consistent way compatible with
the mathematics of Hilbert spafiest appeared in the sciefiti research literature
aboutfifteen years ago. Since then they have undergone further developments «
refinements although, as with almost all sigrant scienfic advances, there have
been some serious mistakes on the part of those involved in the new developme
as well as some serious misunderstandings on the part of their critics. However,
resulting formulation of quantum principles, generally knowrcassi stent histo-
ries (or asdecoherent histories), appears to be fundamentally sound. It is concep-
tually and mathematicallycleari: there are a small set of basic principles, not a
host ofad hoc rules needed to deal with particular cases. And it provides a ration:
resolution to a number of paradoxes and dilemmas which have troubled some
the foremost quantum physicists of the twentieth century.

The purpose of this book is to present the basic principles of quantum theo
with the probabilistic structure properly integrated with Salinger dynamics in
a coherent way which will be accessible to serious students of the subject (a
their teachers). The emphasis is on physical interpretation, and for this reas
| have tried to keep the mathematics as simple as possible, emphafidiag
dimensional vector spaces and making considerable use of whattayathodels.
They are a sort of quantum counterpart to the massless and frictionless pulle
of introductory classical mechanics; they make it possible to focus on essent
issues of physics without being distracted by too many details. This approas
may seem simplistic, but when properly used it can yield, at least for a certa
class of problems, a lot more physical insight for a given expenditure of time the
either numerical calculations or perturbation theory, and it is particularly useful fc
resolving a variety of confusing conceptual issues.

An overview of the contents of the book will be found in thiest chapter. In
brief, there are two parts: the essentials of quantum theory, in Gii$, z2and
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a variety of applications, including measurements and paradoxes, in G, 17
References to the literature have (by and large) been omitted from the main te
and will be found, along with a few suggestions for further reading, in the bibli-
ography. In order to make the book self-contained | have included, without givin
proofs, those essential concepts of linear algebra and probability theory which ¢
needed in order to obtain a basic understanding of quantum mechanics. The le
of mathematical dffculty is comparable to, or at least not greater than, what one
finds in advanced undergraduate or beginning graduate courses in quantum the

That the book is self-contained does not mean that reading it in isolation frol
other material constitutes a good way for someone with no prior knowledge t
learn the subject. To begin with, there is no reference to the basic phenomen
ogy of blackbody radiation, the photoelectric effect, atomic spectra, etc., whic
provided the original motivation for quantum theory and still form a very impor-
tant part of the physical framework of the subject. Also, there is no discussic
of a number of standard topics, such as the hydrogen atom, angular momentt
harmonic oscillator wave functions, and perturbation theory, which are part of tr
usual introductory course. For both of these | can with a clear conscience refer t
reader to the many introductory textbooks which provide quite adequate treatme
of these topics. Instead, | have concentrated on material which is not yet found
textbooks (hopefully that situation will change), but is very important if one want:
to have a clear understanding of basic quantum principles.

It is a pleasure to acknowledge help from a large number of sources. First,
am indebted to my fellow consistent historians, in particular Murray Gell-Mann
James Hartle, and Roland Og® from whom | have learned a great deal over the
years. My own understanding of the subject, and therefore this book, owes much
their insights. Next, | am indebted to a number of critics, including Angelo Bassi
Bernard d’'Espagnat, Fay Dowker, GianCarlo Ghirardi, Basil Hiley, Adrian Kent
and the late Euan Squires, whose challenges, probing questions, and serious eff
to evaluate the claims of the consistent historians have forced me to rethink my o
ideas and also the manner in which they have been expressed. Over a numbe
years | have taught some of the material in the following chapters in both advanc
undergraduate and introductory graduate courses, and the questions and react
by the students and others present at my lectures have done much to clarify |
thinking and (I hope) improve the quality of the presentation.

I am grateful to a number of colleagues who read and commented on parts of t
manuscript. David Mermin, Roland Oras, and Abner Shimony looked at partic-
ular chapters, while Todd Brun, Oliver Cohen, and David Collins read drafts of th
entire manuscript. As well as uncovering many mistakes, they made a large numl
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of suggestions for improving the text, some though not all of which | adopted. Fc
this reason (and in any case) whatever errors of commission or omission are pres
in thefinal version are entirely my responsibility.

| am grateful for thefinancial support of my research provided by the National
Science Foundation through its Physics Division, and for a sabbatical year fro
my duties at Carnegie-Mellon University that allowed me to complete a large pa
of the manuscript. Finally, | want to acknowledge the encouragement and helg
received from Simon Capelin and the staff of Cambridge University Press.

Pittsburgh, Pennsylvania Robert B Gittfis
March 2001



1

Introduction

1.1 Scope of this book

Quantum mechanics is a fidult subject, and this book is intended to help the
reader overcome the main filifulties in the way to understanding it. Tfiest part

of the book, Chs. 216, contains a systematic presentation of the basic principles ¢
guantum theory, along with a number of examples which illustrate how these pril
ciples apply to particular quantum systems. The applications are, for the most pe
limited to toy models whose simple structure allows one to see what is going or
without using complicated mathematics or lengthy formulas. The principles then
selves, however, are formulated in such a way that they can be applied to (almc
any nonrelativistic quantum system. In the second part of the book, Ch8517
these principles are applied to quantum measurements and various quantum p
doxes, subjects which give rise to serious conceptual problems when they are |
treated in a fully consistent manner.

Thefinal chapters are of a somewhat different character. Chapter 26 on dec
herence and the classical limit of quantum theory is a very sketchy introductic
to these important topics along with some indication as to how the basic princ
ples presented in thiérst part of the book can be used for understanding them
Chapter 27 on quantum theory and reality belongs to the interface between phys
and philosophy and indicates why quantum theory is compatible with a real worl
whose existence is not dependent on what scientists think and believe, or the |
periments they choose to carry out. The Bibliography contains references for thc
interested in further reading or in tracing the origin of some of the ideas present
in earlier chapters.

The remaining sections of this chapter provide a brief overview of the materi
in Chs. 225. While it may not be completely intelligible in advance of reading
the actual material, the overview should nonetheless be of some assistance to re
ers who, like me, want to see something of the big picture before plunging int

1



2 Introduction

the details. Section 1.2 concerns quantum systems at a single time, and Sec.
their time development. Sections 1.4 and 1.5 indicate what topics in mathematsi
are essential for understanding quantum theory, and where the relevant materic
located in this book, in case the reader is not already familiar with it. Quantur
reasoning as it is developed in tfiest sixteen chapters is surveyed in Sec. 1.6.
Section 1.7 concerns quantum measurements, treated in Chs. 17 and 18. Fin:
Sec. 1.8 indicates the motivation behind the chapters23,9devoted to quantum
paradoxes.

1.2 Quantum states and variables

Both classical and quantum mechanics describe how physical objects move a
function of time. However, they do this using rather different mathematical struc
tures. In classical mechanics thtate of a system at a given time is represented by a
point in aphase space. For example, for a single particle moving in one dimension
the phase space is tlke p plane consisting of pairs of numbers p) representing
the position and momentum. In quantum mechanics, on the other hand, the statt
such a particle is given by a complex-valugdve function i (x), and, as noted in
Ch. 2, the collection of all possible wave functions is a complex linear vector spac
with an inner product, known asHilbert space.

The physical sigriicance of wave functions is discussed in Ch. 2. Of particulat
importance is the fact that two wave functiogigx) andy (x) represent distinct
physical states in a sense corresponding to distinct points in the classical ph:
space if and only if they arerthogonal in the sense that their inner product is
zero. Otherwise (x) andy(x) representncompatible states of the quantum sys-
tem (unless they are multiples of each other, in which case they represent the sé
state). Incompatible states cannot be compared with one another, and this relati
ship has no direct analog in classical physics. Understanding what incompatibili
does and does not mean is essential if one is to have a clear grasp of the princiy
of quantum theory.

A quantumproperty, Ch. 4, is the analog of a collection of points in a clas-
sical phase space, and corresponds solapace of the quantum Hilbert space,
or the projector onto this subspace. An example of a (classical or quantum
property is the statement that the eneEypf a physical system lies within some
specfic range,Eq < E < E;. Classical properties can be subjected to various
logical operations: negation, conjunction (AND), and disjunction (OR). The sam
is true of quantum properties as long as the projectors for the corresponding st
spaces commute with each other. If they do not, the properties are incompatil
in much the same way as nonorthogonal wave functions, a situation discussec
Sec. 4.6.
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An orthonormal basis of a Hilbert space or, more generally, a decomposition
the identity as a sum of mutually commuting projectors constitusasnple space
of mutually-exclusive possibilities, one and only one of which can be a correct de-
scription of a quantum system at a given time. This is the quantum counterpse
of a sample space in ordinary probability theory, as noted in Ch. 5, which dis
cusses how probabilities can be assigned to quantum systems. An important diff
ence between classical and quantum physics is that quantum sample spaces ce
mutually incompatible, and probability distributions associated with incompatibls
spaces cannot be combined or compared in any meaningful way.

In classical mechanicsphysical variable, such as energy or momentum, corre-
sponds to a real-valued functionfded on the phase space, whereas in quantun
mechanics, as explained in Sec. 5.5, itis represented by a Hermitian operator. S
an operator can be thought of as a real-valued functifineié on a particular sam-
ple space, or decomposition of the identity, but not on the entire Hilbert spac
In particular, a quantum system can be said to have a value (or at least a prec
value) of a physical variable represented by the opefatéand only if the quan-
tum wave function is in an eigenstate Bf and in this case the eigenvalue is the
value of the physical variable. Two physical variables whose operators do not cor
mute correspond to incompatible sample spaces, and in general it is not possible
simultaneously assign values of both variables to a single quantum system.

1.3 Quantum dynamics

Both classical and quantum mechanics hdymamical laws which enable one to
say something about the future (or past) state of a physical system if its state
known at a particular time. In classical mechanics the dynamical lawdetsie
ministic: at any given time in the future there is a unique state which corresponds
a given initial state. As discussed in Ch. 7, the quantum analog of the determinis
dynamical law of classical mechanics is the (time-dependent)o8uitger equa-
tion. Given some wave functiothy at a timetg, integration of this equation leads
to a unique wave functiony; at any other time. At two timest andt’ these
uniguely defined wave functions are related by a unitary maiprerdevel opment
operator T (t/,t) on the Hilbert space. Consequently we say that integrating th
Schibdinger equation leads tmitary time development.

However, quantum mechanics also allows fat@hastic or probabilistic time
development, analogous to tossing a coin or rolling a die several times in a ro
In order to describe this in a systematic way, one needs the concepfuaina
tum history, introduced in Ch. 8: a sequence of quantewents (wave functions
or subspaces of the Hilbert space) at successive times. A collection of mutua
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exclusive histories forms a sample spacéanmly of histories, where each history
is associated with a projector orhistory Hilbert space.

The successive events of a history are, in general, not related to one anotl
through the Sclirdinger equation. However, the Sodinger equation, or, equiva-
lently, the time development operatdrst’, t), can be used to assign probabilities
to the different histories belonging to a particular family. For histories involving
only two times, an initial time and a single later time, probabilities can be assigne
using theBorn rule, as explained in Ch. 9. However, if three or more times are
involved, the procedure is a bit more complicated, and probabilities can only &
assigned in a consistent way when certzonsistency conditions are satified, as
explained in Ch. 10. When the consistency conditions hold, the correspondil
sample space or event algebra is known asraistent family of histories, or a
framework. Checking consistency conditions is not a trivial task, but it is made
easier by various rules and other considerations discussed in Ch. 11. Chapter
10, 12, and 13 contain a number of simple examples which illustrate how the prob
bility assignments in a consistent family lead to physically reasonable results whi
one pays attention to the requirement that stochastic time development must
described using aingle consistent family or framework, and results from incom-
patible families, as died in Sec. 10.4, are not combined.

1.4 Mathematics|. Linear algebra

Several branches of mathematics are important for quantum theory, but of the
the most essential isnear algebra. It is the fundamental mathematical language
of quantum mechanics in much the same way that calculus is the fundamen
mathematical language of classical mechanics. One cannot efiep dgsential
guantum concepts without referring to the quantum Hilbert space, a complex line
vector space equipped with an inner product. Hence a good grasp of what quant
mechanics is all about, not to mention applying it to various physical problem:
requires some familiarity with the properties of Hilbert spaces.

Unfortunately, the wave functions for even such a simple system as a qua
tum particle in one dimension form anfinite-dimensional Hilbert space, and the
rules for dealing with such spaces with mathematical precision, found in books
functional analysis, are rather complicated and involve concepts, such as Lebes
integrals, which fall outside the mathematical training of the majority of physicists
Fortunately, one does not have to learn functional analysis in order to understa
the basic principles of quantum theory. The majority of the illustrations used i
Chs. 216 are toy models with &nite-dimensional Hilbert space to which the
usual rules of linear algebra apply without any dfiedition, and for these mod-
els there are no mathematical subtleties to add to the conceptfiaultiés of
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guantum theory. To be sure, mathematical simplicity is achieved at a certain co
as toy models are even leg®alistic” than the already artificial one-dimensional
models ondinds in textbooks. Nevertheless, they provide many useful insight
into general quantum principles.

For the benkt of readers not already familiar with them, the concepts of lineatr
algebra infinite-dimensional spaces which are most essential to quantum theo
are summarized in Ch. 3, though some additional material is presented later: te
sor products in Ch. 6 and unitary operators in Sec. 7.2. Dirac notation, in whic
elements of the Hilbert space are denotediby, and their duals byys|, the in-
ner product{¢|vy) is linear in the element on the right and antilinear in the one
on the left, and matrix elements of an operafotake the form(¢|A|y ), is used
throughout the book. Dirac notation is widely used and universally understoc
among quantum physicists, so any serious student of the subjedtnalillearn-
ing it well-worthwhile. Anyone already familiar with linear algebra will have no
trouble picking up the essentials of Dirac notation by glancing through Ch. 3.

It would be much too restrictive and also ratherfasidl to exclude from this
book all references to quantum systems with dimite-dimensional Hilbert space.
As far as possible, quantum principles are stated in a form in which they apply
infinite- as well as tdinite-dimensional spaces, or at least can be applied to th
former given reasonable qualifications which mathematically sophisticated read:
canfill in for themselves. Readers not in this category should simply follow the
example of the majority of quantum physicists: go ahead and use the rules y
learned foffinite-dimensional spaces, and if you get intdidiilty with an infinite-
dimensional problem, go talk to an expert, or consult one of the books indicated
the bibliography (under the heading of Ch. 3).

1.5 Mathematicsll. Calculus, probability theory

It is obvious thatcalculusplays an essential role in quantum mechanics; e.g., the
inner product on a Hilbert space of wave functions ired in terms of an inte-
gral, and the time-dependent Sgtiinger equation is a partial differential equation.
Indeed, the problem of constructing explicit solutions as a function of time to th
Schibdinger equation is one of the things which makes quantum mechanics mc
difficult than classical mechanics. For example, describing the motion of a clas:
cal particle in one dimension in the absence of any forces is trivial, while the tim
development of a quantum wave packet is not at all simple.

Since this book focuses on conceptual rather than mathematitiautliés of
guantum theory, considerable use is made of toy models with a simple discretiz
time dependence, as indicated in Sec. 7.4, and employed later in Chs. 9, 12, «
13. To obtain their unitary time development, one only needs to solve a simp



6 Introduction

difference equation, and this can be done in closed form on the back of an envelo
Because there is no need for approximation methods or numerical solutions, the
toy models can provide a lot of insight into the structure of quantum theory, an
once one sees how to use them, they can be a valuable guide in discerning what
the really essential elements in the much more complicated mathematical structu
needed in more realistic applications of quantum theory.

Probability theory plays an important role in discussions of the time develog
ment of quantum systems. However, the more sophisticated parts of this disciplir
those that involve measure theory, are not essential for understanding basic qu
tum concepts, although they arise in various applications of quantum theory.
particular, when using toy models the simplest version of probability theory, base
on afinite discrete sample space, is perfectly adequate. And once the basic strat
for using probabilities in quantum theory has been understood, there is no part
ular difficulty — or at least no greater dii€ulty than one encounters in classical
physics— in extending it to probabilities of continuous variables, as in the case c
[¥ (x)|? for a wave functiony (x).

In order to make this book self-contained, the main concepts of probability the
ory needed for quantum mechanics are summarized in Ch. 5, where it is sho
how to apply them to a quantum system at a single time. Assigning probabilitie
to quantum histories is the subject of Chs. 9 and 10. It is important to note th
the basic concepts of probability theory are the same in quantum mechanics a:
other branches of physics; one does not need a“g@antum probability. What
distinguishes quantum from classical physics is the issue of choosing a suital
sample space with its associated event algebra. There are always many differ
ways of choosing a quantum sample space, and different sample spaces will of
be incompatible, meaning that results cannot be combined or compared. Howe\
in any single quantum sample space the ordinary rules for probabilistic reasoni
are valid.

Probabilities in the quantum context are sometimes discussed in terntenf a
sity matrix a type of operator dmed in Sec. 3.9. Although density matrices are
not really essential for understanding the basic principles of quantum theory, th
occur rather often in applications, and Ch. 15 discusses their physicdl cigitie
and some of the ways in which they are used.

1.6 Quantum reasoning

The Hilbert space used in quantum mechanics is in certain respects quite C
ferent from a classical phase space, and this difference requires that one m;
some changes in classical habits of thought when reasoning about a quantum ¢
tem. What is at stake becomes particularly clear when one considers the tw
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dimensional Hilbert space of a spin-half particle, Sec. 4.6, for which it is easy t
see that a straightforward use of ideas which work very well for a classical pha:
space will lead to contradictions. Thinking carefully about this example is well
worthwhile, for if one cannot understand the simplest of all quantum systems, ol
is not likely to make much progress with more complicated situations. One aj
proach to the problem is to change the rules of ordinary (classical) logic, and th
was the route taken by Birkhoff and von Neumann when they proposed a spec
guantum logic. However, their proposal has not been patrticularly fruitful for re
solving the conceptual ditulties of quantum theory.

The alternative approach adopted in this book, starting in Sec. 4.6 and sul
marized in Ch. 16, leaves the ordinary rules of propositional logic unchanged, b
imposes conditions on what constituteam@aningfuguantum description to which
these rules can be applied. In particular, it is never meaningful to combine incor
patible elements— be they wave functions, sample spaces, or consistent familie
— into a single description. This prohibition is embodied in siregle-framework
rule stated in Sec. 16.1, but already employed in various examples in earlier che
ters.

Because so many mutually incompatible frameworks are available, the strate
used for describing the stochastic time development of a quantum system is gL
different from that employed in classical mechanics. In the classical case, if or
is given an initial state, it is only necessary to integrate the deterministic equatio
of motion in order to obtain a unique result at any later time. By contrast, a
initial quantum state does not single out a particular framework, or sample spa
of stochastic histories, much less determine which history in the framework wi
actually occur. To understand how frameworks are chosen in the quantum ca
and why, despite the multiplicity of possible frameworks, the theory still leads t
consistent and coherent physical results, it is best to look at specific examples,
which a number will be found in Chs. 9, 10, 12, and 13.

Another aspect of incompatibility comes to light when one considers a tens
product of Hilbert spaces representing the subsystems of a composite system
events at different times in the history of a single system. This is the notion of
contextualor dependenproperty or event. Chapter 14 is devoted to a systematic
discussion of this topic, which also comes up in several of the quantum paradox
considered in Chs. 20-25.

The basic principles of quantum reasoning are summarized in Ch. 16 and sho
to be internally consistent. This chapter also contains a discussion of the intuiti
significance of multiple incompatible frameworks, one of the most Baamt ways
in which quantum theory differs from classical physics. If the principles stated i
Ch. 16 seem rather abstract, readers should work through some of the examy
found in earlier or later chapters or, better yet, work out some for themselves.
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1.7 Quantum measurements

A quantum theory of measurements is a necessary part of any consistent way
understanding quantum theory for a fairly obvious reason. The phenomena whi
are spedic to quantum theory, which lack any description in classical physics
have to do with the behavior of microscopic objects, the sorts of things whic
human beings cannot observe directly. Instead we must use carefully construc
instruments to amplify microscopic effects into macroscopic signals of the so
we can see with our eyes, or feed into our computers. Unless we understand h
the apparatus works, we cannot interpret its macroscopic output in terms of t
microscopic quantum phenomena we are interested in.

The situation is in some ways analogous to the problem faced by astronom
who depend upon powerful telescopes in order to study distant galaxies. If th
did not understand how a telescope functions, cosmology would be reduced
pure speculation. There is, however, an important difference betweéfelke
scope problefhof the astronomer and tHeneasurement problemnof the quan-
tum physicist. No fundamental concepts from astronomy are needed in order
understand the operation of a telescope: the principles of optics are, fortunate
independent of the properties of the object which emits the light. But a piece
laboratory apparatus capable of amplifying quantum effects, such as a spark che
ber, is itself composed of an enormous number of atoms, and nowadays we beli
(and there is certainly no evidence to the contrary) that the behavior of aggrega
of atoms as well as individual atoms is governed by quantum laws. Thus qua
tum measurements can, at least in principle, be analyzed using quantum theory
for some reason such an analysis were impossible, it would indicate that quantt
theory was wrong, or at least seriously defective.

Measurements as parts of gedanken experiments played a very important r
in the early development of quantum theory. In particular, Bohr was able to me
many of Einsteifs objections to the new theory by pointing out that quantum prin-
ciples had to be applied to the measuring apparatus itself, as well as to the parti
or other microscopic system of interest. A little later the notion of measuremel
was incorporated as a fundamental principle in the standard interpretation of quc
tum mechanics, accepted by the majority of quantum physicists, where it serv
as a device for introducing stochastic time development into the theory. As vc
Neumann explained it, a system develops unitarily in time, in accordance wit
Schidingets equation, until it interacts with some sort of measuring apparatu:
at which point its wave function undergoe$@llapsé or “reductiori correlated
with the outcome of the measurement.

However, employing measurements as a fundamental principle for interpretir
guantum theory is not very satisfactory. Nowadays quantum mechanics is appli
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to processes taking place at the centers of stars, to the decay of unstable parti
in intergalactic space, and in many other situations which can scarcely be thoug
of as involving measurements. In addition, laboratory measurements are often
a sort in which the measured particle is either destroyed or else its properties «
significantly altered by the measuring process, and the von Neumann scheme d
not provide a satisfactory connection between the measurement outcome (e.g
pointer position) and the corresponding property of the parbef@rethe mea-
surement took place. Numerous attempts have been made to construct a fully ¢
sistent measurement-based interpretation of quantum mechanics, thus far with
success. Instead, this approach leads to a number of concepfigiltigs which
constitute what specialists refer to as tineeasurement problein.

In this book all of thefundamentaprinciples of quantum theory are developed,
in Chs. 216, without making any reference to measurements, though measur
ments occur in some of the applications. Measurements are taken up in Chs.
and 18, and analyzed using the general principles of quantum mechanics int
duced earlier. This includes such topics as how to describe a macroscopic m
suring apparatus in quantum terms, the role of thermodynamic irreversibility in tr
measurement process, and what happens when two measurements are carried c
succession. The result is a consistent theory of quantum measurements based L
fundamental quantum principles, one which is able to reproduce all the results
the von Neumann approach and to go beyond it; e.g., by showing how the outcol
of a measurement is correlated with some property of the measured system bef
the measurement took place.

Wave function collapse or reduction, discussed in Sec. 18.2, is not needed fo
consistent quantum theory of measurement, as its role is taken over by a suita
use of conditional probabilities. To put the matter in a different way, wave functiol
collapse is one method for computing conditional probabilities that can be obtaine
equally well using other methods. Various conceptudldlifties disappear when
one realizes that collapse is something which takes place in the theoretical phy
cist’s notebook and not in the experimental physisisiboratory. In particular,
there is no physical process taking place instantaneously over a long distance
conflict with relativity theory.

1.8 Quantum paradoxes
A large number of quantum paradoxes have come to light since the modern fol
of quantum mechanics wdisst developed in the 1920s. A paradox is something
which is contradictory, or contrary to common sense, but which seems to follo
from accepted principles by ordinary logical rules. That is, it is something whicl
ought to be true, but seemingly is not true. A sciafparadox may indicate that
there is something wrong with the underlying sciéattheory, which is quantum
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mechanics in the case of interest to us. But a paradox can also be a predict
of the theory that, while rather surprising when dirst hears it, is shown by
further study or deeper analysis tdlext some genuine feature of the universe
in which we live. For example, in relativity theory we learn that it is impossible
for a signal to travel faster than the speed of light. This seems paradoxical
that one can imagine being on a rocket ship traveling at half the speed of ligt
and then shining #ashlight in the forwards direction. However, this (apparent)
paradox can be satisfactorily explained by making consistent use of the principl
of relativity theory, in particular those which govern transformations to moving
coordinate systems.

A consistent understanding of quantum mechanics should make it possible
resolve quantum paradoxes by locating the points where they involve hidden &
sumptions offlawed reasoning, or by showing how the paradox embodies son
genuine feature of the quantum world which is surprising from the perspective
classical physics. The formulation of quantum theory found infitet sixteen
chapters of this book is employed in Chs—28 to resolve a number of quantum
paradoxes, including delayed choice, KocHepecker, EPR, and Hardyparadox,
among others. (Schdingets cat and the double-slit paradox, or at least their toy
counterparts, are taken up earlier in the book, in Secs. 9.6 and 13.1, respectiv
as part of the discussion of basic quantum principles.) Chapter 19 provides a br
introduction to these paradoxes along with two conceptual tools, quantum coi
and gquantum counterfactuals, which are needed for analyzing them.

In addition to demonstrating the overall consistency of quantum theory, thel
are at least three other reasons for devoting a substantial amount of space to tt
paradoxes. Thérst is that they provide useful and interesting examples of how
to apply the basic principles of quantum mechanics. Second, various quantt
paradoxes have been invoked in support of the claim that quantum theory is i
trinsically nonlocalin the sense that there are mysterioutuences which can, to
take an example, instantly communicate the choice to carry out one measurem
rather than another at poit to a distant poinB, in a manner which contradicts
the basic requirements of relativity theory. A careful analysis of these paradox
shows, however, that the apparent contradictions arise from a failure to prope
apply some principle of quantum reasoning in a purely local setting. Nonlocal ir
fluences are generated by logical mistakes, and when the latter are corrected,
ghosts of nonlocality vanish. Third, these paradoxes have sometimes been use
argue that the quantum world is not real, but is in some way created by human cc
sciousness, or else that reality is a concept which only applies to the macrosco
domain immediately accessible to human experience. Resolving the paradoxes
the sense of showing them to be in accord with consistent quantum principles,
thus a prelude to the discussion of quantum reality in Ch. 27.
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Wave functions

2.1 Classical and quantum particles

In classical Hamiltonian mechanics tlstate of a particle at a given instant of
time is given by two vectorsr = (X, Y, 2) representing its position, amu =
(Px, Py, P2) representing its momentum. One can think of these two vectors tc
gether as determining a point in a six-dimensigotzdse space. As time increases
the point representing the state of the particle traces oaotlkzihin the phase space.
To simplify the discussion, consider a particle which moves in only one dimen
sion, with positionx and momentunp. Its phase space is the two-dimensional
X, p plane. If, for example, one is considering a harmonic oscillator with angula
frequencyw, the orbit of a particle of mags will be an ellipse of the form

X = Asin(at + ¢), p = mAwcos(d + ¢) (2.1)

for some amplitudeA and phase, as shown in Fig. 2.1.

A quantum particle at a single instant of time is described byage function
¥ (r), a complex function of position. Again in the interests of simplicity we
will consider a quantum particle moving in one dimension, so that its wave func
tion ¢ (x) depends on only a single variable, the positonSome examples of
real-valued wave functions, which can be sketched as simple graphs, are showt
Figs. 2.2-2.4. Itis important to note thalt of the information required to describe
a quantum state is contained in the functip(x). Thus this one function is the
guantum analog of the pair of real numberand p used to describe a classical
particle at a particular time.

In order to understand the physical sijcénce of quantum wave functions, one
needs to know that they belong tdiaear vector spacé{. That is, if v (x) and
¢ (X) are any two wave functions belonging*f thelinear combination

(X) = ay(X) + Bo(X), (2.2)

wherea andg are any two complex numbers, also belong&ttoThe spacé is

11
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p
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Fig. 2.1. Phase space p for a particle in one dimension. The ellipse is a possible orbit
for a harmonic oscillator. The cross-hatched region corresponds£ox < Xo.

equipped with amnner productwhich assigns to any two wave functiopgx) and
¢ (X) the complex number

+00
@1y = / 6" 0y (x) dx. (2.3)

Here ¢*(x) denotes the complex conjugate of the functipfx). (The notation
used in (2.3) is standard among physicists, and differs in some trivial but annoyir
details from that generally employed by mathematicians.)

The inner product¢|y) is analogous to the dot product

of two ordinary vectora andb. One difference is that a dot product is always a
real number, and - b is the same ab - a. By contrast, the inner product fileed

in (2.3) is in general a complex number, and interchangiiig) with ¢ (x) yields
the complex conjugate:

(W) = (ol¥)". (2.5)

Despite this difference, the analogy between a dot product and an inner produc
useful in that it provides an intuitive geometrical picture of the latter.

If (¢|¥) = 0, which in view of (2.5) is equivalent toy|¢) = 0, the func-
tionsy (x) and¢ (x) are said to b@rthogonalto each other. This is analogous to
a-b = 0, which means that andb are perpendicular to each other. The concept
of orthogonal {perpendiculdr) wave functions, along with certain generalizations
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of this notion, plays an extremely important role in the physical interpretation o
guantum states. The inner productjofx) with itself,
+00

Iyl = Y)Y (x) dx, (2.6)
—00
is a positive number whose (positive) square Hoft] is called thenormof v (x).
The integral must be less tharfiimty for a wave function to be a member Bf.
Thuse ¢ for a > 0 is a member oH, whereag2< is not.

A complex linear spac@{ with an inner product is known asHilbert space
provided it satiies some additional conditions which are discussed in texts o
functional analysis and mathematical physics, but lie outside the scope of this bo
(see the remarks in Sec. 1.4). Because of the condition that the norm as defit
in (2.6) befinite, the linear space of wave functions is called Itikert space of
square-integrable functions, often denotedLy

2.2 Physical interpretation of the wave function

The intuitive significance of the pair of numbetsp used to describe a classical
particle in one dimension at a particular time is relatively clear: the particle i
located at the poink, and its velocity isp/m. The interpretation of a quantum
wave functiony (x), on the other hand, is much more complicated, and an intuitior
for what it means has to be built up by thinking about various examples. We wi
begin this process in Sec. 2.3. However, it is convenient at this point to mak
some very general observations, comparing and contrasting quantum with classi
descriptions.

Any point x, p in the classical phase space represents a possible state of t
classical particle. In a similar way, almost every wave function in the space
represents a possible state of a quantum particle. The exception is thé¢ Gtate
which is equal to O for every value of, and thus has norriys|| = 0. This is
an element of the linear space, and from a mathematical point of view it is a vel
significant element. Nevertheless, it cannot represent a possible state of a phys
system. All the other members &f represent possible quantum states.

A point in the phase space represents the most precise description one can h
of the state of a classical particle. If one knows bethnd p for a particle in one
dimension, that is all there is to know. In the same way, the quantum wave fun
tion ¥ (X) represents a complete description of a quantum particle, there is nothit
more that can be said about it. To be sure, a clas§aaticle” might possess some
sort of internal structure and in such a case the pap, orr, p, would represent
the position of the center of mass and the total momentum, respectively, and o
would need additional variables in order to describe the internal degrees of fre
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dom. Similarly, a quantum particle can possess an internal structure, in which ce
¥ (X) or ¥ (r) provides a complete description of the center of mass, whefeas
must also depend upon additional variables if it is to describe the internal structu
as well as the center of mass. The quantum description of particles with interr
degrees of freedom, and of collections of several particles is taken up in Ch. 6.
An important difference between the classical phase space and the quant
Hilbert spaceH has to do with the issue of whether elements which are mathe
matically distinct describe situations which are physically distinct. Let us begi
with the classical case, which is relatively straightforward. Two statep) and
(X', p') represent the same physical state if and only if

X=x, p=p 2.7)
that is, if the two points in phase space coincide with each other. Otherwise thi
representmutually-exclusive possibilitiesa particle cannot be in two different
places at the same time, nor can it have two different values of momentum (
velocity) at the same time. To summarize, two states of a classical particle ha
the samephysical interpretatiorif and only if they have the sanmathematical
description

'''''

Fig. 2.2. Three wave functions which have the same physical meaning.

The case of a quantum particle is not nearly so simple. There are three differe
situations one needs to consider.

1. If two functionsy (x) and¢ (x) aremultiples of each othethat is,¢(X) =
ay (x) for some nonzero complex numbey then these two functions hayse-
cisely the samphysical meaning. For example, all three functions in Fig. 2.2 have
the same physical meaning. This is in marked contrast to the waves one is famil
with in classical physics, such as sound waves, or waves on the surface of wa
Increasing the amplitude of a sound wave by a factor of 2 means that it carries fc
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times as much energy, whereas multiplying a quantum wave function by 2 leav
its physical significance unchanged.

Given anyy (x) with positive norm, it is always possible to introduce another
function

V() =y /Il (2.8)

which has the same physical meaning/as), but whose norm igy|| = 1. Such
normalizedstates are convenient when carrying out calculations, and for this reas
guantum physicists often develop a habit of writing wave functions in normalize
form, even when it is not really necessary. A normalized wave function remair
normalized when it is multiplied by a complex constarft, where the phasg is
some real number, and of course its physical meaning is not changed. Thus ar
malized wave function representing some physical situation still hastatrary
phase.

Warning! Although multiplying a wave function by a nonzero scalar does no
change its physical sigintance, there are cases in which a careless use of thi
principle can lead to mistakes. Suppose that one is interested in a wave functi
which is a linear combination of two other functions,

Y (X) = ¢(X) + o(X). (2.9)
Multiplying ¢ (x) but notw (x) by a complex constant leads to a function
V() = ap(X) + w(X) (2.10)

which doesot, at least in general, have the same physical meanigg>as be-
cause it is not equal to a constant time&).

2. Two wave functionsp(x) and ¢ (x) which are orthogonal to each other,
(p|¥) = 0, representmutually exclusivephysical states: if one of them is true,
in the sense that it is a correct description of the quantum system, the other is fal
that is, an incorrect description of the quantum system. For example, the inn
product of the two wave functiongs(x) andyr (x) sketched in Fig. 2.3 is zero, be-
cause at any where one of them ifinite, the other is zero, and thus the integrand
in (2.3) is zero. As discussed in Sec. 2.3, if a wave function vanishes outside sor
finite interval, the quantum particle is located inside that interval. Since the tw
intervals i, x2] and [x3, X4] in Fig. 2.3 do not overlap, they represent mutually-
exclusive possibilities: if the particle is in one interval, it cannot be in the other.

In Fig. 2.4,¢(x) and¢ (x) are the ground state afidst excited state of a quan-
tum particle in a smooth, symmetrical potential well (such as a harmonic oscille
tor). In this case the vanishing @p|v) is not quite so obvious, but it follows from
the fact thaty (x) is an even ang (x) an odd function ofx. Thus their product
is an odd function ok, and the integral in (2.3) vanishes. From a physical point
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¥ (X) S o)\

X1 X2 X3 X4

Fig. 2.3. Two orthogonal wave functions.

¥ (X)

Fig. 2.4. Two orthogonal wave functions.

of view these two states are mutually-exclusive possibilities because if a quantt
particle has a danite energy, it cannot have some other energy.

3. If ¢(X) andyr (x) arenot multiples of each other, an@]|+) is not equal to
zero, the two wave functions represamompatiblestates-of-affairs, a relationship
which will be discussed in Sec. 4.6. Figure 2.5 shows a pair of incompatible wa
functions. It is obvious thap (x) cannot be a multiple of-(x), because there are
values ofx at which¢ is positive and) is zero. On the other hand, itis also obvious
that the inner productp|y) is not zero, for the integrand in (2.3) is positive, and
nonzero over éinite interval.

There is nothing in classical physics corresponding to descriptions which a
incompatible in the quantum sense of the term. This is one of the main reaso
why quantum theory is hard to understand: there is no good classical analogy
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X1 X2
Fig. 2.5. Two incompatible wave functions.

the situation shown in Fig. 2.5. Instead, one has to build upsgtgysical intuition

for this situation using examples that are quantum mechanical. It is important
keep in mind that quantum states which sreompatiblestand in a very different
relationship to each other than states whichratgually exclusive; one must not
confuse these two concepts!

2.3 Wave functions and position

The quantum wave functiow (x) is a function ofx, and in classical physicsis
simply the position of the particle. But what can one say about the position of
guantum particle described hy(x)? In classical physics wave packets are used
to describe water waves, sound waves, radar pulses, and the like. In each of th
cases the wave packet does not have a precise position; indeed, one would
recognize something as a wave if it were not spread out to some extent. Thus th
iS no reason to suppose that a quantum particle possesses a precise position if
described by a wave functiofi(x), since the wave packet itself, thought of as a
mathematical object, is obviously not located at a precise position

In addition to waves, there are many objects, such as clouds and cities, which
not have a precise location. These, however, are made up of other objects wh
location is more d@nite: individual water droplets in a cloud, or individual build-
ings in a city. However, in the case of a quantum wave packet, a more details
description in terms of smaller (better localized) physical objects or properties
not possible. To be sure, there is a very localipegithematicaldescription: at
eachx the wave packet takes on some precise val(e). But there is ho reason to
suppose that this represents a corresponding physoatething”located at this
precise point. Indeed, the discussion in Sec. 2.2 suggests quite the opposite.
begin with, the value of/(xg) at a particular poinky cannot in any direct way
represent the value of some physical quantity, since one can always multiply t
functiony (x) by a complex constant to obtain another wave function with the sam
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physical sigrficance, thus altering (xo) in an arbitrary fashion (unless, of course,
¥ (Xo) = 0). Furthermore, in order to see that the mathematically distinct wav
functions in Fig. 2.2 represent the same physical state of affairs, and that the t
functions in Fig. 2.4 represent distinct physical states, one cannot simply carry c
a point-by-point comparison; instead it is necessary to consider each wave functi
“as a wholg.

It is probably best to think of a quantum particledeocalized that is, as not
having a position which is more precise than that of the wave function representil
its quantum state. The terfdelocalized should be understood as meaning that no
precise position can be fired, and not as suggesting that a quantum patrticle is i
two different places at the same time. Indeed, we shall show in Sec. 4.5, there i
well-defined sense in which a quantum particennotbe in two (or more) places
at the same time.

Things which do not have precise positions, such as books and tables, c
nonetheless often be assigregaproximatelocations, and it is often useful to do
so. The situation with quantum particles is similar. There are two different, thoug
related, approaches to assigning an approximate position to a quantum particle
one dimension (with obvious generalizations to higher dimensions). fitdtes
mathematically quitécleari, but can only be applied for a rather limited set of
wave functions. The second is mathematicallioppy’, but is often of more use
to the physicist. Both of them are worth discussing, since each adds ®pnes-
ical understanding of the meaning of a wave function.

It is sometimes the case, as in the examples in Figs. 2.2, 2.3, and 2.5, that
guantum wave function is nonzero only in sofiréte interval

X1 < X < Xo. (2.11)

In such a case it is safe to assert that the quantum particlet iecatedoutside
this interval, or, equivalently, that it is inside this interval, provided the latter is no
interpreted to mean that there is some precise point inside the interval where f
particle is located. In the case of a classical particle, the statement that it is r
outside, and therefore inside the interval (2.11) corresponds to asserting that
point X, p representing the state of the particle falls somewhere inside the regic
of its phase space indicated by the cross-hatching in Fig. 2.1. To be sure, sir
the actual position of a classical particle must correspond to a single numnver
know that if it is inside the interval (2.11), then it is actually located at fanite
point in this interval, even though we may not know what this precise point is. B
contrast, in the case of any of the wave functions in Fig. 2.2 it is incorrect to se
that the particle has a location which is more precise than is given by the interv
(2.11), because the wave packet cannot be located more precisely than this, anc
particle cannot be located more precisely than its wave packet.
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Fig. 2.6. Some of the many wave functions which vanish outside the intervalx < x».

There is a quantum analog of the cross-hatched region of the phase space
Fig. 2.1: it is the collection of all wave functions i with the property that they
vanish outside the intervak{, x,]. There are, of course, a very large number of
wave functions of this type, a few of which are indicated in Fig. 2.6. Given a wavi
function which vanishes outside (2.11), it still has this property if multiplied by an
arbitrary complex number. And the sum of two wave functions of this type will
also vanish outside the interval. Thus the collection of all functions which vanis
outside ki, Xo] is itself a linear space. If in addition we impose the condition
that the allowable functions havefimite norm, the corresponding collection of
functionsX is part of the collectiori of all allowable wave functions, and because
X is a linear space, it is subspacef the quantum Hilbert spack. As we shall
see in Ch. 4, physical propertyof a quantum system can always be associatec
with a subspace d#, in the same way that a physical property of a classical systen
corresponds to a subset of points in its phase space. In the case at hand, the phy
property of being located inside the interval [x,] corresponds in the classical
case to the cross-hatched region in Fig. 2.1, and in the quantum case to the subsj
X which has just been defined.

The notion of approximate location discussed above has limited applicabilit:
because one is often interested in wave functions which are never equal to ze
or at least do not vanish outside sofir@te interval. An example is the Gaussian
wave packet

¥ (X) = exp[— X — X0)?/4(AX)7], (2.12)

centered ak = Xo, whereAx is a constant, with the dimensions of a length, that
provides a measure of the width of the wave packet. The funetio is never
equal to 0. However, whex — Xo| is large compared taXx, ¥ (X) is very small,
and so it seems sensible, at least to a physicist, to suppose that for this quant
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state, the particle is locatédeaf xo, say within an interval
Xg — AAX < X < Xg + AAX, (2.13)

wherei might be set equal to 1 when making a rough back-of-the-envelope calc
lation, or perhaps 2 or 3 or more if one is trying to be more careful or conservativ

What the physicist s, in effect, doing in such circumstances is approximating tr
Gaussian wave packet in (2.12) by a function which has been set equal tx 0 fol
lying outside the interval (2.13). Once thiils’ of the Gaussian packet have been
eliminated in this manner, one can employ the ideas discussed above for functic
which vanish outside sonfanite interval. To be suré cutting off the tail§ of the
original wave function involves an approximation, and as with all approximations
this requires the application of some judgment as to whether or not one will k
making a serious mistake, and this will in turn depend upon the sort of questiol
which are being addressed. Since approximations are employed in all branches
theoretical physics (apart from those which are indistinguishable from pure mat
ematics), it would be quibbling to deny this possibility to the quantum physicist
Thus it makes physical sense to say that the wave packet (2.12) represents a q
tum particle with an approximate location given by (2.13), as long &snot too
small. Of course, similar reasoning can be applied to other wave packets whi
have long tails.

It is sometimes said that the meaning, or at least one of the meanings, of t
wave functiony (x) is that

p(X) = [¥ O/ Ily]I? (2.14)

is a probability distribution density for the particle to be located at the position
found to be at the positioxby a suitable measurement. Wave functions can indeex
be used to calculate probability distributions, and in certain circumstances (2.14)
a correct way to do such a calculation. However, in quantum theory it is necessz
to differentiate betweeny (x) as representing physical propertyof a quantum
system, and/ (X) as apre-probability, a mathematical device for calculating prob-
abilities. It is necessary to look at examples to understand this distinction, and \
shall do so in Ch. 9, following a general discussion of probabilities in quantur
theory in Ch. 5.

2.4 Wave functions and momentum

The state of a classical particle in one dimension is $igetby giving bothx and

p, while in the quantum case the wave functigiix) depends upon only one of
these two variables. From this one might conclude that quantum theory has nothi
to say about the momentum of a particle, but this is not correct. The informatic
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about the momentum provided by quantum mechanics is containgdxy but
one has to know how to extract it. A convenient way to do so is findethe
momentum wave function

1
V2rh

as the Fourier transform af (x).

Note thaty/ (p) is completely determined by the position wave functib(x).
On the other hand, (2.15) can be inverted by writing

V(p) =

+o00
/ e "PX/Nyr(x) dx (2.15)

1 +00 ) R
Y(X) = «/ﬁ griPx/h v (p)dp, (2.16)

so that, in turny (x) is completely determined by (p). Thereforey (x) andy (p)
contain precisely the same information about a quantum state; they simply expre
this information in two different forms. Whatever may be the physical significanc
of ¥ (x), that of ¥/(p) is exactly the same. One can say tlfeix) is the posi-
tion representatiorandlﬁ(p) the momentum representatiaf the singlequantum
state which describes the quantum particle at a particular instant of time. (As
analogy, think of a novel published simultaneously in two different languages: th
two editions represent exactly the same story, assuming the translator has dor
good job.) The inner product (2.3) can be expressed equally well using either t|
position or the momentum representation:

+00 +00

ly)= [ ¢ 0y dx= [ (PP (p)dp. (2.17)
Information about the momentum of a quantum particle can be obtained from tt
momentum wave function in the same way that information about its position cg
be obtained from the position wave function, as discussed in Sec. 2.3. A quantt
particle, unlike a classical particle, does not possess a well-defined momentu
However, ify (p) vanishes outside an interval

pL< p < pa, (2.18)

it possesses approximatemomentum in that the momentum doet lie outside
the interval (2.18); equivalently, the momentum lies inside this interval, though |
does not have some particular precise value inside this interval.

Even when/ (p) does not vanish outside any interval of the form (2.18), one car
still assign an approximate momentum to the quantum particle in the same way tf
one can assign an approximate position wifgr) has nonzero tails, as in (2.12).
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In particular, in the case of a Gaussian wave packet

¥ (p) = expl—(p — po)2/4(Ap)2], (2.19)

it is reasonable to say that the momenturtirisal’ pg in the sense of lying in the
interval

Po— AAp < p < po+ AAD, (2.20)

with A on the order of 1 or larger. The juitation for this is that one is approx-
imating (2.19) with a function which has been set equal to 0 outside the interv
(2.20). Whether or notcutting off the tail$ in this manner is an acceptable ap-
proximation is a matter of judgment, just as in the case of the position wave pack
discussed in Sec. 2.3.

The momentum wave function can be used to calculate a probability distributic
density

A(P) = [ (P 12/ v (2.21)

for the momentunp in much the same way as the position wave function can be
used to calculate a similar density for (2.14). See the remarks following (2.14):
it is important to distinguish betweefi(p) as representing a physical property,
which is what we have been discussing, and as a pre-probability, which is its rc
in (2.21). If one setxy = 0 in the Gaussian wave packet (2.12) and carries ou
the Fourier transform (2.15), the result is (2.19) with= 0 andAp = h/2AX.

As shown in introductory textbooks, it is quite generally the case that for any give
guantum state

Ap-AX>h/2, (2.22)

where (Ax)? is the variance of the probability distribution density (2.14), and
(Ap)? the variance of the one in (2.21). Probabilities will be taken up later ir
the book, but for present purposes itfstés to regard\x and Ap as convenient,
albeit somewhat crude measures of the widths of the wave pagkeisandi (p),
respectively. What the inequality tells us is that the narrower the position wav
packety (x), the broader the corresponding momentum wave pagkpi has got

to be, and vice versa.

The inequality (2.22) expresses the well-knotteisenberg uncertainty prin-
ciple. This principle is often discussed in termsrakasurementsf a particlés
position or momentum, and the fidulty of simultaneously measuring both of
these quantities. While such discussions are not without merénd we shall
have more to say about measurements later in this bedkey tend to put the
emphasis in the wrong place, suggesting that the inequality somehow arises ou
peculiarities associated with measurements. But in fact (2.22) is a consequence
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the decision by quantum physicists to use a Hilbert space of wave packets in orc
to describe quantum particles, and to make the momentum wave packet for a p
ticular guantum state equal to the Fourier transform of the position wave packet f
the same state. In the Hilbert space there are, as a fact of mathematics, no state:
which the widths of the position and momentum wave packets violate the inequs
ity (2.22). Hence if this Hilbert space is appropriate for describing the real world
no particles exist for which the position and momentum can even be approximate
defined with a precision better than that allowed by (2.22). If measurements c
accurately determine the properties of quantum partielemnother topic to which
we shall later returr— then the results cannot, of course, be more precise than tr
guantities which are being measured. To use an analogy, the fact that the locat
of the city of Pittsburgh is uncertain by several kilometers has nothing to do wit
the lack of precision of surveying instruments. Instead a city, as an extended obje
does not have a precise location.

2.5 Toy model

The Hilbert spacé+ for a quantum particle in one dimension is extremely large;
viewed as a linear space it idiinite-dimensional. Infinite-dimensional spaces pro-
vide headaches for physicists and employment for mathematicians. Most of t
conceptual issues in quantum theory have nothing to do with the fact that ti
Hilbert space is infinite-dimensional, and therefore it is useful, in order to sim
plify the mathematics, to replace the continuous variabigth a discrete variable
m which takes on only dinite number of integer values. That is to say, we will
assume that the quantum particle is located at on€fioiite collection of sites ar-
ranged in a straight line, or, if one prefers, it is located in onefafite number of
boxes or cells. It is often convenient to think of this system of sites as hapig
riodic boundary conditionsdr as placed on a circle, so that the last site is adjacen
to (just in front of) thefirst site. If one were representing a wave function numer-
ically on a computer, it would be sensible to employ a discretization of this type
However, our goal is not numerical computation, but physical insight. Temporaril
shunting mathematical di€ulties out of the way is part of a usefudivide and
conquer’strategy for attacking difcult problems. Our aim will not be realistic de-
scriptions, but insteasimpledescriptions which still contain the essential features
of quantum theory. For this reason, the témy model”seems appropriate.

Let us suppose that the quantum wave function is of the fm), with m an
integer in the range

~Ma < m < My, (2.23)

whereM, andM,, arefixed integers, sm can take oM = M, + My, + 1 different



24 Wave functions

values. Such wave functions form &ftdimensional Hilbert space. For example,
if Mg = 1 = My, the particle can be at one of the three sitas= —1, 0, 1, and
its wave function is completely spéi@ad by theM = 3 complex numberg (—1),

¥ (0), andy (1). The inner product of two wave functions is given by

(plyr) = ¢" My (m), (2.24)

where the sum is over those valueswallowed by (2.23), and the norm f is
the positive square root of

Iy 2= [y ()2 (2.25)
m
The toy wave functiory,, defined by
1 ifm=n
m) = dmn = ’ 2.26
Xxn(M) mn 0 formsn, ( )

wheredmn, is the Kronecker delta function, has the physical digance that the
particle is at siten (or in celln). Now suppose tha¥l, = 3 = My, and consider
the wave function

Y (m) = x_1(m) + L5x0(m) + x1(m). (2.27)

Itis sketched in Fig. 2.7, and one can think of it as a relatively coarse approximatic
to a continuous function of the sort shown in Fig. 2.2, with= —2, X, = +2.
What can one say about the location of the particle whose quantum wave functi
is given by (2.27)?

® [ [ ]
-3 -2 -1 0 1 2 3

Fig. 2.7. The toy wave packet (2.27).
In light of the discussion in Sec. 2.3 it seems sensible to intetpfed as signi-

fying that the position of the quantum particle is not outside the interval §+1],
where by F1, +1] we mean the three valuesl, 0, and4-1. The circumlocution
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“not outside the intervalcan be replaced with the more natutadside the inter-
val’ provided the latter is not interpreted to meaat a particular site inside this
interval”, since the particle described by (2.27) cannot be said torbe-at-1 or
atm = 0 or at m= 1. Instead it is delocalized, and its position cannot be speci
fied any more precisely than by giving the intervall|, +1]. There is no concise
way of stating this in English, which is one reason we need a mathematical not
tion in which quantum properties can be expressed in a precise-wiys will be
introduced in Ch. 4.

It is important not to look at a wave function written out as a sum of different
pieces whose physical significance one understands, and interpret it in physi
terms as meaning the quantum system has one or the other of the properties ¢
responding to the different pieces. In particular, one should not interpret (2.27)
mean that the particle is at = —1 or atm = O or atm = 1. A simple exam-
ple which illustrates how such an interpretation can lead one astray is obtained
writing xo in the form

xo(m) = (1/2)[xo(m) + i x2(M)] + (1/2)[x0(M) + (—i) x2(M)]. (2.28)

If we carelessly interpret+” to mean®or”, then both of the functions in square
brackets on the right side of (2.28), and therefore also their sum, have the interp
tation that the particle is at 0 or 2, whereas in faglim) means that the particle is at
0 and notat 2. The correct quantum mechanical way to ‘tm& will be discussed
in Secs. 4.5, 4.6, and 5.2.

Just asyr(m) is a discrete version of the position wave functip(x), there is
also a discrete versiog (k) of the momentum wave functiofi(p), given by the
formula

o == Y e My, (2.29)

wherek is an integer which can take on the same set of values, §2.23). The
inverse transformation is

1 . N
m) = — Y & km/Myg (k). 2.30
¥ (m) N; ¥ (k) (2.30)

The inner product of two states, (2.24), can equally well be written in terms ¢
momentum wave functions:

(ply) = ¢* (K (k). (2.31)
k

These expressions are similar to those in (205)17). The main difference is
that integrals have been replaced by sums. The rehdwas disappeared from
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the toy model expressions is that position and momentum are being expressec
dimensionless units.
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Linear algebra in Dirac notation

3.1 Hilbert space and inner product

In Ch. 2 it was noted that quantum wave functions form a linear space in the ser
that multiplying a function by a complex number or adding two wave functions
together produces another wave function. It was also pointed out that a particu
guantum state can be represented either by a wave fungtigpwhich depends
upon the position variable, or by an alternative functioty (p) of the momentum
variablep. It is convenient to employ the Dirac symbgt), known as dket’, to
denote a quantum state without referring to the particular function used to repr
sent it. The kets, which we shall also refer tovagtorsto distinguish them from
scalars, which are complex numbers, are the elements of the quantum Hilbert sp:
H. (The real numbers form a subset of the complex numbers, so that when a sce
is referred to as acomplex number”, this includes the possibility that it might be
a real number.)

If « is any scalar (complex number), the ket corresponding to the wave functic
ay(X) is denoted byx|y), or sometimes byy ), and the ket corresponding to
¢ (X)+v (X) is denoted bygp) +|¢) or |v)+|¢), and so forth. This correspondence
could equally well be expressed using momentum wave functions, because |
Fourier transform, (2.15) or (2.16), is a linear relationship between andy (p),
so thatue (X) + B (X) andaqﬁ( p) + ,Bg?/(p) correspond to the same quantum state
a|y) 4+ Ble). The addition of kets and multiplication by scalars obey some fairly
obvious rules:

a(Bl)) = @BIY),  (a+BY) =aly) + Blv),

(3.1)
a(lg) +1v) = alp) +aly), 1Y) = |¥).

Multiplying any ket by the number O yields the uniqaero vectoror zero ket,
which will, because there is no risk of confusion, also be denoted by 0.

27
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The linear spac#{ is equipped with amner product

I(lw), 1)) = (@l¥) (3.2)

which assigns to any pair of kefg) and|v) a complex number. While the Dirac
notation{(w|vy ), already employed in Ch. 2, is more compact than the one base
on I(, ) itis, for purposes of exposition, useful to have a way of writing the innel
product which clearly indicates how it depends on two different ket vectors.

An inner product must satisfy the following conditions:

1. Interchanging the two arguments results in the complex conjugate of tt
original expression:

Z(1¥), lw)) = [Z(lw), 1¥))]". (3.3)

2. The inner product iBnear as a function of its second argument:

I(lw), ald) + Blv)) = aZ(|w), |¢)) + BZ(lw), [¥)). (3.4)

3. The inner product is aantilinear function of itsfirst argument:

Z(alg) + BIY), ) = & Z(19), @) + B*L(I%), lw)). (3.5)

4. The inner product of a ket with itself,

(1), 1)) = W) = Iy ? (3.6)

is a positive (greater than 0) real number unlgssis the zero vector, in
which casgy |y) = 0.

The term“antilineaf in the third condition refers to the fact that themplex
conjugatesof o andB appear on the right side of (3.5), rather thaand g them-
selves, as would be the case for a linear function. Actually, (3.5) is an immedia
consequence of (3.3) and (34) simply take the complex conjugate of both sides
of (3.4), and then apply (3.3} but it is of suficient importance that it is worth
stating separately. The reader can check that the inner proddotedién (2.3)
and (2.24) satisfy these conditions. (There are some subtleties associated v
¥ (X) whenx is a continuous real humber, but we must leave discussion of thes
matters to books on functional analysis.)

The positive square rodty | of ||| in (3.6) is called thenormof /). As
already noted in Ch. Zy|y) and|y) have exactly the same physical sifjcence
if « is a nonzero complex number. Consequently, as far as the quantum physic
is concerned, the actual norm, as long as it is positive, is a matter of indifferenc
By multiplying a nonzero ket by a suitable constant, one can always make its nor
equal to 1. This process is calladrmalizingthe ket, and a ket with norm equal to
1 is said to benormalized Normalizing does not produce a unique result, becaust
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€?|y), whereg is an arbitrary real number ghase, has precisely the same norm
as|y). Two kets|¢) and|y) are said to berthogonalif (¢|y¥) = 0, which by
(3.3) implies thatyr|¢) = 0.

3.2 Linear functionals and the dual space
Let |w) be somdixed element of{. Then the function

T (1) = Z(lw). 1¥)) (3.7)
assigns to everjty) in H a complex number in a linear manner,
T (al¢) + Blv)) = aT (1) + BT (1¥)), (3.8)

as a consequence of (3.4). Such a function is callédear functional. There
are many different linear functionals of this sort, one for everyin . In order

to distinguish them we could place a label ghand, for example, write it as
Jw(1¥)). The notation7,, is a bit clumsy, even if its meaning is clear, and
Dirac’s (w|, called a*bra”, provides a simpler way to denote the same object, s
that (3.8) takes the form

(@l(alp) + BlY)) = alwld) + Blol¥), (3.9)

if we also use the compact Dirac notation for inner products.

Among the advantages of (3.9) over (3.8) is that the former looks very muc
like the distributive law for multiplication if one takes the simple step of replac-
ing (| - |¥) by (w|¥). Indeed, a principal virtue of Dirac notation is that many
different operations of this general type beccraatomatic”, allowing one to con-
centrate on issues of physics without getting overly involved in mathematical bool
keeping. However, if one is in doubt about what Dirac notation really means, it ma
be helpful to check things out by going back to the more awkward but also mo
familiar notation of functions, such &4, ) and.7 ().

Linear functionals can themselves be added together and multiplied by compl
numbers, and the rules are fairly obvious. Thus the right side of

[a(z]+ Blwl] (1) = alcly) + Bloly) (3.10)

gives the complex number obtained when the linear functietdH- 8 (w|, formed
by addition following multiplication by scalars, and placed inside square bracke
for clarity, is applied to the kefty). Thus linear functionals themselves form a
linear space, called thdual of the spacé; we shall denote it b§(".

Although’H and®" are not identical spaces- the former is inhabited by kets
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and the latter by bras- the two are closely related. There is a one-to-one may
from one to the other denoted by a dagger:

(ol = (10)",  10) = ((@])". (3.11)

The parentheses may be omitted when it is obvious what the dagger operat
applies to, but including them does no harm. The dagger maptiknear,

(lg) + BIv)) " = (@] + B* (¥,

(3.12)
(y(t]+8(0)) = y*I7) + 8% |w),

reflecting the fact that the inner produgtis antilinear in its left argument, (3.5).
When applied twice in a row, the dagger operation is the identity map:

(1)) =10, (@) = (. (3.13)

There are occasions when the Dirac notati@h)) is not convenient because it
is too compact. In such cases the dagger operation can be useful, b@aa)fsq&)
means the same thing &s|y/). Thus, for example,

() + Blw)) 19) = (a* (2] + B*(])[¥) = a*(z|y) + fH(oly)  (3.14)

is one way to express the fact the inner product is antilinear ifirgsargument,
(3.5), without having to emplo¥(, ).

3.3 Operators, dyads

A linear operator or simply anoperator Ais a linear function which mapK into
itself. That s, to eachy ) in H, A assigns another elemeA(|v)) in { in such a
way that

Alelg) + Bly)) = aA(l9)) + BA(1¥)) (3.15)

whenever¢) and|y) are any two elements 6f, anda andg are complex hum-
bers. One customarily omits the parentheses and whit¢$ instead ofA(|¢))
where this will not cause confusion, as on the right (but not the left) side of (3.15
In general we shall use capital lettess, B, and so forth, to denote operators. The
letter | is reserved for thédentity operatorwhich maps every element @i to
itself:

L) = 1y). (3.16)

The zero operatowhich maps every element @{ to the zero vector will be de-
noted by 0.
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The inner product of some elemgun) of H with the ketA|yr) can be written as

(1) Al = (pI A1), (3.17)

where the notation on the right side, tteandwich’with the operator between a bra
and a ket, is standard Dirac notation. It is often referred to‘anatrix element”,
even when no matrix is actually under consideration. (Matrices are discussed
Sec. 3.6.) One can writgp| Alyr) as ((¢|A)(]¥)), and think of it as the linear
functional or bra vector

(@IA (3.18)

acting on or evaluated & ). In this sense it is natural to think of a linear operator
A onH as inducing a linear map of the dual sp&¢eonto itself, which carrieg|
to (¢| A. This map can also, without risk of confusion, be denoted\bgsnd while
one could write it asA((¢|), in Dirac notation{¢| A is more natural. Sometimes
one speaks dfthe operatoA acting to the left”.

Dirac notation is particularly convenient in the case of a simple type of operatc
known as adyad, written as a ket followed by a bria) (r|. Applied to some ket
[¥) in H, it yields

) (l(1¥)) = lo)(zl¥) = (T]¥)|w). (3.19)

Just as in (3.9), théirst equality is*obvious” if one thinks of the product ofr|
with |v) as(t|¥), and since the latter is a scalar it can be placed either after or i
front of the ket|w). SettingA in (3.17) equal to the dya@) (| yields

(@l(lo)(z)l¥) = (Plo)(zl¥), (3.20)

where the right side is the product of the two scalgig) and(z|). Once again
the virtues of Dirac notation are evident in that this result is an almost automat
consequence of writing the symbols in the correct order.

The collection of all operators is itself a linear space, since a scalar times «
operator is an operator, and the sum of two operators is also an operator. T
operatorx A + BB applied to an elementy) of H yields the result:

(«A+BB)Y) = a(AlY)) + B(BIY)), (3.21)

where the parentheses on the right side can be omitted, gigy/) is equal to
a(Aly)), and both can be written asA|y).

The product ABof two operatorsA and B is the operator obtained kiyrst
applying B to some ket, and theA to the ket which results from applying B:

AB(1v)) = A(B(1v))). (3.22)

Normally the parentheses are omitted, and one simply wAtBg/). However,
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it is very important to note that operator multiplication, unlike multiplication of
scalars, inot commutative: in generalAB # B A, since there is no particular
reason to expect tha(B(|))) will be the same element 61 asB(A(|y))).

In the exceptional case in whicAB = BA, that is, AB|y) = BA|y) for
all |v), one says that these two operatocsnmute with each otheor (simply)
commute The identity operatot commutes with every other operatdrA =
Al = A, and the same is true of the zero operatdd,= 0A = 0. The operators
in a collection{A;, A, Ag, ...} are said to commute with each other provided

A A = AA (3.23)

for everyj andk.
Operator products follow the usual distributive laws, and scalars can be plac
anywhere in a product, though one usually moves them to the left side:

A(yC +8D) = y AC + §AD,

(@A+ BB)C = aAC + BBC. (3.24)

In working out such products it is important that the order of the operators, fror
left to right, be preserved: one cannot (in general) replaGwith CA. The
operator product of two dyadse)(t| and|y ) (¢| is fairly obvious if one uses Dirac
notation:

lw){(z| - [¥) (@] = o) () (D] = (z|¥)|w) (], (3.25)

where thefinal answer is a scaldt [) multiplying the dyadw){¢|. Multiplica-
tion in the reverse order will yield an operator proportionaht®(z|, so in general
two dyads do not commute with each other.

Given an operatoA, if one canfind an operatoB such that

AB=1 = BA, (3.26)

then B is called theinverseof the operatorA, written asA~*, and A is the in-
verse of the operatdB. On afinite-dimensional Hilbert space one only needs to
check one of the equalities in (3.26), as it implies the other, whereas ofigitein
dimensional space both must be checked. Many operators do not possess invel
but if an inverse exists, it is unique.

The antilinear dagger operation introduced earlier, (3.11) and (3.12), can also
applied to operators. For a dyad one has:

(l)(z])" =) (l. (3.27)

Note that the right side is obtained by applyihgeparately to each term in the
ket-bra“product |w)(r| on the left, following the prescription in (3.11), and then
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writing the results in reverse order. When applying it to linear combinations o
dyads, one needs to remember that the dagger operation is antilinear:

(ale) izl + Ble) (W) = [T} o] + B 1) (@l- (3.28)

By generalizing (3.28) in an obvious way, one can apply the dagger operation
any sum of dyads, and thus to any operator dmiée-dimensional Hilbert space
‘H, since any operator can be written as a sum of dyads. However, the followir
definition is more useful. Given an operatrits adjoint (A)T, usually written as
A', is the unique operator such that

(W AT|p) = (p|Aly)* (3.29)

for any|¢) and|y) in H. Note that bra and ket are interchanged on the two side:
of the equation. A useful mnemonic for expressions such as (3.29) is to think
complex conjugation as a special case of the dagger operation when that is appl
to a scalar. Then the right side can be written and successively transformed,

(plA)) = (1) At (1) = (w]AT|g), (3.30)

into the left side of (3.29) using the general rule that a dagger applied to a prodt
is the product of the result of applying it to the individual factors, but written in the
reverse order.

The adjoint of a linear combination of operators is what one would expect,

(@A + BB =a*AT 4 g*BT, (3.31)

in light of (3.28) and the fact that the dagger operation is antilinear. The adjoint
a product of operators is the product of the adjointthe reverse order

(AB)' = B'AT, (ABC)" =C'B'A', (3.32)

and so forth. The dagger operation, see (3.11), applied to a ket of theXpfin
yields a linear functional or bra vector

(Aly)" = (¥|AT, (3.33)

where the right side should be interpreted in the same way as (3.18): the opera
AT on’H induces a map, denoted by the same symidpbn the spac@(’ of linear
functionals, by operating to the left”. One can check that (3.33) is consistent witl
(3.29).

An operator which is equal to its adjoims, = A' is said to beHermitianor self-
adjoint. (The two terms mean the same thing for operatorrote-dimensional
spaces, but have different meanings fdirnite-dimensional spaces.) Given that
the dagger operation is in some sense a generalization of complex conjugation,
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will not be surprised to learn that Hermitian operators behave in many respects li
real numbers, a point to which we shall return in Ch. 5.

3.4 Projectorsand subspaces

A particular type of Hermitian operator calledpgojector plays a central role in
guantum theory. A projector is any operaf®mhich satisies the two conditions

P2=p, P'=P. (3.34)

Thefirst of theseP? = P, ddines aprojection operatomwhich need not be Her-
mitian. Hermitian projection operators are also cabethogonal projection oper-
ators but we shall call them projectors. Associated with a proje&tas a linear
subspacé® of H consisting of all kets which are left unchangedmythat is, those
|[v) for which P|y) = |v). We shall say thaP projects ontdP, or is theprojec-
tor ontoP. The projectorP acts like the identity operator on the subsp&celhe
identity operator is a projector, and it projects onto the entire Hilbert space
The zero operator 0 is a projector which projects onto the subspace consisting
nothing but the zero vector.

Any nonzero ket¢) generates a one-dimensional subspaceften called aay
or (by quantum physicists) jpure state consisting of all scalar multiples ¢é),
that is to say, the collection of kets of the forfaa|¢)}, wherea is any complex
number. The projector ontB is the dyad

P =[¢] =19)(®|/(DlP), (3.35)

where the right side is simply) (¢| if |¢) is normalized, which we shall assume to
be the case in the following discussion. The symbgfr the projector projecting
onto the ray generated bg) is not part of standard Dirac notation, but it is very
convenient, and will be used throughout this book. Sometimes, when it will nc
cause confusion, the square brackets will be omitteavill be used in place of
[¢]. It is straightforward to show that the dyad (3.35) datis the conditions in
(3.34) and that

P(alg) = |9)(dl(a|@)) = a|p)(Plp) = a|@), (3.36)

so thatP leaves the elements @& unchanged. When it acts on any vectg)
orthogonal tg¢), (¢|x) = 0, P produces the zero vector:

PlIx) = l9)(¢lx) =0l¢) = 0. (3.37)

The properties oP in (3.36) and (3.37) can be given a geometrical interpreta:
tion, or at least one can construct a geometrical analogy using real numbers insti
of complex numbers. Consider the two-dimensional plane shown in Fig. 3.1, wil
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Fig. 3.1. lllustrating: (a) an orthogonal (perpendicular) projection &tfb) a nonorthog-
onal projection represented Y.

vectors labeled using Dirac kets. The line passing thrggghs the subspac®.
Let |w) be some vector in the plane, and suppose that its projectioryratong
a direction perpendicular t8, Fig. 3.1(a), falls at the point|¢). Then

lw) = al|p) + [x). (3.38)

where|y) is a vector perpendicular (orthogonal) [t), indicated by the dashed
line. Applying P to both sides of (3.38), using (3.36) and (3.37), &inds that

Plw) = a|). (3.39)

That is, P on acting on any pointw) in the plane projects it ont® along a line
perpendicular tgP, as indicated by the arrow in Fig. 3.1(a). Of course, such &
projection applied to a point already @hleaves it unchanged, corresponding to
the fact thatP acts as the identity operation for elements of this subspace. Fc
this reasonP(P(|w))) is always the same a&8(|w)), which is equivalent to the
statement thaP? = P. It is also possible to imagine projecting points ofto
along afixed direction which isot perpendicular tdP, as in Fig. 3.1(b). This
defines a linear operat@ which is again a projection operator, since elements of
P are mapped onto themselves, and tRfs= Q. However, this operator is not
Hermitian (in the terminology of real vector spaces, it is not symmetrical), so it i
not an orthogonal (“perpendicular”) projection operator.

Given a projectoiP, we ddine itscomplement, written asP or P, also called
thenegationof P (see Sec. 4.4), to be the projector defined by

P=1I-P. (3.40)
It is easy to show tha® satisfies the conditions for a projector in (3.34) and that

PP=0=PP. (3.41)
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From (3.40) it is obvious tha® is, in turn, the complement (or negation)®f Let
P andP+ be the subspaces f onto whichP andP project. Any elemenfw) of
PL is orthogonal to any elemefit) of P:

(lp) = (I0))'1¢) = (Plw)) (PI$)) = (w|PPl¢) =0, (3.42)

becausé® P = 0. Here we have used the fact tfiaand P act as identity operators
on their respective subspaces, and the third equality makes use of (3.33). A
consequence, any elemeéuit) of H can be written as the sum of two orthogonal
kets, one belonging t® and one tgP+:

ly) = LIy) = Ply) + Ply). (3.43)

Using (3.43), one can show that" is theorthogonal complementf P, the col-
lection of all elements of{ which are orthogonal teveryket in P. Similarly, P
is the orthogonal compleme(®+)* of P+.

3.5 Orthogonal projectorsand orthonormal bases
Two projectorsP andQ are said to be (mutuallygrthogonalif

PQ=0. (3.44)

By taking the adjoint of this equation, one can show tQe® = 0, so that the
order of the operators in the product does not matterodinogonal collection of
projectors or acollection of (mutually) orthogonal projectois a set ofnonzero
projectors{ Py, P», ...} with the property that

P, P, = Ofor j # k. (3.45)

The zero operator never plays a useful role in such collections, and excluding
simplifies various dinitions.

Using (3.34) one can show that the st Q of two orthogonal projector®
andQ is a projector, and, more generally, the sum

R=) P (3.46)
J

of the members of an orthogonal collection of projectors is a projector. When
projectorR is written as a sum of projectors in an orthogonal collection, we shal
say that this collection constituteslacompositioror refinemeniof R. In particu-

lar, if Ris the identity operatol, the collection is @lecomposition (fnement) of
the identity

| = Z P;. (3.47)
J
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We shall often write down a sum in the form (3.47) and refer to it &dewompo-
sition of the identity. However, it is important to note that the decomposition is
not the sum itself, but rather it is the set of summands, the collection of projecto
which enter the sum. Whenevepmjector Rcan be written as a sum of projectors
in the form (3.46), it is necessarily the case that these projectors foortlaogo-

nal collection, meaning that (3.45) is sdiex] (see the Bibliography). Nonetheless
it does no harm to consider (3.45) as part of the definition of a decomposition
the identity, or of some other projector.

If two nonzero ketdw) and|¢) are orthogonal, the same is true of the corre-
sponding projectors [and [¢], as is obvious from the dimition in (3.35). An
orthogonal collectionof kets is a se{|¢1), |¢2), ...} of nonzeroelements ofH
such that(¢;|¢x) = 0 whenj is unequal tck. If in addition the kets in such a
collection are normalized, so that

(®jlox) = djk, (3.48)

we shall say that it is aarthonormal collection; the wortiorthonormal’combines
“orthogonal”and “normalized”. The corresponding projectdfe], [¢2], ...}
form an orthogonal collection, and

[9i] k) = |9j) (d)ldk) = Sjkld;)- (3.49)

Let R be the subspace &f consisting of all linear combinations of kets belonging
to an orthonormal collectiofi¢;)}, that is, all elements of the form

W) =Y ojlé)), (3.50)
j

where ther; are complex numbers. Then the projed®ontoR is the sum of the
corresponding dyad projectors:

R=) 16))(il =) [#j] (3.51)
J ]

This follows from the fact that, in light of (3.49R acts as the identity operator on
a sum of the form (3.50), where®w) = 0 for every|w) which is orthogonal to
every|g;) in the collection, and thus to evefy) of the form (3.50).

If every element ofH{ can be written in the form (3.50), the orthonormal collec-
tion is said to form amrthonormal basi®f H, and the corresponding decomposi-
tion of the identity is

L= 1ol =) _[ej] (3.52)
j j

A basisof H is a collection of linearly independent kets which spdnin the
sense that any element Bf can be written as a linear combination of kets in the
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collection. Such a collection need not consist of normalized states, nor do they he
to be mutually orthogonal. However, in this book we shall for the most part us
orthonormal bases, and for this reason the adjettivinonormal will sometimes

be omitted when doing so will not cause confusion.

3.6 Column vectors, row vectors, and matrices

Consider a Hilbert spack of dimensiom, and a particular orthonormal basis. To
make the notation a bit less cumbersome, let us label the basis Kgtsrather
than|¢;). Then (3.48) and (3.52) take the forms

(J1k) = 8jk, (3.53)
=" 1Nl (3.54)
j
and any elemerit)) of H can be written as

v) =Y ajli). (3.55)
j

By taking the inner product of both sides of (3.55) wjih, one sees that
= (k|¥), (3.56)

and therefore (3.55) can be written as

) =Y (i)l Zunw (3.57)
i

The form on the right side with the scalar cieient (j|v) following rather than
preceding the kelj) provides a convenient way of deriving or remembering this
result since (3.57) is the obvious equality) = I]y) with | replaced with the
dyad expansion in (3.54).

Using the basig| )}, the ket|y) can be conveniently represented asofumn
vectorof the coeficients in (3.57):

(1)
@ | (3.58)
(nlyr)

Because of (3.57), this column vector uniquely determines the/Ketso as long
as the basis is helfixed there is a one-to-one correspondence between kets al
column vectors. (Of course, if the basis is changed, the same ket will be represen
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by a different column vector.) If one applies the dagger operation to both sides
(3.57), the result is

(Wl =Y Wil (3.59)
j
which could also be written down immediately using (3.54) and the factihat
(y|1. The numerical coéitients on the right side of (3.59) fornrew vector

(Wi, w2, i) (3.60)

which uniquely determinesy|, and vice versa. This row vector is obtained by
“transposing'the column vector in (3.58)- that is, laying it on its side— and
taklng the complex conjugate of each element, which is the vector analgg ef
(IW . An inner product can be written as a row vector times a column vector, i
the sense of matrix multiplication:

(Bl =Y (BN, (3.61)
j
This can be thought of ag|vy) = (@]l |y) interpreted with the help of (3.54).
Given an operatoA onH, its jk matrix elements

Ak = (j1AK), (3.62)

where the usual subscript notation is on the left, and the corresponding Dirac n
tation, see (3.17), is on the right. The matrix elements can be arranged to formn
square matrix

(1IAIL)  dIAI2) --- (1]AIn)
(2IAIL)  2IA12) - (2]Aln)

(3.63)
(nfAI1) (nlA[2) --- (n|Aln)

with thefirst or left indexj of (j|Alk) labeling the rows, and the second or right
index k labeling the columns. It is sometimes helpful to think of such a matrix
as made up of a collection afrow vectors of the form (3.60), or, alternativety,
column vectors of the type (3.58). The matrix elements of the adjainyf the
operatorA are given by

(JIATIK) = (kIAl})*, (3.64)

which is a particular case of (3.29). Thus the matriX\dfis the complex conjugate
of the transpose of the matrix &. If the operatorA = A is Hermitian, (3.64)
implies that its diagonal matrix elementg A| j) are real.
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Let us suppose that the resultAfoperating orjy) is a ket

lp) = Aly). (3.65)

By multiplying this on the left with the bré&|, and writing A as Al with | in the
form (3.54), one obtains

(ki) =Y (KIAIJ)(j ). (3.66)
j

Thatis, the column vector fge) is obtained by multiplying the matrix foh times
the column vector fofyr), following the usual rule for matrix multiplication. This
shows, incidentally, that the operataiis uniquely determined by its matrix (given
afixed orthonormal basis), since this matrix determines Homaps anyjy) of
the Hilbert space ontd\|y). Another way to see that the matrix determiess
to write A as a sum of dyads, starting with= | Al and using (3.54):

A= ZZH ) 1AIK) (K| = ZZJIAIK 1) (3.67)

The matrix of the produc® B of two operators is the matrix product of the two
matrices, in the same order:

(JIABIK) = > (jIAli)(i|BJK), (3.68)
i
an expression easily derived by writilgB = Al B and invoking the invaluable
(3.54).

3.7 Diagonalization of Hermitian operators

Books on linear algebra show thatA = A’ is Hermitian, it is always possible
to find a particular orthonormal basjgx;)} such that in this basis the matrix of
A is diagonal that is, («j|Alax) = O wheneverj # k. The diagonal elements
a; = (aj|Alej) must be real numbers in view of (3.64). By using (3.67) one car
write Ain the form

A=Zaj|aj)(aj|=2aj[aj], (3.69)
j j
a sum of real numbers times projectors drawn from an orthogonal collection. Tt
ket|a;) is aneigenvectoor eigenkebf the operatoA with eigenvalue &
Alaj) = ajlaj). (3.70)

An eigenvalue is said to biegeneratéf it occurs more than once in (3.69), and its
multiplicity is the number of times it occurs in the sum. An eigenvalue which only
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occurs once (multiplicity of 1) is calledondegenerate. The identity operator has
only one eigenvalue, equal to 1, whose multiplicity is the dimensiofthe Hilbert
space. A projector has only two distinct eigenvalues: 1 with multiplicity equal tc
the dimensiorm of the subspace onto which it projects, and 0 with multiplicity
n—m.

The basis which diagonalize& is unique only if all its eigenvalues are non-
degenerate. Otherwise this basis is not unique, and it is sometimes more conven
to rewrite (3.69) in an alternative form in which each eigenvalue appears just onc
The first step is to suppose that, as is always possible, the|kgthave been
indexed in such a fashion that the eigenvalues are a nondecreasing sequence:

g <ay<ag<---. (3.71)

The next step is best explained by means of an example. Suppose=thatand
thata; = a, < a3 < a4 = as. That is, the multiplicity ofa; is 2, that ofaz is 1,
and that ofa4 is 2. Then (3.69) can be written in the form

A=aqP +aP,+ asPs, (3.72)
where the three projectors

Pr = |ag)(aq| + |a2)(a2|, P> = |az)(asl, (3.73)
Ps = |aa) (4| + |as) (as|

form a decomposition of the identity. By relabeling the eigenvalues as
ag=a, a=a3 ag=au, (3.74)
it is possible to rewrite (3.72) in the form

A= Za} P, (3.75)
j

where no two eigenvalues are the same:

a; #a for j #k. (3.76)

Generalizing from this example, we see that it is always possible to write a He
mitian operator in the form (3.75) with eigenvalues satisfying (3.76). If all the
eigenvalues oA are nondegenerate, eaBhprojects onto a ray or pure state, and
(3.75) is just another way to write (3.69).

One advantage of using the expression (3.75), in which the eigenvalues are
equal, in preference to (3.69), where some of them can be the same, is that
decomposition of the identityP;} which enters (3.75) is uniquely determined by
the operatorA. On the other hand, if an eigenvalue &fis degenerate, the corre-
sponding eigenvectors are not unique. In the example in (3.72) one could reple
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le1) and o) by any two normalized and mutually orthogonal ket$) and o)
belonging to the two-dimensional subspace onto whtghprojects, and similar
considerations apply tfws) and|as). We shall call the (unique) decomposition
of the identity{ P; }which allows a Hermitian operatdk to be written in the form
(3.75) with eigenvalues satisfying (3.76) tdecomposition corresponding twr
generated byhe operatorA.

If {A,B,C,...}is a collection of Hermitian operators which commute with
each other, (3.23), they can be simultaneously diagonalized in the sense that tf
is a single orthonormal basj#;) such that

A=) al¢]. B=> biel. C=> ¢lel (3.77)
j j j

and so forth. If instead one writes the operators in terms of the decompositio
which they generate, as in (3.75),

A=Y aP., B=)Y bQ. C=)Y ¢R, (3.78)
i K |

and so forth, the projectors in each decomposition commute with the projectors
the other decomposition®; Qx = QkP;j, etc.

3.8 Trace

The trace of an operatdk is the sum of its diagonal matrix elements:

Tr(A) =Y (j1Al]). (3.79)

J

While the individual diagonal matrix elements depend upon the orthonormal bas
their sum, and thus the trace, is independent of basis and depends only on
operatorA. The trace is a linear operation in thatAfand B are operators, and
andg are scalars,

Tr(e A+ BB) = a Tr(A) + B Tr(B). (3.80)
The trace of a dyad is the corresponding inner product,

Tr(lo)(rl) = D _(ilg)(zlj) = (z]@), (3.81)

J

as is clear from (3.61).
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The trace of the product of two operatdksandB is independent of the order of
the product,

Tr(AB) = Tr(BA). (3.82)

and the trace of the product of three or more operators is not changed if one mal
acyclic permutatiorof the factors:

Tr(ABC) =Tr(BCA =Tr(CAB),

(3.83)
Tr(ABCD) = TF(BCDA) = Tr(CDAB) = Tr(DABC),

and so forth; the cycling is done by moving the operator fromfitts¢ position in
the product to the last, or vice versa. By contrast ARB) is, in generalnot the
same as TIABC), for ACB is obtained fromABC by interchanging the second
and third factor, and this is not a cyclic permutation.

The complex conjugate of the trace of an operator is equal to the trace of i
adjoint, as is evident from (3.64), and a similar rule applies to products of operatol
where one should remember to reverse the order, see (3.32):

(Tr(A)" = Tr(A"),
3.84
(Tr(ABC))" = Tr(C'BTA"), (3.84)

etc.; additional identities can be obtained using cyclic permutations, as in (3.83).
If A = AT is Hermitian, one can calculate the trace in the basis in whids
diagonal, with the result

Tr(A) =D aj. (3.85)
j=1

That is, the trace is equal to the sum of the eigenvalues appearing in (3.69).
particular, the trace of a projectéris the dimension of the subspace onto which it
projects.

3.9 Positive operators and density matrices
A Hermitian operatofA is said to be gositiveoperator provided

(WIAY) >0 (3.86)

holds for everyy/) in the Hilbert space or, equivalently, if all its eigenvalues are
nonnegative:

a; > Oforall j. (3.87)
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While (3.87) is easily shown to imply (3.86), and vice versa, memorizing bot!
definitions is worthwhile, as sometimes one is more useful, and sometimes tl
other.

If Ais a positive operator ana a positive real number, themA is a positive
operator. Also the sum of any collection of positive operators is a positive operatc
this is an obvious consequence of (3.86). Bhpportof a positive operatoA is
defined to be the projectahs, or the subspace onto which it projects, given by the
sum of thosed;] in (3.69) witha; > 0, or of theP; in (3.75) witha; > 0. It
follows from the déinition that

AA = A. (3.88)

An alternative dénition is that the support oA is the smallest projectoks, in the
sense of minimizing TrAs), which satifies (3.88).

The trace of a positive operator is obviously a honnegative number, see (3.€
and (3.87), and is strictly positive unless the operator is the zero operator with
zero eigenvalues. A positive operatdmwhich is not the zero operator can always
benormalizedby ddining a new operator

A= A/Tr(A) (3.89)

whose trace is equal to 1. In quantum physics a positive operator with trace eqt
to 1 is called adensity matrix The terminology is unfortunate, because a density
matrix is an operator, not a matrix, and the matrix for this operator depends ¢
the choice of orthonormal basis. However, by now the terfiirisly embedded
in the literature, and attempts to replace it with something more rational, such
“statistical operatdr have not been successful.

If C is any operator, the@'C is a positive operator, since for ahy),

(wIC'Cly) = (¢l¢) > O, (3.90)

where|¢) = C|y). Consequently, TCTC) is nonnegative. If TIC'C) = 0, then
C'C = 0, and(y/|CTC|y) vanishes for everyys), which means that|v) is zero
for every|yr), and therefor€€ = 0. Thus for any operatdZ it is the case that

Tr(c'c) > 0, (3.91)

with equality if and only ifC = 0.

The productAB of two positive operatorg andB is, in general, not Hermitian,
and therefore not a positive operator. HoweveAiand B commute,AB is pos-
itive, as can be seen from the fact that there is an orthonormal basis in which t
matrices of bothA and B, and therefore alsé B, are diagonal. This result gener-
alizes to the product of any collection of commuting positive operators. Whethe
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or not A and B commute, the fact that they are both positive means tha By (s
a real, nonnegative number,

Tr(AB) = Tr(BA) > 0, (3.92)

equal to O if and only ifAB = BA = 0. This result does not generalize to a
product of three or more operatorsAf B, andC are positive operators that do not
commute with each other, there is in general nothing one can say ab@us Ti(

To derive (3.92) it is convenient first define the square rogt/? of a positive
operatorA by means of the formula

A2 =3" Jaj[aj], (3.93)
j
where,/aj is the positive square root of the eigenvafjen (3.69). Then wheri
andB are both positive, one can write

Tr(AB) = Tr(AY2AY/?B1/2B1/2)
= Tr(AY2BY2BY2AY?) = Tr(C'C) > 0, (3.94)

whereC = BY2AY2, |f Tr(AB) = 0, then, see (3.91; = 0 = C', and both
BA = BY2C A2 and AB = AY2CTBY/2 vanish.

3.10 Functions of operators

Suppose thaf (x) is an ordinary numerical function, suchxsor €. It is some-
times convenient to dime a corresponding functioh(A) of an operato, so that
the value of the function is also an operator. WHe&R) is a polynomial

f(X) = ap + ax + ax? + - - - apxP, (3.95)
one can write
f(A) = agl +aA+aA®+---apAP, (3.96)

since the square, cube, etc. of any operator is itself an operator. Whens
represented by a power series, as in log{k) = x — x?/2 + ---, the same
procedure will work provided the series in powers of the operAtoonverges, but
this is often not a trivial issue.

An alternative approach is possible in the case of operators which can be diag
nalized in some orthonormal basis. Thugifs written in the form (3.69), one can
definef (A) to be the operator

f(A) =) f@)lel, (3.97)
i
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where f (a;) on the right side is the value of the numerical function. This agree:
with the previous dinition in the case of polynomials, but allows the use of much
more general functions. As an example, the squareAdBtof a positive operator

A as ddined in (3.93) is obtained by settinfj(x) = /x for x > 0 in (3.97).
Note that in order to use (3.97), the numerical functifaix) must be déned for
any x which is an eigenvalue of. For a Hermitian operator these eigenvalues
are real, but in other cases, such as the unitary operators discussed in Sec. 7.2
eigenvalues may be complex, so for such operaf@rs will need to be déned

for suitable complex values of
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Physical properties

4.1 Classical and quantum properties

We shall use the termhysical propertyto refer to something which can be said to
be eitheitrue or falsefor a particular physical system. Thtthe energy is between
10 and 124J" or “the particle is betweexy andx,” are examples of physical prop-
erties. One must distinguish betweeplaysical propertyand aphysical variable,
such as the position or energy or momentum of a particle. A physical variable c:
take on different numerical values, depending upon the state of the system, wher
a physical property is either a true or a false description of a particular physical sy
tem at a particular time. A physical variable taking on a particular value, or lying
in some range of values, is an example of a physical property.

In the case of a classical mechanical system, a physical property is always
sociated with some subset of points in its phase space. Consider, for examg
a harmonic oscillator whose phase space isxthp plane shown in Fig. 2.1 on
page 12. The property that its energy is equal to some &jue 0 is associated
with a set of points on an ellipse centered at the origin. The property that the ener
is less tharkg is associated with the set of points inside this ellipse. The propert
that the positiorx lies betweerx; andx, corresponds to the set of points inside a
vertical band shown cross-hatched in thigire, and so forth.

Given a propertyP associated with a set of poin8 in the phase space, it is
convenient to introduce andicator function, orindicator for short,P(y), where
y is a point in the phase space, defined in the following way:

1 ifyeP,
P — 4.1
g 0 otherwise. 4.1)

(It is convenient to use the same symigofor a property and for its indicator, as
this will cause no confusion.) Thus if at some instant of time the phase pgint
associated with a particular physical system is inside th@sétenP(yg) = 1,

47
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meaning that the system possesses this property, or the property is true. Simila
if P(yp) = 0, the system does not possess this property, so for this system t
property is false.

A physical property of a quantum systé&rassociated with aubspaceP of the
guantum Hilbert spacH in much the same way as a physical property of a classica
system is associated with a subset of points in its phase space, girdjdwor P
ontoP, Sec. 3.4, plays a role analogous to the classical indicator function. If th
guantum system is described by a g} which lies in the subspacde, so thaty)
is an eigenstate d? with eigenvalue 1,

Plv) = %), 4.2)

one can say that the quantum system has the proper@n the other hand, ify)
is an eigenstate d? with eigenvalue 0,

Ply) =0, (4.3)

then the quantum system does not have the progertgr, equivalently, it has
the propertyP which is the negation oP, see Sec. 4.4. Whep) is not an
eigenstate oP, a situation with no analog in classical mechanics, we shall say the
the propertyP is unddinedfor the quantum system.

4.2 Toy model and spin half

In this section we will consider various physical properties associated with a tc
model and with a spin-half particle, and in Sec. 4.3 properties of a continuot
guantum system, such as a particle with a wave funcfigr). In Sec. 2.5 we
introduced a toy model with wave functian(m), where the position variabla is

an integer restricted to taking on one of tle= M, + My, + 1 values in the range

—Ma <m < M. (4.4)

In (2.26) we déined a wave function,(m) = §mn Whose physical sigficance is
that the patrticle is at the site (or in the cedl) Let |n) be the corresponding Dirac
ket. Then (2.24) tells us that

(kIn) = dkn, (4.5)

so the ketg|n)} form an orthonormal basis of the Hilbert space.

Any scalar multiplex|n) of |n), wherex is a nonzero complex number, has pre-
cisely the same physical sidgiance an). The set of all kets of this form together
with the zero ket, that is, the set of all multiplegnf, form a one-dimensional sub-
space ofH, and the projector onto this subspace, see Sec. 3.4, is

[n] = [n){n]. (4.6)
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Thus it is natural to associate the property that the particle is at the ¢seme-
thing which can be true or false) with this subspace, or, equivalently, with the corr
sponding projector, since there is a one-to-one correspondence between subsp
and projectors.

Since the projectors [0] and [1] for sites 0 and 1 are orthogonal to each othe
their sum is also a projector

R = [0] + [1]. (4.7)

The subspac® onto whichR projects is two-dimensional and consists of all linear
combinations of0) and|1), that is, all states of the form

l¢) = «|0) + BI1). (4.8)

Equivalently, it corresponds to all wave functiopgm) which vanish whem is
unequal to 0 or 1. The physical sificance ofR, see the discussion in Sec. 2.3,
is that the toy particle iaot outsidethe interval [Q 1], where, since we are using a
discrete model, the interval [@] consists of the two sites = 0 andm = 1. One
can interpret not outside”as meaninginside”, provided that is not understood to
mean"at one or the other of the two sites= 0 orm= 1"

The reason one needs to be cautious is that a typical st&ewill be of the
form (4.8) with bothe and 8 unequal to zero. Such a state does not have the
property that it is atn = 0, for all states with this property are scalar multiples of
|0}, and |¢ is not of this form. Indeedg) is not an eigenstate of the projector [0]
representing the property = 0, and hence according to thefighition given at the
end of Sec. 4.1, the property = 0 is undefined. The same comments apply to
the propertyn = 1. Thus it is certainly incorrect to say that the particle is either
at 0 or at 1. Instead, the particle is represented by a delocalized wave, as discus
in Sec. 2.3. There are some stateskirwhich are localized at O or localized at
1, but sinceR also contains other, delocalized, states, the property correspondir
to R or its projectorR, which holds forall states in this subspace, needs to be
expressed by some English phrase other tlzeu® or I'. The phrase$not outside
the interval [Q 1]” or “no place other than 0 or"lwhile they are a bit awkward,
come closer to saying what one wants to say. The way to be perfectly precise is
use the projectoR itself, since it is a precisely di@ed mathematical quantity. But
of course one needs to build up an intuitive picture of what it is Bhateans.

The process of building up orgintuition about the meaning & will be aided
by noting that (4.7) is not the only way of writing it as a sum of two orthogonal
projectors. Another possibility is

R=[o] +[r] (4.9)
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where
o) = (10) +i11)/~/2, |r) = (|0) —i|1)) /v/2 (4.10)

are two normalized states f which are mutually orthogonal. To check that (4.9)
is correct, one can work out the dyad

lo)(o| = 3(10) +i]1))((0] —i (1)
= 3(10)(0] + IL)(1| +i]1)(0] —i[0){L]), (4.12)

where(o| = (Jo))" has been formed using the rules for the dagger operation (no
the complex conjugate) in (3.12), and (4.11) shows how one can conveniently mi
tiply things out tofind the resulting projector. The dy&d) (z| is the same except
for the signs of the imaginary terms, so adding thigat{o | givesR. There are
many other ways besides (4.9) to wrikas a sum of two orthogonal projectors.
In fact, givenany normalized state ifR, one can alwayfind another normalized
state orthogonal to it, and the sum of the dyads corresponding to these two stz
is equal toR. The fact thatR can be written as a sumd + Q of two orthogonal
projectorsP and Q in many different ways is one reason to be cautious in assign
ing R a physical interpretation dforoperty P or propertyQ”, although there are
occasions, as we shall see later, when such an interpretation is appropriate.

The simplest nontrivial toy model has only = 2 sites, and it is convenient to
discuss it using language appropriate to the spin degree of freedom of a particle
spin 1/2. Its Hilbert spac@{ consists of all linear combinations of two mutually
orthogonal and normalized states which will be denotedzdy and|z~), and
which one can think of as the counterparts|@f and |1) in the toy model. (In
the literature they are often denoted By) and|—), or by |1) and|]).) The
normalization and orthogonality conditions are

(Z"zHY=1=(z"|z7), (z"|lz7) =0. (4.12)

The physical significance (") is that thez-componens, of the internal of spin”
angular momentum has a value-p1 /2 in units ofh, while |z~) means thag, =
—1/2 in the same units. One sometimes referzto and|z~) as“spin up”and
“spin down”states.

The two-dimensional Hilbert spadé consists of all linear combinations of the
form

a|zt) + Blz7), (4.13)

wherea and g are any complex numbers. It is convenient to parameterize thes
states in the following way. Let denote a direction in space corresponding to
¥, ¢ in spherical polar coordinates. For examples= 0 is the+z direction, while
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¥ = /2 and p= & is the—x direction. Then define the two states

lwt) = +cos(/2)e'?/?|z+) + sin(/2)8¢/2|z7),

. . (4.14)
lw™) = —sin(®/2)e'/?|z") + cos(9/2)&/2|z7).
These are normalized and mutually orthogonal,
whwhH =1=(w jw™), (w"lw)=0, (4.15)

as a consequence of (4.12).

The physical significance div™) is thatS,, the component of spin angular
momentum in theav direction, has a value of 1/2, whereas far-), S, has the
value—1/2. For$ = 0, |w™) and|w™) are the same gg*) and|z), respectively,
apart from a phase facta; ', which does not change their physical sfigance.
Forv = m, l[w™) and|w™) are the same dg ) and|z"), respectively, apart from
phase factors. Suppose thais a direction which is neither along nor opposite to
thez axis, for examplew = x. Then bothx andg in (4.13) are nonzero, arjd*)
does not have the proper§ = +1/2, nor does it have the proper§y = —1/2.
The same is true i§, is replaced byS,, wherev is any direction which is not the
same asw or opposite tav. The situation is analogous to that discussed earlier fol
the toy model: think ofz*) and|z~) as corresponding to the states = 0) and
Im = 1).

Any nonzero wave function (4.13) can be written as a complex number time
|lwT) for a suitable choice of the directian. For 8 = 0, the choicew = z is
obvious, while fore = 0 it is w = —z. For other cases, write (4.13) in the form

Bl(a/B)Z") +127)]. (4.16)
A comparison with the expression fap™) in (4.14) shows that andy are deter-
mined by the equation

e 'Y cot(9/2)= a/B, (4.17)
which, sincex/8 is finite (neither 0 noro), always has a unique solution in the

range

O<¢p<2m, O0<¥ <m. (4.18)

4.3 Continuous quantum systems

This section deals with the quantum properties of a particle in one dimension d
scribed by a wave functiog (x) depending on the continuous varialde Sim-

ilar considerations apply to a particle in three dimensions with a wave functio
¥ (r), and the same general approach can be extended to apply to collections
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several particles. Quantum properties are again associated with subspaces of
Hilbert spaceH, and sincé is infinite-dimensional, these subspaces can be eithe
finite- or irfinite-dimensional; we shall consider examples of both. (Finite-
dimensional subspaces one adds the technical requirement that they be closec
ddfined in books on functional analysis.)

As afirst example, consider the property that a particle lies inside (which is t
say hot outside) the interval

X1 < X < X, (4.19)

with X; < Xo. As pointed out in Sec. 2.3, the finite-dimensional) subspack
which corresponds to this property consists of all wave functions which vanis
for x outside the interval (4.19). The projectdrassociated with’ is ddiined as
follows. Acting on some wave functiotr (x), X produces a new functioy (x)
which is identical toyr(x) for x inside the interval (4.19), and zero outside this
interval:

Yx(0) = Xy = | VOO Tora=x=x, (4.20)

0 forx < xq orx > Xo.
Note thatX leaves unchanged any function which belongs to the subspase
it acts as the identity operator on this subspace. If a wave funet{a@h vanishes
throughout the interval (4.19), it will be orthogonal to all the functionstinand
X applied tow (x) will yield a function which is everywhere equal to 0. ThXs
has the properties one would expect for a projector as discussed in Sec. 3.4.
One can write (4.20) using Dirac notation as

¥x) = X[y, (4.21)

where the elemerit)) of the Hilbert space can be represented either as a positio
wave functiony (x) or as a momentum wave functign( p), the Fourier transform

of ¥ (x), see (2.15). The relationship (4.21) can also be expressed in terms
momentum wave functions as

Ix(p) = /é(p— o) () dp, (4.22)

whereg?rx(p) is the Fourier transform ofx (x), and§(p) is the Fourier transform
of

(4.23)

1 forx; <X < Xo,
§(X) =
0 forx < Xio0rx > Xo.

Although (4.20) is the most straightforward way tdide X|), it is important to
note that the expression (4.22) is completely equivalent.
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As another example, consider the property that the momentum of a patrticle li
in (that is, not outside) the interval

pL<p=pe (4.24)

This property corresponds, Sec. 2.4, to the subspacEmomentum wave func-
tionsyr (p) which vanish outside this interval. The projectrcorresponding t@®
can be déned by

. . J(p) forpy<p<pn
Jo(p) = Py(p = | VP TOrPL=P =P (4.25)
0 forp< piorp> py,

and in Dirac notation (4.25) takes the form

[¥p) = Ply). (4.26)

One could also express the position wave functierix) in terms ofyr(x) using a
convolution integral analogous to (4.22).

As a third example, consider a one-dimensional harmonic oscillator. In tex
books it is shown that the ener@yof an oscillator with angular frequeneytakes
on a discrete set of values

E=n+in=012... (4.27)

in units ofhw. Letgyn(x) be the normalized wave function for energy=n+1/2,

and|¢n) the corresponding ket. The one-dimensional subspag¢éadnsisting of
all scalar multiples of¢n) represents the property that the energy #s 1/2. The
corresponding projector is the dyad,J¢When this projector acts on somg) in

‘H, the result is

= [#nll¥) = 1) (Dnl¥) = (nlV) [n), (4.28)

that is, |¢n) multiplied by the scalakg,|v). One can write (4.28) using wave
functions in the form

¥ (X) = / P(x, X)¥ () dX, (4.29)
where

P(X,X) = ¢n(x)¢7(X) (4.30)

corresponds to the dyad,) (¢n|.
Since the stategp,) for differentn are mutually orthogonal, the same is true
of the corresponding projectorslp Using this fact makes it easy to write down
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projectors for the energy to lie in some interval which includes two or more energ
eigenvalues. For example, the projector

Q =[¢1] + [¢2] (4.31)

onto the two-dimensional subspacelofconsisting of linear combinations @f)
and|¢,) expresses the property that the eneggin units ofhw) lies inside some
interval such as

1<E <3, (4.32)

where the choice of endpoints of the interval is somewhat arbitrary, given that tt
energy is quantized and takes on only discrete values; any other interval whi
includes 15 and 25, but excludes ® and 35, would be just as good. The action
of Q on a wave functiony (x) can be written as

700 = QU(x) = / QUx. Xy (X)) dX, (4.33)
with
Q(X, X') = p1(X)T (X') + d2(X) P35 (X). (4.34)

Once again, it is important not to interpfetnergy lying inside the interval (4.32)

as meaning that it either has the value 1.5 or that it has the value 2.5. The subsp
onto whichQ projects also contains states suclyas+ |¢.), for which the energy
cannot be déned more precisely than by saying that it does not lie outside th
interval, and thus the physical property expressedgannot have a meaning
which is more precise than this.

4.4 Negation of properties (NOT)

A physical property can be true or false in the sense that the statement that a
ticular physical system at a particular time possesses a physical property can
either true or false. Books on logic present simiglgical operationsby which
statements which are true or false can be transformed into other statements wt
are true or false. We shall consider three operations which can be applied to ph
ical properties: negation, taken up in this section, and conjunction and disjunctic
taken up in Sec. 4.5. In addition, quantum properties are sometimes incompatil
or “noncomparable a topic discussed in Sec. 4.6.

As noted in Sec. 4.1, a classical propeRys associated with a subsgtcon-
sisting of those points in the classical phase space for which the property is trt
The points of the phase space which do not belong form thecomplementary
set~ P, and this complementary setfdees the negatiofNOT P” of the property
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P. We shall write it as~ P or asP. Alternatively, one can define as the property
which is true if and only ifP is false, and false if and only P is true. From this as
well as from the other dmition it is obvious that the negation of the negation of a
property is the same as the original propery® or ~ (~ P) is the same property
asP. The indicatorP(y) of the property~ P, see (4.1), is given by the formula

F—1I_p, (4.35)

or P(y) = | (y) — P(y), wherel (y), the indicator of the identity property, is
equal to 1 for all values of. ThusP is equal to 1 (true) ifP is O (false), and
P = 0whenP = 1.

Once again consider Fig. 2.1 on page 12, the phase space of a one-dimensic
harmonic oscillator, where the ellipse corresponds to an erieggyhe property
P that the energy is less than or equalBg corresponds to the sét of points
inside and on the ellipse. Its negatiéhis the property that the energy is greater
thanE,, and the corresponding regienP is all the points outside the ellipse. The
vertical band@ corresponds to the propery that the position of the particle is in
the intervalx; < x < X,. The negation of) is the propertyQ that the particle lies
outside this interval, and the corresponding set of pointg in the phase space
consists of the half planes to the leftxo&= x; and to the right ok = x..

A property of a quantum system is associated with a subspace of the Hilbe
space, and thus the negation of this property will also be associated with sor
subspace of the Hilbert space. Consider, for example, a toy modeMyita 2 =
M. Its Hilbert space consists of all linear combinations of the stat&s, |—1),
|0), |1), and|2). Suppose tha® is the property associated with the projector

P =[0] +[1] (4.36)

projecting onto the subspagof all linear combinations gbD) and|1). Its physical
interpretation is that the quantum particle is finad to these two sites, that is, it is
not at some location apart from these two sites. The neg&ioiP is the property
that the particle is not cdimed to these two sites, but is instead someplace else, s
the corresponding projector is

B =[-2] +[-1] +[2]. (4.37)

This projects onto the orthogonal complem@Xit of P, see Sec. 3.4, consisting of
all linear combinations of—2), |—1) and|2). Since the identity operator for this
Hilbert space is given by

2

=) [m] (4.38)

m=-2
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see (3.52), it is evident that
P=1-P. (4.39)

This is precisely the same as (4.35), except that the symbols now refer to quant
projectors rather than to classical indicators.

As a second example, consider a one-dimensional harmonic oscillator, Sec. 4
Suppose thaP is the property that the energy is less than or equal to 2 in units ¢
hw. The corresponding projector is

P = [¢0o] + [¢] (4.40)

in the notation used in Sec. 4.3. The negatioriPdé the property that the energy
is greater than 2, and its projector is

P =1[¢o +[¢s] +[pa] +---=1—P. (4.41)

In this case P projects onto dinite andP onto an irfinite-dimensional subspace
of H.

As a third example, consider the propeXythat a particle in one dimension is
located in (that is, not outside) the interval (4.18),< X < Xp; the corresponding
projectorX was déined in (4.20). Using the fact thaiy (x) = ¥ (X), it is easy to
show that the projectaX = | — X, corresponding to the property that the particle
is located outside (not inside) the interval (4.41) is given by

- 0 f :
K (x) = o =x=% (4.42)
Y (X) for all otherx values.

(Note that in this case the action of the projectérand X is to multiply v (x) by
the indicator function for the corresponding classical property.)

As afinal example, consider a spin-half particle, andRdie the propertys, =
+1/2 (in units ofh) corresponding to the projectar]]. One can think of this as
analogous to a toy model withl = 2 sitesm = 0, 1, where ] corresponds to
[0]. Then it is evident from the earlier discussion that the negaftoof P will
be the projectorZ ], the counterpart of [1] in the toy model, corresponding to
the propertyS, = —1/2. Of course, the same reasoning can be applied avith
replaced by an arbitrary directian: The propertyS, = —1/2 is the negation of
S, = +1/2, and vice versa.

The relationship between the projector for a quantum property and the project
for its negation, (4.39), is formally the same as the relationship between the cc
responding indicators for a classical property, (4.35). Despite this close analog
there is actually an important difference. In the classical case, the sulf3ebr-
responding tcP is the complement of the subset corresponding t@ny point in
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the phase space is in one or the other, and the two subsets do not overlap. In
quantum case, the subspades and P corresponding td® and P have one ele-
ment in common, the zero vector. This is different from the classical phase spax
but is not important, for the zero vector by itself stands for the property whicl
is always false, corresponding to the empty subset of the classical phase sp:e
Much more significant is the fact that contains many nonzero elements which
belong neither taP+ nor to P. In particular, the sum of a nonzero vector from
P+ and a nonzero vector fro® belongs to}, but does not belong to either of
these subspaces. For example, the|ké&} for a spin-half particle corresponding
to S = +1/2 belongs neither to the subspace associated Syith +1/2 nor to
that of its negatiors, = —1/2. Thus despite the formal parallel, the difference be-
tween the mathematics of Hilbert space and that of a classical phase space me
that negation is not quite the same thing in quantum physics as it is in classic
physics.

4.5 Conjunction and disunction (AND, OR)

Consider two different propertie® and Q of a classical system, corresponding to
subset$? andQ of its phase space. The system will possess both properties simt
taneously if its phase point lies in the intersectio® N Q of the sets? and Q or,
using indicators, iP(y) = 1 = Q(y). See the Venn diagram in Fig. 4.1(a). In this
case we can say that the system possesses the propeftiD Q”, theconjunc-
tion of P and Q, which can be written compactly 8 A Q. The corresponding
indicator function is

PAQ=PQ, (4.43)

that is,(P A Q)(y) is the functionP(y) times the functiomQ(y). In the case of

a one-dimensional harmonic oscillator, Rbe the property that the energy is less
thanEp, andQ the property thak lies betweern; andx,. Then the indicatoP Q

for the combined property? A Q, “energy less tha, AND x betweenx; and
x2", is 1 at those points in the cross-hatched band in Fig. 2.1 which lie inside tt
ellipse, and 0 everywhere else.

Given the close correspondence between classical indicators and quantum
jectors, one might expect that the projector for the quantum progertyQ (P
AND Q) would be the product of the projectors for the separate properties, as
(4.43). This is indeed the ca#e® and Q commute with each othérat is, if

PQ=QP. (4.44)

In this case it is easy to show that the prodBd@ is a projector satisfying the two
conditions in (3.34). On the other hand, if (4.44) is not $etds thenP Q will
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P Q P Q

() (b)

Fig. 4.1. The circles represent the propertieand Q. In (a) the grey region i A Q,
andin (b) itisP v Q.

not be a Hermitian operator, so it cannot be a projector. In this section we wi
discuss the conjunction and disjunction of properffeand Q assuming that the
two projectors commuteThe case in which they do not commute is taken up in
Sec. 4.6.

As afirst example, consider the case of a one-dimensional harmonic oscillat
in which P is the property that the enerdyis less than 3 (in units diw), andQ
the property thak is greater than 2. The two projectors are

P =[¢o] +[¢1] +[¢2]. Q=12 + @3] +[da] +---, (4.45)

and their product i Q = QP = [¢2], the projector onto the state with energy
2.5. As this is the only possible energy of the oscillator which is both greater the
2 and less than 3, the result makes sense.

As a second example, suppose that the prop¥rggorresponds to a quantum
particle inside (not outside) the interval (4.12),< X < X, andX’ to the property
that the particle is inside the interval

X1 < X < X, (4.46)
In addition, assume that the endpoints of these intervals are in the order
X1 < Xp < X2 < Xp. (4.47)
For a classical particleX A X’ clearly corresponds to its being inside the interval
X, < X < Xp. (4.48)

In the quantum case, it is easy to show thaX’ = X’X is the projector which
when applied to a wave functiofi(x) sets it equal to 0 everywhere outside the in-
terval (4.48) while leaving it unchanged inside this interval. This result is sensiblc
because if a wave packet lies inside the interval (4.48), it will also be inside bof
of the intervals (4.41) and (4.46).
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When two projectors® and Q are mutually orthogonal in the sensdided in
Sec. 3.5,

PQ=0=QP (4.49)

(each equality implies the other), the corresponding propetiand Q aremutu-

ally exclusivein the sense that if one is true, the other must be false. The reason
that the 0 operator which represents the conjuncRon Q corresponds, as does
the O indicator for a classical system, to the property which is always false. Hen
it is impossible for botP andQ to be true at the same time, for thBrm Q would

be true. As an example, consider the harmonic oscillator discussed earlier, |
change the definitions so thatis the propertyE < 2 andQ the propertye > 3.
ThenP Q = 0, for there is no energy which is both less than 2 and greater than :
Similarly, if the intervals corresponding t& and X’ for a particle in one dimen-
sion do not overlap— e.g., suppos&, < x; in place of (4.47)}—thenX X = 0,

and if the particle is betweer, andxy, it cannot be betweer] and x;. Note
that this means that a quantum particle, just like its classical counterpart, can ne
be in two places at the same time, contrary to some misleading popularizations
quantum theory.

The disjunctionof two propertiesP andQ, “P OR Q”, where*OR” is under-
stood in the nonexclusive sensé'df or Q or both”, can be written in the compact
form P v Q. If P andQ are classical properties corresponding to the sulfBets
andQ of a classical phase spade,v Q corresponds to the unigh U Q of these
two subsets, see Fig. 4.1(b), and the indicator is given by:

PvQ=P+Q-PQ, (4.50)

where thefinal term— P Q on the right makes an appropriate correction at points
in P N @ where the two subsets overlap, aRd- Q = 2.

The notions of disjunction (OR) and conjunction (AND) are related to each othe
by formulas familiar from elementary logic:

~(PvQ =PAQ,

o~ (4.51)
~(PAQ) =PVvQ.
The negation of thérst of these yields
PvQ=~(PAQ), (4.52)

and one can use this expression along with (4.35) to obtain the right side of (4.5(

I =[0 =P)I -Q]=P+Q—-PQ. (4.53)

Thus if negation and conjunction have already bedindd, disjunction does not
introduce anything that is really new.
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The preceding remarks also apply to the quantum case. In particular, (4.53)
valid if P andQ are projectors. HoweveR + Q — P Q is a projector if and only
if PQ = QP. Thus as long a® andQ commute, we can use (4.50) tofae the
projector corresponding to the prope®yOR Q. There is, however, something to
be concerned about. Suppose, to take a simple exarpte,[0] and Q = [1]
for a toy model. Then (4.50) gives [6} [1] for P v Q. However, as pointed
out earlier, the subspace onto which {0]1] projects contains kets which do not
have either the propert? or the propertyQ. Thus [0]+ [1] means something
less déinite than [0] or [1]. A satisfactory resolution of this problem requires the
notion of a quantum Boolean event algebra, which will be introduced in Sec. 5.
In the meantime we will simply adopt (4.50) as didd&ion of what is meant by
the quantum projectdP v Q whenP Q = QP, and leave till later a discussion of
just how it is to be interpreted.

4.6 Incompatible properties

The situation in which two projector® and Q do not commute with each other,
P Q # QP, has no classical analog, since the product of two indicator function
on the classical phase space does not depend upon the order of the factors. Co
guently, classical physics gives no guidance as to how to think about the conjur
tion P A Q (P AND Q) of two quantum properties when their projectors do not
commute.

Consider the example of a spin-half particle, Rebe the propertys, = +1/2,
andQ the property tha§, = +1/2. The projectors are

P=[x"], Q=][z'], (4.54)

and it is easy to show by direct calculation that][ z*] is unequal to£*][x*], and
that neither is a projector. Let us suppose that it is nevertheless possibfa®ale
property k*] A [zT]. To what subspace of the two-dimensional spin space migh
it correspond? Every one-dimensional subspace of the Hilbert space of a spin-h
particle corresponds to the propey = +1/2 for some directionw in space, as
discussed in Sec. 4.2. Thus ¥f] A[z"] were to correspond to a one-dimensional
subspace, it would have to be associated with such a direction. Clearly the directi
cannot bex, for S, = +1/2 does not have the properg = +1/2; see the
discussion in Sec. 4.2. By similar reasoning it cannogzband all other choices
for w are even worse, because th8n = +1/2 possesses neither the property
S = +1/2 nor the propertys, = +1/2, much less both of these properties!

If one-dimensional subspaces are out of the question, what is left? There
a two-dimensionat subspackwhich is the entire space, with projectbrcorre-
sponding to the property which is always true. But given that neithgrror [z1]
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is a property which is always true, it seems ridiculous to supposextiaty [z*]
corresponds td. There is also the zero-dimensional subspace which contains on
the zero vector, corresponding to the property which is always false. Does it ma
sense to suppose that] A [z'], thought of as a particular property possessed by
a given spin-half particle at a particular time, is always false in the sense that the
are no circumstances in which it could be true? If we adopt this proposal we wil
obviously, also want to say that{] A [z"] is always false. Following the usual
rules of logic, the disjunction (OR) of two false propositions is false. Therefore
the left side of

(XIAZD v AXTIAIZD =IXTTA(Z]vIZ) =X AL =[xT]
(4.55)

is always false, and thus the right side, the prop&ty= +1/2, is always false.
But this makes no sense, for there are circumstances in viieh+1/2 is true.
To obtain thefirst equality in (4.55) requires the use of the distributive identity

PAQVIPARI =PA(QVR (4.56)

of standard logic, wittP = [x*], Q = [z*], andR = [z"]. One way of avoiding
the silly result implied by (4.55) is to modify the laws of logic so that the dis-
tributive law does not hold. In fact, Birkhoff and von Neumann proposed a speci:
guantum logian which (4.56) is no longer valid. Despite a great deal of effort, this
guantum logic has not turned out to be of much help in understanding quantu
theory, and we shall not make use of it.

In conclusion, there seems to be no plausible way to assign a subspace to
conjunction k*] A [z"] of these two properties, or to any other conjunction of
two properties of a spin-half particle which are represented by noncommuting pr
jectors. Such conjunctions are therefore meaningless in the sense that the Hilk
space approach to quantum theory, in which properties are associated with s|
spaces, cannot assign them a meaning. It is sometimes said that it is impossibl
measureboth S, and S, simultaneously for a spin-half particle. While this state-
ment is true, it is important to note that the inability to carry out such a measur
ment reflects the fact that there is no corresponding property which could be me
sured. How could a measurement tell us, for example, that for a spin-half partic
S = +1/2 andS, = +1/2, if the property X*] A [z"] cannot even be defined?

Guided by the spin-half example, we shall say that two propeRiend Q
of any quantum system arecompatiblewhen their projectors do not commute,
PQ # QP, and that the conjunctioR A Q of incompatible properties is mean-
ingless in the sense that quantum theory assigns it no meaning. On the other he
if PQ = QP, the properties areompatible, and their conjunctiof A Q corre-
sponds to the projectd? Q.
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To say thatP A Q is meaninglessvhenP Q # QP is very different from saying
that it isfalse The negation of a false statement is a true statement, BonifQ
is false, its negatiorlf’ \Y, Q, see (4.51), is true. On the other hand, the negation o
a meaningless statement is equally meaningless. Meaningless statements can
occur in ordinary logic. Thus iP and Q are two propositions of an appropriate
sort, P A Q is meaningful, buP A v Q is meaningless: this last expression cannot
be true or false, it just doedrmake any sense. In the quantum cdses Q" when
PQ # QP is something likeP A v Q in ordinary logic. Books on logic always
devote some space to the rules for constructing meaningful statements. Physic
when reading books on logic tend to skip over the chapters which give these rul
because the rules seem intuitively obvious. In quantum theory, on the other hat
it is necessary to pay some attention to the rules which separate meaningful ¢
meaningless statements, because they are not the same as in classical physics
hence they are not intuitively obvious, at least until one has built up some intuitio
for the quantum world.

When P and Q are incompatible, it makes no sense to ascribe both propertie
to a single system at the same instant of time. However, this does not exclude |
possibility thatP might be a meaningful (true or false) property at one instant of
time andQ a meaningful property at differenttime. We will discuss the time
dependence of quantum systems starting in Ch. 7. Similgrgnd Q might refer
to two distinct physical systems: for example, there is no problem in supposir
thatS, = +1/2 for one spin-half particle, an§, = +1/2 for adifferentparticle.

Atthe end of Sec. 4.1 we stated that if a quantum system is described bly/a ket
which is not an eigenstate of a project®y then the physical property associated
with this projector is undéned. The situation can also be discussed in terms o
incompatible properties, for saying that a quantum system is describgfd) by
equivalent to asserting that it has the propetty §orresponding to the ray which
containg|y). Itis easy to show that the projectorg][and P commute if and only
if [) is an eigenstate o, whereas in all other caseg [P # P[], so they
represent incompatible properties.

Itis possible foryr) to simultaneously be an eigenstate with eigenvalue 1 of twc
incompatible projector® and Q. For example, for the toy model of Sec. 4.2, let

) =12, P=[o]+[2. Q=I[1]+[2]. (4.57)

where|o) is ddined in (4.10). The daition given in Sec. 4.1 allows us to con-
clude that the quantum system describedipy has the property, but we could
equally well conclude that it has the propefy However, it makes no sense to
say that it has both properties. Sorting out this issue will require some addition
concepts found in later chapters.
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If the conjunction of incompatible properties is meaningless, then so is th
disjunction of incompatible propertiesP v Q (P OR Q) makes no sense if
PQ # QP. This follows at once from (4.52), becauseRf and Q are in-
compatible, so are their negatiofsand Q, as can be seen by multiplying out
(I — P)(I — Q) and comparing it with(l — Q)(I — P). HenceP A Q is
meaningless, and so is its negation. Other sorts of logical comparisons, su
as the exclusive OR (XOR), are also not possible in the case of incompatib
properties.

If PQ # QP, the questiorf Does the system have propeRyor does it have
propertyQ?” makes no sense if understood in a way which requires a comparisc
of these two incompatible properties. Thus one answer mightlihes system has
property P but it does not have proper®”. This is equivalent to &fming the
truth of P and the falsity ofQ, so thatP andQ are simultaneously true. But since
PQ # QP, this makes no sense. Another answer might be‘thlaé system has
both propertied andQ”, but the assertion th& and Q are simultaneously true
also does not make sense. And a gquestion to which one cannot give a meaning
answer is not a meaningful question.

In the case of a spin-half particle it does not make sense to ask wigther
+1/20rS, = +1/2, since the corresponding projectors do hot commute with eac
other. This may seem surprising, since it is possible to set up a device which w
produce spin-half particles with afilgite polarization,S, = +1/2, wherew is a
direction determined by some property or setting of the device. (This could, fc
example, be the direction of the magndiild gradient in a Stern—-Gerlach appa-
ratus, Sec. 17.2.) In such a case one can certainly ask whether the setting of
device is such as to produce particles wgh= +1/2 or withS, = +1/2. How-
ever, the values of components of spin angular momentum for a particle polariz
by this device are then propertidependentupon properties of the device in the
sense described in Ch. 14, and can only sensibly be discussed with reference to
device.

Along with different components of spin for a spin-half particle, it is easy to
find many other examples of incompatible properties of quantum systems. Th
the projectorsX and P in Sec. 4.3, for the position of a particle to lie betwegn
andx, and its momentum betwegm and p,, respectively, do nhot commute with
each other. In the case of a harmonic oscillator, nei¥heror P commutes with
projectors, such as {p+ [¢1], which define a range for the energy. That quan-
tum operators, including the projectors which represent quantum properties, do 1
always commute with each other is a consequence of employing the mathems
cal structure of a quantum Hilbert space rather than that of a classical phase sps¢
Consequently, there is no way to get around the fact that quantum properties can
always be thought of in the same way as classical properties. Instead, one ha:
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pay attention to the rules for combining them if one wants to avoid inconsistencie
and paradoxes.



5

Probabilities and physical variables

5.1 Classical sample space and event algebra

Probability theory is based upon the concept cfample spacef mutually ex-
clusive possibilities, one and only one of which actually occurs, or is true, in an
given situation. The elements of the sample space are sometimesuzilésior
element®or events. In classical and quantum mechanics the sample space usu:
consists of various possible states or properties of some physical system. For
ample, if a coin is tossed, there are two possible outcorde@ieads) oiT (tails),
and the sample spaceis {H, T}. If a die is rolled, the sample spadeconsists

of six possible outcomes = 1,2, 3,4,5, 6. If two individuals A and B share an
office, the occupancy sample space consists of four possibilities: an erfipg; of
A present, B present, or both A and B present.

Associated with a sample spaSeis anevent algebras consisting of subsets
of elements of the sample space. In the case of a“dies even”is an event in
the event algebra. So ats is odd”,"s is less than 4", antis is equal to 2. It
is sometimes useful to distinguish events which are elements of the sample spe
such ass = 2 in the previous example, and those which correspond to more the
one element of the sample space, suchsds even”. We shall refer to the former
aselementaryevents and to the latter @mpouncevents. If the sample space
is finite and containa points, the event algebra contaifsgdssibilities, including
the entire sample spadeconsidered as a single compound event, and the empty s
@. For various technical reasons it is convenient to incldideven though it never
actually occurs: itis the event which is always false. Similarly, the compound evel
S, the set of all elements in the sample space, is always true. The subSdtwiof
aBoolean algebrar Boolean lattice3 under the usual set-theoretic relationships:
Thecomplement- £ of a subseft of S is the set of elements & which are not
in £. Theintersection N F of two subsets is the collection of elements they have

65



66 Probabilities and physical variables

in common, whereas theimion& U F is the collection of elements belonging to
one or the other, or possibly both.

The phase space of a classical mechanical system is a sample space, since
and only one point in this space represents the actual state of the system at a pa
ular time. Since this space contains an uncountalfigite number of points, one
usually déines the event algebra not as the collection of all subsets of points in t
phase space, but as some more manageable collection, such as the Borel sets.

A useful analogy with quantum theory is provided bgaarse grainingof the
classical phase spacefiaite or countably ifinite collection of nonoverlapping
regions orcells which together cover the phase space. These cells, which in tt
notation of Ch. 4 represent properties of the physical system, constitute a sam
spaceS of mutually exclusive possibilities, since a poiptin the phase space
representing the state of the system at a particular time will be in one and on
one cell, making this cell a true property, whereas the properties corresponding
all of the other cells in the sample are false. (Note that individual points in th
phase space are not, in and of themselves, membe¥s) ofhe event algebr®
associated with this coarse graining consists of collections of one or more ce
from the sample space, along with the empty set and the collection of all the cel
Each event ir3 is associated with a physical property corresponding to the set c
all points in the phase space lying in one of the cells making up the (in gener
compound) event. The negation of an evéris the collection of cells which are
in S but not in&, the conjunction of two event$ and F is the collection of cells
which they have in common, and their disjunction the collection of cells belongin
to £ or to F or to both.

As an example, consider a one-dimensional harmonic oscillator whose phs
space is the, p plane. One possible coarse graining consists of the four cells

Xx>0,p>0, X<0,p=>=0, x>0,p<0 x<0 p<O; (5.1

that is, the four quadrants filred so as not to overlap. Another coarse graining is
the collection{C,},n =1, 2, ... of cells

Ch: (n—1DEyg<E <nkgg (5.2)

defined in terms of the energlf, whereEy > 0 is some constant. Still another
coarse graining consists of the rectangles

Dmn: MX < X < (M+ 1)Xo, Npo < p < (N4 1) po, (5.3)

wherexy > 0, po > 0 are constants, amd andn are any integers.
As in Sec. 4.1, we dime theindicator or indicator function Efor an event to
be the function on the sample space which takes the value 1 space which is in’
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set&, and 0O (false) on all other elements:

1 forseé,
E(S) = = (5.4)
0 otherwise.
The indicators form an algebra under the operations of negatid),(conjunction
(E A F), and disjunctionE v F), as discussed in Secs. 4.4 and 4.5:

~E=E=1—E,
EAF=EF, (5.5)
EVF=E+F-EF,

where the arguments of the indicators have been omitted; one could also wr
(EAF)(s) = E(s)F(s), etc. ObvioushyE A F andE v F are the counterparts of
ENJF and& U F for the corresponding subsets®f We shall use the ternfgvent
algebra’and”Boolean algebrafor either the algebra of sets or the corresponding
algebra of indicators.

Associated with each elememnbf a sample space is a special indica®mwhich
is zero except at the point

Pr(s) = 1ﬁs_“ (5.6)
0 ifs#r.

Indicators of this type will be calledlementaryor minimal, and it is easy to see
that

Pr Ps = 815 Ps. (5'7)

The vanishing of the product of two elementary indicators associated with di
tinct elements of the sample spac#eets the fact that these events are mutually-
exclusive possibilities: if one of them occurs (is true), the other cannot occur (|
false), since the zero indicator denotes ‘teeent” which never occurs (is always
false). An indicatorR on the sample space corresponding to the (in general con
pound) evenR can be written as a sum of elementary indicators,

R=>) P, (5.8)
seS

wherers is equal to 1 ifsis in R, and 0 otherwise. The indicatbr which takes
the value 1 everywhere, can be written as

=) P, (5.9)

seS
which is (5.8) withrs = 1 for everys.
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5.2 Quantum sample space and event algebra

In Sec. 3.5 a decomposition of the identity wa$igled to be an orthogonal collec-
tion of projectory P;},

PP« =6k P;, (5.10)
which sum to the identity

| = Z P;. (5.11)
J

Any decomposition of the identity of a quantum Hilbert sp&t&an be thought
of as aquantum sample spacé mutually-exclusive properties associated with the
projectors or with the corresponding subspaces. That the properties are mutue
exclusive follows from (5.10), see the discussion in Sec. 4.5, which is the quantu
counterpart of (5.7). The fact that the projectors sum s the counterpart of
(5.9), and expresses the fact that one of these properties must be true. Thus
usual requirement that a sample space consist of a collection of mutually-exclus;i
possibilities, one and only one of which is correct, is $atsby a quantum de-
composition of the identity.

Thequantum event algebr& corresponding to the sample space (5.11) consist
of all projectors of the form

R=> P, (5.12)
j

where eachr; is either O or 1; note the analogy with (5.8). Setting all theequal

to 0 yields the zero operator O corresponding to the property that is always fals
setting them all equal to 1 yields the identitywhich is always true. If there are

n elements in the sample space, there drel@ments in the event algebra, just as
in ordinary probability theory. Thelementaryor minimal elements of3 are the
projectors| P; } which belong to the sample space, whereagtmpoundlements
are those for which two or more of thg in (5.12) are equal to 1.

Since the different projectors which make up the sample space commute w
each other, (5.10), so do all projectors of the form (5.12). And because of (5.1(
the projectors which make up the event algeBrdorm a Boolean algebraor
Boolean latticeunder the operations of andU interpreted as\ andv; see (5.5),
which applies equally to classical indicators and quantum projectors. Any colle
tion of commuting projectors forms a Boolean algebra provided the negRtion
of any projectorP in the collection is also in the collection, and the prodBd¢®
(= QP) of two elements in the collection is also in the collection. (Because o
(4.50), these rules ensure thHatv Q is also a member of the collection, so this
does not have to be stated as a separate rule.) Note that a Boolean algebr:
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projectors is a much simpler object (in algebraic terms) than the noncommutati
algebra of all operators on the Hilbert space.

A trivial decomposition of the identity contains just one projedtpnontrivial
decompositions contain two or more projectors. For a spin-half particle, the on
nontrivial decompositions of the identity are of the form

| =[w*]+[w], (5.13)

wherew is some direction in space, such as thaxis or thez axis. Thus the
sample space consists of two elements, one correspondiBg+o+1/2 and one
to S, = —1/2. These are mutually-exclusive possibilities: one and only one ca
be a correct description of this component of spin angular momentum. The eve
algebraB consists of the four elements: 0,[w™], and [w™].

Next consider a toy model, Sec. 2.5, in which a particle can be located at one
M = 3sitesm = —1,0, 1. The three kets-1), |0), |1) form an orthonormal basis
of the Hilbert space. A decomposition of the identity appropriate for discussing th
particle’s position contains the three projectors

[-1]. [0]. 1] (5.14)

corresponding to the property that the particle isat —1, m = 0, andm = 1,
respectively. The Boolean event algebra hds=2 8 elements: 0], the three
projectors in (5.14), and three projectors

[-1]1+[0]. [O]+[1]. [-1]+[1] (5.15)

corresponding to compound events. An alternative decomposition of the identi
for the same Hilbert space consists of the two projectors

[(—1], [0] + [1], (5.16)

which generate an event algebra with ory=24 elements: the projectors in (5.16)
along with 0 and .

Although the same projector [0} [1] occurs both in (5.15) and in (5.16), its
physical interpretation or meaning in the two cases is actually somewhat differer
and discussing the difference will throw light upon the issue raised at the end
Sec. 4.5 about the meaning of a quantum disjuncBon Q. In (5.15), [0]+ [1]
represents aompoundevent whose physical interpretation is that the particle is af
m = 0 or atm = 1, in much the same way that the compound ey8r#} in the
case of a die would be interpreted to mean that egher3 or s= 4 spots turned
up. On the other hand, in (5.16) the projector 4O]1] represents arlementary
event which cannot be thought of as the disjunction of two different possibilities
In quantum mechanics, each Boolean event algebra constitutes what is in effec
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“languagé out of which one can construct a quantum description of some phys
cal system, and a fundamental rule of quantum theory is that a description (whi
may but need not be couched in terms of probabilities) referring to a single sy
tem at a single time must be constructed using a single Boolean algebra, a sin
“languagé. (This is a particular case of a more genéesihgle-framework rule
which will be introduced later on, and discussed in some detail in Ch. 16.) Th
language based on (5.14) contains among its elementary constituents the proje
[0] and the projector [1], and its grammatical rules allow one to combine such e
ements with'and’ and“or” in a meaningful way. Hence in this languagé] or

[1]” makes sense, and it is convenient to represent it using the projecteflPin
(5.15). On the other hand, the language based on (5.16) contains neither [0] nor
— they are not in the sample space, nor are they among the four elements wh
constitute its Boolean algebra. Consequently, in this somewhat impoverished I
guage it is impossible to express the idg@ or [1]”, because both [0] and [1] are
meaningless constructs.

The reader may be tempted to dismiss all of this as needless nitpicking bet
suited to mathematicians and philosophers than to physical scientists. Is it not
vious that one can always replace the impoverished language based upon (5.
with the richer language based upon (5.14), and avoid all this quibbling? Tt
answer is that one can, indeed, replace (5.16) with (5.14) in appropriate circul
stances; the process of doing so is knowhraBnement, and will be discussed in
Sec. 5.3. However, in guantum theory there can be many differBnergents. In
particular, a second and rather differerfiimement of (5.16) will be found in (5.19).
Because of the multiple possibilities forfilrement, one must pay attention to what
one is doing, and it is especially important to be explicit about the sample spa
(“languag®) that one is using. Shortcuts in reasoning which never caueutiy
in classical physics can lead to enormous headaches in quantum theory, and av
ing these requires that one take into account the rules which govern meaning
guantum descriptions.

As an example of a sample space associated with a continuous quantum syst
consider the decomposition of the identity

I =) [l (5.17)

corresponding to the energy eigenstates of a quantum harmonic oscillator, in 1
notation of Sec. 4.3. The elementary evefyf][can be interpreted as the energy
having the valuen + 1/2 in units ofhw. These events are mutually-exclusive
possibilities: if the energy is 3.5, it cannot be 0.5 or 2.5, etc. The projegibr{

[¢3] in the Boolean algebra generated by (5.17) means that the energy is equa
2.5 or 3.5. If, on the other hand, one were to replace (5.17) with an alternati
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decomposition of the identity consisting of the project@f®m] + [¢2ms1]), M =
0,1,2,...}, each projecting onto a two-dimensional subspac# 0f¢,] + [¢3]
could not be interpreted as an energy equal to 2.5 or 3.5, since states without a w
defined energy are also present in the corresponding subspace. See the prece
discussion of the toy model.

5.3 Refinement, coar sening, and compatibility

Suppose there are two decompositions of the iderflity; {E;} andF = {F},
with the property that each, can be written as a sum of one of more of the In
such a case we will say that the decompositias arefinemenof F, or £ is finer
thanF, or £ is obtained byrefining 7. Equivalently,F is acoarseningof &, is
coarserthan&, and is obtained bgoarseningS. For example, the decomposition
(5.14) is a refinement of (5.16) obtained by replacing the single projecter [0]

in the latter with the two projectors [0] and [1].

According to this definition, any decomposition of the identity is its owimee
ment (or coarsening), and it is convenient to allow the possibility of suchrial
refinement (or coarsening). If the two decompositions are actually different, one
anontrivial or properrefinement/coarsening of the other. Altimatedecomposi-
tion of the identity is one in which each projector projects onto a one-dimension:
subspace, so no furtherfileement (of a nontrivial sort) is possible. Thus (5.13),
(5.14), and (5.17) are ultimate decompositions, whereas (5.16) is not.

Two or more decompositions of the identity are said to be (mutuedig)patible
provided they have @ommon rénement, that is, provided there is a single decom-
position R which is finer than each of the decompositions under consideratior
When no common fenement exists the decompositions are said to be (mutually
incompatible. If€ is a rdinement ofF, the two are obviously compatible, because
£ is itself the common refinement.

The toy model withM = 3 considered in Sec. 5.2 provides various examples o
compatible and incompatible decompositions of the identity. The decomposition

([-1] + 0D, [1] (5.18)

is compatible with (5.16) because (5.14) is a commdimesnent. The decomposi-
tion

where the projectorsd] and [q] correspond to the kets
1p) = (10) + 11))/v2, |a) = (I0) — [1))/v/2, (5.20)

is a rdinement of (5.16), as is (5.14), so both (5.14) and (5.19) are compatib
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with (5.16). However, (5.14) and (5.19) are incompatible with each other: sinc
each is an ultimate decomposition, and they are not identical, there is no comm
refinement. In addition, (5.19) is incompatible with (5.18), though this is not quite
so obvious. As another example, the two decompositions

I =[x"T+[x] 1 =[z7]+[z] (5.21)

for a spin-half particle are incompatible, because each is an ultimate decompa
tion, and they are not identical.

If £ andF are compatible, then each project®y can be written as a combina-
tion of projectors from the commonfraementR, and the same is true of eaEh.
That is to say, the projectof€;} and {F¢} belong to the Boolean event algebra
generated byR. As all the operators in this algebra commute with each other, i
follows that every projectoE; commutes with every projectdf,. Conversely, if
every Ej in £ commutes with everyr, in F, there is a common fmement: all
nonzero projectors of the forfE; F} constitute the decompositigeneratedoy
& andF, and itis the coarsest commoriirement o andF. The same argument
can be extended to a larger collection of decompositions, and leads to the gene
rule thatdecompositions of the identity are mutually compatible if and only if all
the projectors belonging to all of the decompositions commute with each dther
any pair of projectors fail to commute, the decompositions are incompatible. Usir
this rule it is immediately evident that the decompositions in (5.16) and (5.18) au
compatible, whereas those in (5.18) and (5.19) are incompatible. The two deco
positions in (5.21) are incompatible, as are any two decompositions of the identi
of the form (5.13) if they correspond to two directions in space that are neither tt
same nor opposite to each other. Since it arises from projectors failing to commt
with each other, incompatibility is a feature of the quantum world with no close
analog in classical physics. Different sample spaces associated with a single cl
sical system are always compatible, they always possess a comifnemrent.
For example, a common fiaement of two coarse grainings of a classical phase
space is easily constructed using the nonempty intersections of cells taken fre
the two sample spaces.

As noted in Sec. 5.2, a fundamental rule of quantum theory is that a descri
tion of a particular quantum system must be based upsingle sample spacer
decomposition of the identity. If one wants to use two or mowenpatiblesam-
ple spaces, this rule can be shéd by employing a commonfieement, since its
Boolean algebra will include the projectors associated with the individual space
On the other hand, trying to combine descriptions based upon two (or mooe)-
patiblesample spaces can lead to serious mistakes. Consider, for example, the 1
incompatible decompositions in (5.21). Using fhret, one can conclude that for a
spin-half particle, eithe, = +1/2 or S, = —1/2. Similarly, by using the second
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one can conclude that eith& = +1/2 or elseS, = —1/2. However, combining
these in a manner which would be perfectly correct for a classical spinning obje
leads to the conclusion that one of the four possibilities

S=4+1/2 A §S=+41/2, S=41/2 A §=-1/2,
Ss=-1/2AN S=+1/2, S=-1/2 A §=-1/2
must be a correct description of the particle. But in fact all four possibilities ar

meaningless, as discussed previously in Sec. 4.6, because none of them co
sponds to a subspace of the quantum Hilbert space.

(5.22)

5.4 Probabilities and ensembles

Given a sample space, a probability distribution assigns a nonnegative number
probability p,, also written Pr(¥, to each point of the sample space in such a
way that these numbers sum to 1. For example, in the case of a six-sided die,
often assigns equal probabilities to each of the six possibilities for the number:
spotss; thus ps = 1/6. However, this assignment is not a fundamental law of
probability theory, and there exist dice for which a different set of probabilities
would be more appropriate. Each compound eVenh the event algebra is as-
signed a probability RE) equal to the sum of the probabilities of the elements
of the sample space which it contains. THgsis even”in the case of a die is
assigned a probability, + ps + ps, Which is 1/2 if eachps is 1/6. The assign-
ment of probabilities in the case of continuous variables, e.g., a classical phe
space, can be quite a bit more complicated. However, the simpler discrete ce
will be quite adequate for this book; we will not need sophisticated concepts frol
measure theory.

Along with a formal dénition, one needs an intuitive idea of the meaning of
probabilities. One approach is to imagine emsemble: a collection dfi nomi-
nally identical systems, whend is a very large number, with each system in one
of the states which make up the sample sp8cand with the fraction of mem-
bers of the ensemble in stasegiven by the corresponding probabilitys. For
example, the ensemble could be a large number of dice, each displaying a cert
number of spots, with /6 of the members of the ensemble displaying one spot
1/6 displaying two spots, etc. One should always thinkads such a large num-
ber thatpsN is also very large for anys that is greater than 0, to get around
any concerns about whether the fraction of systems in stéeorecisely equal
to ps. One says that the probability thatsangle systenthosen at random from
such an ensemble is in stadds given by ps. Of course, any particular system
will be in some dénite state, but this state is not known before the system is se
lected from the ensemble. Thus the probability represépdstial information”
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about a system when its actual state is not known. For example, if the probabili
of some state is close to 1, one can be fairly fadent, but not absolutely cer-
tain, that a system chosen at random will be in this state and not in some ott
state.

Rather than imagining the ensemble to be a large collection of systems, it
sometimes useful to think of it as made up of the outcomes of a large humber
experiments carried out at successive times, with care being taken to ensure t
these are independent in the sense that the outcome of any one experiment is
allowed to irfluence the outcome of later experiments. Thus instead of a larg
collection of dice, one can think of a single die which is rolled a large number a
times. The fraction of experiments leading to the resigtthen the probabilityps.

The outcome of any particular experiment in the sequence is not known in advan
but a knowledge of the probabilities provides partial information.

Probability theory as a mathematical discipline does not tell one how to choo:
a probability distribution. Probabilities are sometimes obtained directly from ex
perimental data. In other cases, such as the Boltzmann distribution for systems
thermal equilibrium, the probabilities express well-established physical laws. |
some cases they simply represent a guess. Later we shall see how to use the
namical laws of quantum theory to calculate various quantum probabilities. Tt
true meaning of probabilities is a subject about which there continue to be disput
especially among philosophers. These arguments need not concern us, for pr
abilities in quantum theory, when properly employed with a weflred sample
space, obey the same rules as in classical physics. Thus the situation in quant
physics is no worse (or better) than in the everyday classical world.

Conditional probabilities play a fundamental role in probabilistic reasoning an
in the application of probability theory to quantum mechanics.A ahdB be two
events, and suppose thatBy > 0. Theconditional probability of A given Bs
defined to be

Pr(A| B) = Pr(A A B)/ Pr(B), (5.23)

whereAA B is the event AAND B” represented by the produaB of the classical
indicators, or of the quantum projectors. Hence one can also witeB31in place

of Pr(A A B). The intuitive idea of a conditional probability can be expressed ir
the following way. Given an ensemble, consider only those members in vithich
occurs (is true). These comprisesabensemblef the original ensemble, and in
this subensemble the fraction of systems with propétis given by P¢A| B)
rather than by RiA), as in the original ensemble. For example, in the case of :
die, let B be the property thas is even, andA the propertys < 3. Assuming
equal probabilities for all outcomes, ) = 1/2. However, PtA| B) = 1/3,
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corresponding to the fact that of the three possibilisies 2, 4, 6 which constitute
the compound ever, only one is less than or equal to 3.

If B is heldfixed, Pr@A| B) as a function of itdirst argumentA behaves like
an“ordinary” probability distribution. For example, if we usdo indicate points
in the sample space, the numbers RiB$ are nonnegative, and  Pr(s| B) =
1. One can think of PR | B) with B fixed as obtained by setting to zero the
probabilities of all elements of the sample space for wHicks false (does not
occur), and multiplying the probabilities of those elements for wHicks true
by a common factor, APr(B), to renormalize them, so that the probabilities of
mutually-exclusive sets of events sum to one. That this is a reasonable proced
is evident if one imagines an ensemble and thinks about the subensemble of ce
in which B occurs. It makes no sense tdfitie a probability conditioned oB if
Pr(B) = 0, as there is no way to renormalize zero probability by multiplying it by
a constant in order to get somethifgite.

In the case of quantum systems, once an appropriate sample space has beel
fined the rules for manipulating probabilities grecisely the samas for any other
(“classical”) probabilities. The probabilities must be nonnegative, they must su
to 1, and conditional probabilities arefiteed in precisely the manner discussed
above. Sometimes it seems as if quantum probabilities obey different rules fro
what one is accustomed to in classical physics. The reason is that quantum t
ory allows a multiplicity of sample spaces, that is, decompositions of the identit
which are often incompatible with one another. In classical physics a single sar
ple space is usually digéient, and in cases in which one may want to use more
than one, for example alternative coarse grainings of the phase space, the differ
possibilities are always compatible with each other. However, in quantum theo
different sample spaces are generally incompatible with one another, so one |
to learn how to choose the correct sample space needed for discussing a partic
physical problem, and how to avoid carelessly combining results from incompat
ble sample spaces. Thus thdidifilties one encounters in quantum mechanics have
to do with choosing a sample space. Once the sample space has bekadghei
guantum rules are the same as the classical rules.

There have been, and no doubt will continue to be, a number of proposals f
introducing specidlquantum probabilitiesivith properties which violate the usual
rules of probability theory: probabilities which are negative numbers, or comple
numbers, or which are not tied to a Boolean algebra of projectors, etc. Thus f:
none of these proposals has proven helpful in untangling the concepfialltids
of quantum theory. Perhaps someday the situation will change, but until then the
seems to be no reason to abandon standard probability theory, a mode of reasot
which is quite well understood, both formally and intuitively, and replace it with
some scheme which is deficient in one or both of these respects.
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5.5 Random variables and physical variables

In ordinary probability theory aandom variableis a real-valued functioV de-
fined everywhere on the sample space. For exampteisithe number of spots
when a die is rolledy (s) = s is an example of a random variable, ad/i&s) =
s?/6. For coin tossingy (H) = +1/2, V(T) = —1/2 is an example of a random
variable.

If one regards the, p phase plane for a particle in one dimension as a sampl
space, then any real-valued functivrix, p) is a random variable. Examples of
physical interest include the position, the momentum, the kinetic energy, the p
tential energy, and the total energy. For a particle in three dimensions the vario
components of angular momentum relative to some origin are also examples
random variables.

In classical mechanics the tenomysical variableis probably more descriptive
than“random variable when referring to a function dimed on the phase space,
and we shall use it for both classical and quantum systems. However, thinking
physical variables as random variables, that is, as functiofisedkeon a sample
space, is particularly helpful in understanding what they mean in quantum theor

The quantum counterpart of the functidhrepresenting a physical variable in
classical mechanics is a Hermitian or self-adjoint operstes V' on the Hilbert
space. Thus position, energy, angular momentum, and the like all correspond
specfic quantum operators. Generalizing from this, we shall think of any self
adjoint operator on the Hilbert space as representing some (not necessarily v
interesting) physical variable. A quantum physical variable is often callezban
servable. While this term is not ideal, given its association with somewhat con-
fused and contradictory ideas about quantum measurements, it is widely usec
the literature, and in this book we shall employ it to refer to any quantum physic:
variable, that is, to any self-adjoint operator on the quantum Hilbert space, witho
reference to whether it could, in practice or in principle, be measured.

To see how self-adjoint operators can be thought of as random variables in t
sense of probability theory, one can make use of a fact discussed in Sec. 3.7
V = VT, then there is a unique decomposition of the ider{tRy}, determined by
the operatoV, such that, see (3.75),

V= Zv; P;, (5.24)
J

where thev; are eigenvalues of, andv; # v, for j # k. Since any decomposition
of the identity can be regarded as a quantum sample space, one can think of
collection{P;} as the" natural sample space for the physical variable or operator
V. On this sample space the operatbrbehaves very much like a real-valued
function: to Py it assigns the value}, to P, the valuev;, and so forth. That
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(5.24) can be interpreted in this way is suggested by the fact that for a discre
sample spacé, an ordinary random variabM can always be written as a sum of
numbers times the elementary indicators defined in (5.6),

V() =) uP(s), (5.25)

wherev, = V(r). Since quantum projectors are analogous to classical indicator:
and the indicators on the right side of (5.25) are associated with the different el
ments of the sample space, there is an obvious and close analogy between (5
and (5.25).

The only possible values for a quantum observablare the eigenvalues in
(5.24) or, equivalently, the; in (5.32), just as the only possible values of a classical
random variable are thg in (5.25). In order for a quantum system to possess the
valuev for the observablé/, the property'V = v” must be true, and this means
that the system is in an eigenstate\bf That is to say, the quantum system is
described by a nonzero kgk) such that

Viy) =vly), (5.26)
or, more generally, by a nonzero projec@rsuch that
VQ=1vQ. (5.27)

In order for (5.27) to hold for a projectd onto a space of dimension 2 or more,
the eigenvalue must be degenerate, andif= v}, then

PQ=0Q, (5.28)

whereP; is the projector in (5.24) correspondingup

Let us consider some examples, beginning with a one-dimensional harmor
oscillator. Its (total) energy corresponds to the Hamiltonian opekdtarhich can
be written in the form

H =Y (n+1/2he[pn]. (5.29)
n
where the corresponding decomposition of the energy was introduced in (5.1
The Hamiltonian can thus be thought of as a function which assigns to the project
[#n], or to the subspace of multiples @f,), the energyn + 1/2)hw. In the case
of a spin-half particle the operator for taeomponent of spin angular momentum
divided byh is

S =+3[z"1 - 3[z]. (5.30)

It assigns to{*] the value+1/2, and to £7] the value—1/2. Next think of a toy
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model in which the sites are labeled by an integeand suppose that the distance
between adjacent sites is the lenbthirhen the position operator will be given by

B=> mb[m]. (5.31)

The position operatox for a“real’ quantum particle in one dimension is a com-
plicated object, and writing it in a form equivalent to (5.24) requires replacing th
sum with an integral, using mathematics which is outside the scope of this book
In all the examples considered thus far, feare projectors onto one-dimen-
sional subspaces, so they can be written as dyads, and (5.24) is equivalent to writ

V=Y il =Y vilvl, (5.32)
j j

where the eigenvalues in (5.32) are identical to those in (5.24), except that the sl
script labels may be different. As discussed in Sec. 3.7, (5.24) and (5.32) will k
different if one or more of the eigenvaluesVéfare degenerate, that is, if a partic-
ular eigenvalue occurs more than once on the right side of (5.32). For instance, 1
energy eigenvalues of atoms are often degenerate due to spherical symmetry,
in this case the projectd?; for the jth energy level projects onto a space whose
dimension is equal to the multiplicity (or degeneracy) of the level. When suc
degeneracies occur, it is possible to construct nontmefaiementof the decom-
position{P;} in the sense discussed in Sec. 5.3, by writing one or more dPthe
as a sum of two or more nonzero projectors.{@} is such a rénement, it is
obviously possible to write

V=) 15Qu (5.33)
k

where the extra prime allows the eigenvalues in (5.33) to carry different subscrif
from those in (5.24). One can again think éfas a random variable, that is, a
function, on thefiner sample spacgQyx}. Note that when it is possible tofree

a quantum sample space in this manner, it is always possibldine iein many
different ways which are mutually incompatible. Whereas any one of these samy
spaces is perfectly acceptable so far as the physical vaNaideconcerned, one
will make mistakes if one tries to combine two or more incompatible sample spac
in order to describe a single physical system; see the comments in Sec. 5.3.

On the other handy cannot be digned as a physical (andont) variable on a
decomposition which igsoarserthan{P;}, since one cannot assign two different
eigenvalues to the same projector or subspace. (To be sure, one nfigiet ale
“coarseé version ofV, but that would be a different physical variable.) Nor dan
be ddined as a physical or random variable on a decomposition which is incon
patible with{P;}, in the sense discussed in Sec. 5.3. It may, of course, be possik
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to approximate/ with an operator which is a function on an alternative decompo-
sition, but such approximations are outside the scope of the present discussion.

5.6 Averages

The averageV) of a random variabl®/ (s) on a sample spacg is defined by the
formula

(V)= psV(s). (5.34)
seS

That is, the probabilities are used to weight the valueg at the different sample
points before adding them together. One way to justify the weights in (5.34) i
to imagine an ensemble consisting of a very large nunhberf systems. IfV is
evaluated for each system, and the results are then added together and dividec
N, the outcome will be (5.34), because the fraction of systems in the ensemble
states is equal tops.

Random variables form a real linear space in the sense tdgsjfandV (s) are
two random variables, so is the linear combination

uu(s) + vV (s), (5.35)

whereu andv are real numbers. The average operatipaefined in (5.34) is a
linear functional on this space, since

(UU(S) + vV (s)) = u{U) + v(V). (5.36)

Another property of() is that when it is applied to positiverandom variable
W(s) > 0, the result cannot be negative:

(W) > 0. (5.37)
In addition, the average of the identity is 1,
(=1, (5.38)

because the probabilitigps} sum to 1.

The linear functional ) is obviously determined once the probabilitigs} are
given. Conversely, a functioné) defined on the linear space of random variables
determines a unique probability distribution, since one can use averages of t
elementary indicators in (5.6),

ps = (Ps), (5.39)

in order to déine positive probabilities which sum to 1 in view of (5.9) and (5.38).
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In a similar way, the probability of a compound evéts equal to the average of
its indicator:

Pr(A) = (A). (5.40)

Averages for quantum mechanical physical (random) variables follow precise
the same rules; the only differences are in notation. One starts with a sample sp
{P;} of projectors which sum td, and a set of nonnegative probabilitigss; }
which sum to 1. A random variable on this space is a Hermitian operator whic
can be written in the form

V=> P, (5.41)
j

where the different eigenvalues appearing in the sum need not be distinct. That
the sample space could be either tinatural space associated with the operator
V as discussed in Sec. 5.5, or somiérement. The average

(V)y=>"pjvj (5.42)
j

is formally equivalent to (5.34).

A probability distribution on a given sample space can only be used to calcula
averages of random variablesfighed on this sample space; it cannot be used, a
least directly, to calculate averages of random variables which firedeon some
othersample space. While this is rather obvious in ordinary probability theory, it:
guantum counterpart is sometimes overlooked. In particular, the probability distr
bution associated witfP; } cannot be used to calculate the average of a self-adjoir
operatorSwhose natural sample space is a decompos{ti@y} incompatible with
{Pj}. Instead one must use a probability distribution for the decompodi@ai

An alternative way of writing (5.41) is the following. The positive operator

p=7 PiP/Tr(P) (5.43)
j

has a trace equal to 1, so it is a density matrix, dged in Sec. 3.9. It is easy to
show that

(V) =Tr(pV) (5.44)

by applying the orthogonality conditions (5.10) to the progaiét Note thato and

V commute with each other. The formula (5.44) is sometimes used in situations
which p andV do notcommute with each other. In such a casis functioning as

a pre-probability, as will be explained in Ch. 15.
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Composite systems and tensor products

6.1 Introduction

A compositesystem is one involving more than one particle, or a particle with in-
ternal degrees of freedom in addition to its center of mass. In classical mechan
the phase space of a composite system@agesian productf the phase spaces
of its constituents. The Cartesian product of two s&tand B is the set of (or-
dered) paird(a, b)}, wherea is any element ofA andb is any element oB. For
three setsA, B, andC the Cartesian product consists of triplga, b, ¢)}, and so
forth. Consider two classical particles in one dimension, with phase spaces
andxy, p.. The phase space for the composite system consists of pairs of poir
from the two phase spaces, that is, it is a collection of quadruples of the fori
X1, P1, X2, P2, Which can equally well be written in the order, X2, p1, p2. Thisis
formally the same as the phase space of a single particle in two dimensions, a c
lection of quadruples, y, py, py. Similarly, the six-dimensional phase space of a
particle in three dimensions is formally the same as that of three one-dimensior
particles.

In quantum theory the analog of a Cartesian product of classical phase spa
is atensor producbf Hilbert spaces. A particle in three dimensions has a Hilbert
space which is the tensor product of three spaces, each corresponding to mo
in one dimension. The Hilbert space for two particles, as long as they are n
identical, is the tensor product of the two Hilbert spaces for the separate particle
The Hilbert space for a particle with spin is the tensor product of the Hilbert spac
of wave functions for the center of mass, appropriate for a particle without spir
with the spin space, which is two-dimensional for a spin-half particle.

Not only are tensor products used in quantum theory for describing a compos
system at a single time, they are also very useful for describing the time develo
ment of a quantum system, as we shall see in Ch. 8. Hence any serious stuc

81
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of quantum mechanics needs to become familiar with the basic facts about ten
products, and the corresponding notation, which is summarized in Sec. 6.2.
Special rules apply to the tensor product spaces used for identical quantum p
ticles. For identical bosons one uses the symmetrical subspace of the Hilbert sp
formed by taking a tensor product of the spaces for the individual particles, whil
for identical fermions one uses the antisymmetrical subspace. The basic proced
for constructing these subspaces is discussed in various introductory and more
vanced textbooks (see references in the Bibliography), but the idea behind it
probably easiest to understand in the context of quartald theory, which lies
outside the scope of this book. While we shall not discuss the subject further,
is worth pointing out that there are a number of circumstances in which the fa
that the particles are identical can be ignoredhat is, one makes no sididant
error by treating them as distinguishablebecause they are found in different lo-
cations or in different environments. For example, identical nuclei in a solid can k
regarded as distinguishable as long as it is a reasonable physical approximatiol
assume that they are approximately localized, e.g., found in a particular unit ce
or in a particular part of a unit cell. In such cases one can construct the tens
product spaces in a straightforward manner using the principles described belov

6.2 Ddinition of tensor products

Given two Hilbert spaces! and B, their tensor producid ® 5 can be déned
in the following way, where we assume, for simplicity, that the space§irite-
dimensional. Let{la;) : j = 1,2,...m} be an orthonormal basis for the-
dimensional spacel, and{|by) : p = 1,2,...n} an orthonormal basis for the
n-dimensional spacB, so that

(ajlag) = 8jk,  (bplbg) = 8pq. (6.1)
Then the collection omnelements
laj) ® [bp) (6.2)

forms an orthonormal basis of the tensor proddo® 5, which is the set of all
linear combinations of the form

) =D vie(lay) @ Ibp)), 6.3)

J p

where theyj, are complex numbers.
Given kets

) = ajlap), [b) =) Bplbp) (6.4)
j p
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in A andB, respectively, their tensor product is defined as

a) ® |b) = Zza,ﬁp laj) ® [by)). (6.5)

which is of the form (6.3) with

Yip = @ Bp. (6.6)

The parentheses in (6.3) and (6.5) are not really essential, ézinap) ® |b) is
equal th(la) ® |b)), and we shall henceforth omit them when this gives rise to
no ambiguities. The definition (6.5) implies that the tensor product operatisn
distributive:

la) ® (8'Ib") + B"Ib")) = B'la) ® |b') + B"|a) ® |b"),
(¢'[@) +a"]a")) ® |b) = &’|a) ® b) +a"|a") @ |b).
An element of4 ® B which can be written in the forria) ® |b) is called gprod-
uct state, and states which are not product states are saiddntaegled. When
several codfcients in (6.3) are nonzero, it may not be readily apparent whether th

corresponding state is a product state or entangled, that is, whether gy, main
be written in the form (6.6). For example,

1.0ja1) ® |b1) + 0.5]a1) ® |by) — 1.0ja) ® |b1) — 0.5]a) ® |by) (6.8)

(6.7)

is a product stat@la;) — [a2)) ® (|by) + 0.5/ky)), whereas changing the sign of the
last coeficient yields an entangled state:

1.0ja1) ® |b1) + 0.5]a1) ® [bp) — 1.0ja) ® |b1) + 0.5la) @ |by). (6.9)

The linear functional or bra vector corresponding to the product &at® |b)
is written as

(la)® b)) = (al ® (b, (6.10)

where the4d ® B order of the factors on either side @f does not change when
the dagger operation is applied. The result for a general linear combination (6.
follows from (6.10) and the antilinearity of the dagger operation:

W= ()" =Y vi@l® bl (6.11)
ip

Consistent with these formulas, the inner product of two product states is given |
(1) ® 1) '(12) ® b)) = (ala) - (blb), (6.12)
and of a general statg ), (6.3), with another state
= Z Vinla) ® |bp), (6.13)
1P
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by the expression

W) = viovie- (6.14)
ip

Because the dimition of a tensor product given above employs sfieair-
thonormal bases fad and B, one might suppose that the spaée 5 somehow
depends on the choice of these bases. But in fact it does not, as can be seel
considering alternative basésy)} and{|ba>}. The kets in the new bases can be
written as linear combinations of the original kets,

la) =Y (ajlap) - lay), Iby) =Y (bplly) - bp), (6.15)

J p

and (6.5) then allowy) ® |by) to be written as a linear combination of the kets
laj;) ® |bp). Hence the use of different bases féror 3 leads to the same tensor
product spacel ® B, and it is easily checked that the property of being a produc
state or an entangled state does not depend upon the choice of bases.

Just as for any other Hilbert space, it is possible to choose an orthonormal ba
of A ® B in a large number of different ways. We shall refer to a basis of the typ
used in the original denition, {|a;) ® |bp)}, as aproduct of basesAn orthonormal
basis of A ® B may consist entirely of product states without being a product of
bases; see the example in (6.22). Or it might consist entirely of entangled states
of some entangled states and some product states.

Physicists often omit the and write |a) ® |b) in the form |a)|b), or more
compactly aga, b), or even agab). Any of these notations is perfectly adequate
when it is clear from the context that a tensor product is involved. We shall ofte
use one of the more compact notations, and occasionally inseg gyenbol for
the sake of clarity, or for emphasis. Note that while a double label inside a ket,
in |a, b), often indicates a tensor product, this is not always the case; for exampl
the double labell, m) for orbital angular momentum kets does not signify a tensor
product.

The tensor product of three or more Hilbert spaces can be obtained by an obvic
generalization of the ideas given above. In particular, the tensor prgd®dt @ C
of three Hilbert spacegl, B, C, consists of all linear combinations of states of the
form

laj) ® |bp) ® |Cs), (6.16)

using the bases introduced earlier, together Witk): s =1, 2, ...}, an orthonor-
mal basis foC. One can think of4 ® B ® C as obtained bfirst forming the tensor
product of two of the spaces, and then taking the tensor product of this space w
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the third. Thefinal result does not depend upon which spaces form the initial pait
ing:
ARBRIC=(ARB)RXC=AR3(BRC)=AR(C)RQB. (6.17)

In what follows we shall usually focus on tensor products of two spaces, but for tt
most part the discussion can be generalized in an obvious way to tensor produ
of three or more spaces. Where this is not the case it will be pointed out explicitl

Givenanystate|y) in A® B, it is always possible ténd particular orthonormal
baseg|4;)} for A and{|b,)} for B such thaty) takes the form

W) =Y A1a) @ [by). (6.18)
j

Here ther; are complex numbers, but by choosing appropriate phases for the ba:
states, one can make them real and nonnegative. The summationjiridiess
values between 1 and the minimum of the dimensionsiaind B. The result
(6.18) is known as th&chmidt decompositioof |v/); it is also referred to as the
biorthogonalor polar expansiorof |4). It doesnot generalize, at least in any
simple way, to a tensor product of three or more Hilbert spaces.

Given an arbitrary Hilbert spacH of dimensionmn, with m andn integers
greater than 1, it is possible tolecomposeft into a tensor productd ® 5, with
m the dimension of4 andn the dimension of3; indeed, this can be done in many
different ways. Let{|h;)} be any orthonormal basis &f, with| = 1,2, ... mn
Rather than use a single label for the kets, we can associatd egthh a pair
i, p, wherej takes values between 1 and and p values between 1 and Any
association will do, as long as it is unambiguous (one-to-one){|bgt)} denote
precisely the same basis using this new labeling. Now write

lhijp) = 1aj) @ [bp), (6.19)

where the{|a;)} for j between 1 andh are defined to be an orthonormal basis of
a Hilbert spaceA, and the{|by)} for p between 1 ana the orthonormal basis of

a Hilbert spaceé3. By this process we have turnédinto a tensor productl ® B,

or it might be better to say that we have imposed a tensor product struttar8
upon the Hilbert spacg(. In the same way, if the dimension #f is the product

of three or more integers greater than 1, it can always be thought of as a ten:
product of three or more spaces, and the decomposition can be carried out in m:
different ways.

6.3 Examples of composite quantum systems

Figure 6.1(a) shows a toy model involving two particles. Tingt particle can be
at any one of theM = 6 sites indicated by circles, and the second particle can b
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at one of the two sites indicated by squares. The state$or m between 0 and

5 span the Hilbert spac#1 for thefirst particle, andn) for n = 0, 1 the Hilbert
spaceN for the second particle. The tensor product spéted N is 6 x 2 = 12
dimensional, with basis statés) ® |n) = |m, n). (In Sec. 7.4 we shall put this
arrangement to good use: the second particle will be employed as a detectol
detect the passage of tfiest particle.) One must carefully distinguish the case of
two particles, one located on the circles and one on the squares in Fig. 6.1(a), fre
that of asingleparticle which can be located on either the circles or the square:
The former has a Hilbert space of dimension 12, and the latter a Hilbert space
dimension 6+ 2 = 8.

gn=1

(a) |:|n=0
o o o o o o
0

m= 1 2 3 4 5

c=+10 O O O O O
) o+=-10 O O O O O
m=0 1 2 3 4 5

Fig.6.1. Toy modelfor: (a) two particles, one located on the circles and one on the squar
(b) a particle with an internal degree of freedom.

A second toy model, Fig. 6.1(b), consists o$iagle particle with an internal
degree of freedom represented Bysain’ variable which can take on two possible
values. The center of mass of the particle can be at any one of six sites correspo
ing to a six-dimensional Hilbert spadet, whereas the spin degree of freedom is
represented by a two-dimensional Hilbert sp&c& he basis kets oM ® S have
the form|m, o), with o = +1. Thefigure shows two circles at each site, one cor-
responding te@ = +1 (“spin ug), and the other te = —1 (“spin dowri), so one
can think of each basis state as the particle b&atigone of the circles. A general
elementyr) of the Hilbert spaceM ® S is a linear combination of the basis kets,
so it can be written in the form

W) =YY y(mo)mo), (6.20)
m o

where the complex cok€ientsy(m, o) form a toy wave function; this is sim-

ply an alternative way of writing the complex céiefentsy;, in (6.3). The toy

wave functiomny (m, o) can be thought of as a discrete analog of the wave functior

¥ (r,o) used to describe a spin-half particle in three dimensions. Just as in tl
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toy model, the Hilbert space to whiah(r, o) belongs is a tensor product of the
space of wave functiong (r), appropriate for a spinless quantum patrticle, with the
two-dimensional spin space.

Consider two spin-half particles andb, such as an electron and a proton, and
ignore their center of mass degrees of freedom. The tensor préfatthe two
2-dimensional spin spaces is a four-dimensional space spanned by the orthonor
basis

ZHY®lzh), 1Z)®lz), 17)®1Z), |1z7)®1z) (6.21)

in the notation of Sec. 4.2. This is a product of bases in the terminology of Sec. 6.
By contrast, the basis

1ZH @1z, 1Z)®1z)), 1Z)®Ix ), 1Z5) ® %), (6.22)

even though it consists of product statesndg a product of bases, because one
basis for3 is employed along witte} ), and a different basis along with; ). Still
other bases are possible, including cases in which some or all of the basis vect
are entangled states.

The spin space for three spin-half particiesh, andc is an eight-dimensional
tensor product space, and the stat® ® |z) ® |z7) along with the seven other
states in which some of the pluses are replaced by minuses forms a product ba
For N spins, the tensor product space is of dimensidn 2

6.4 Product operators

SinceA ® B is a Hilbert space, operators on it obey all the usual rules, Sec. 3..
What we are interested in is how these operators are related to the tensor proc
structure, and, in particular, to operators on the separate factor spaoes5. In
this section we discuss the special case of product operators, while general of
ators are considered in the next section. The considerations which follow can
generalized in an obvious way to a tensor product of three or more spaces.

If Ais an operator otd and B an operator o5, the (tensor) product operator
A ® B acting on a product stata) ® |b) yields another product state:

(A® B)(la) ® |b)) = (Ala)) ® (BIb)). (6.23)

Since A ® B is by ddinition a linear operator ol ® B, one can use (6.23) to
define its action on a general elemgni, (6.3), of A® B:

(A@ B[ Y riplla)) ® b)) | = 3 vip(Aly) @ Blbp).  (624)
ip ip

The tensor product of two operators which are themselves sums of other operat



88 Composite systems and tensor products

can be written as a sum of product operators using the usual distributive rule
Thus:

(@A+ad’A)®B=a(A® B)+do'(A ® B),
A® (BB+pB'B)=B(ARB)+ B (A® B).

The parentheses on the right side are not essential, as there is no ambiguity w
a(A® B) = (¢A) ® Biswritten asc A ® B.

If ) =]a) ® |b) and|¢) = |@') ® |b') are both product states, the dyjad (¢|
is a product operator:

(la) ® b)) (@] ® (b']) = (lay(@’]) ® (1b)(b']). (6.26)

Notice how the terms on the left are rearranged in order to arrive at the expressi
on the right. One can omit the parentheses on the right side, |sin@g ® |b) (b'|
is unambiguous.

The adjoint of a product operator is the tensor product of the adjoitite® same
order relative to the symboR:

(6.25)

(A® B)' = AT @ BT. (6.27)

Of course, if the operators o4 and B are themselves products, one must reverse
their order when taking the adjoint:

(A1A; ® B1B,By)' = AJA! @ BIBIB]. (6.28)
The ordinary operator product of two tensor product operators is given by
(A®B)- (A®B)=AAR®BB, (6.29)

where it is important that the order of the operators be preser&ed:to the left

of A’ on both sides of the equation, and likewBés to the left ofB’. An operator
product of sums of tensor products can be worked out using the usual distributi
law, e.g.,

(A®B) - (N®B +A'®B")= AA ® BB + AA’ ® BB'. (6.30)

An operatorA on A can beextendedo an operatoA ® I3 on A ® B, where
I 5 is the identity onB3. It is customary to use the same symbadl|,for both the
original operator and its extension; indeed, in practice it would often be quite awl
ward to do anything else. Similarh\B is used to denote either an operator on
B, or its extensionl 4 ® B. Consider, for example, two spin-half particles, an
electron and a proton. It is convenient to use the synibplor the operator cor-
responding to the-component of the spin of the electron, whether one is thinking
of the two-dimensional Hilbert space associated with the electron spin by itse
the four-dimensional spin space for both particles, tlimit@-dimensional space
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of electron space-and-spin wave functions, or the space needed to describe the
and position of both the electron and the proton.

Using the same symbol for an operator and its extension normally causes
confusion, since the space to which the operator is applied will be evident from tt
context. However, it is sometimes useful to employ the longer notation for clarit
or emphasis, in which case one can (usually) omit the subscript from the identi
operator: in the operatoA ® | it is clear thatl is the identity on53. Note that
(6.29) allows one to write

ARB=(A®1)-(I®B)=(®B) (A1), (6.31)

and hence if we usA for A®| andB for | ® B, A®Q B can be written as the operator
productAB or B A. This is perfectly correct and unambiguous as long as it is clea
from the context thaf is an operator otd and B an operator o8. However, if

A andB are identical (isomorphic) spaces, aBdlenotes an operator which also
makes sense oA, then AB could be interpreted as the ordinary product of two
operators o4 (or onB3), and to avoid confusion it is best to use the unabbreviatec
A® B.

6.5 General operators, matrix elements, partial traces
Any operator on a Hilbert space is uniquely sfied by its matrix elements in
some orthonormal basis, Sec. 3.6, and thus a general op&ator A ® B is
determined by its matrix elements in the orthonormal basis (6.2). These can
written in a variety of different ways:
(ipIDlka) = (j, pIDIk, q) = (ajby|Dlakhg)

= ({8 ® (bpl) D(lax) ® Ibg)). (6.32)

The most compact notation is on the left, but it is not always the clearest. Note th

it corresponds to writing bras and kets witldouble label”, and this needs to be
taken into account in standard formulas, such as

l=1®1=> Y |jp)Xipl (6.33)
i P

and

Tr(D) = Y > (ipIDljp), (6.34)
i P

which correspond to (3.54) and (3.79), respectively.
Any operator can be written as a sum of dyads multiplied by appropriate matri
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elements, (3.67), which allows us to write

D= (ajby|Dlaxby)(|a;)(axl ® [bp)byl). (6.35)
jk  pa
where we have used (6.26) to rewrite the dyads as product operators. This sho
incidentally, that while not all operators o4 ® B are product operators, any op-
erator can be written as a sum of product operators. The adjobti®then given
by the formula

D" =" (a;bpIDlacbq)*(la) (a; | ® bg) (byl) (6.36)
jk pq

using (6.27) and the fact the dagger operation is antilinear. If one replac
(ajbp|Dlakbg)* by (axbq|D'lajbp), see (3.64), (6.36) is simply (6.35) with
D replaced byD" on both sides, aside from dummy summation indices.

The matrix elements of a product operator using the basis (6.2) are the produ
of the matrix elements of the factors:

(ajbp| A ® Blakhy) = (aj|Alak) - (bp|Blbyg). (6.37)
From this it follows that the trace of a product operator is the product of the trace
of its factors:
TIA® B] = (aj|Alay) - Y _(bplBlbp) = Tra[A] - Trg[B]. (6.38)

i P
Here the subscripts on Jrand Tiz indicate traces over the spacdsand B, re-
spectively, while the trace ovet ® B is written without a subscript, though one
could denote it by Tkz or Tr4g5. Thus if A andB are spaces of dimensionand
n, Tra[l]=m, Tra[l] = n,and Tr]] = mn.
Given an operatoD on .4 ® B, and two basis statgb,) and|by) of B, one can
define (bp| D|by) to be the (unique) operator ofwhich has matrix elements

(aj1((bp| DIbg))la) = (ajbp|Dlaxby). (6.39)

The partial trace over B of the operatoD is ddined to be a sum of operators of
this type:

D4 = Trz[D] = ) (by|D|by). (6.40)
P
Alternatively, one can diae D 4 to be the operator o with matrix elements
(aj|Dalac) = Y _(ajby| Dlacby). (6.41)
P

Note that the3 state labels are the same on both sides of the matrix elements «
the right sides of (6.40) and (6.41), while those for hestates are (in general)



6.5 General operators, matrix elements, partial traces 91

different. Even though we have employed a spearthonormal basis oB in
(6.40) and (6.41), it is not hard to show that the partial trfAgeis independent of
this basis; that is, one obtains precisely the same operator if a different orthonorn
basis{|b/p)} is used in place of|bp)}.

If D is written in the form (6.35), its partial trace is

Da=Trg[D] =) dilaj){al, (6.42)
ik

where

dik = Y _(ajbp|Dlaxbp), (6.43)
p

since the trace oves of |by) (by| is (bp|by) = §pq. IN the special case of a product
operatorA ® B, the partial trace ovel yields an operator

Tre[A® B] = (Trp[B]) A (6.44)

proportional toA.
In a similar way, the partial trace of an operaf@ron A ® B over A yields an
operator

Dg = Try[D] (6.45)
acting on the spacB, with matrix elements

(bp|Dplbg) = Y "(a;bp|Dlayby). (6.46)

J

Note that the full trace oD over.4 ® B can be written as a trace of either of its
partial traces:

Tr[D] = Tra[D.4] = Trg[Dg]. (6.47)

All of the above can be generalized to a tensor product of three or more spac
in an obvious way. For example, E is an operator od ® B ® C, its matrix
elements using the orthonormal product of bases in (6.16) are of the form

(jpr|Elkgs = (ajbpc | ElakbgCs). (6.48)

The partial trace oE over( is an operator otd ® B, while its partial trace over
B ® C is an operator ot4, etc.
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6.6 Product properties and product of sample spaces

Let A and B be projectors representing properties of two physical systérasd
B, respectively. It is easy to show that

P=A®B=(A®1)-(1 ®B) (6.49)

is a projector, which therefore represents some property on the tensor product sp
A ® B of the combined system. (Note that Af projects onto a pure stata)
and B onto a pure statgh), then P projects onto the pure stata) ® |b).) The
physical sigrficance ofP is that.A has the propertyA and5 has the propert.
In particular, the projectoA ® | has the sigriicance that4 has the propertyA
without reference to the systefy) since the identity = I operator inA® | is the
property which is always true fd8, and thus tells us nothing whatsoever ab8ut
Similarly, | ® B means thaB has the propert8 without reference to the systerh
The product ofA® | with | ® B — note that the two operators commute with each
other— represents the conjunction of the properties of the separate subsystems
agreement with the discussion in Sec. 4.5, and consistent with the interpretation
P given previously. As an example, consider two spin-half partialaadb. The
projector ] ® [x, ] means tha&,, = +1/2 for particlea and S,x = —1/2 for
particleb.

The interpretation of projectors ot ® B which arenot products of projectors
is more subtle. Consider, for example, the entangled state

) = (1Z0)1z) — 1Z2)125))/v/2 (6.50)

of two spin-half particles, and let/{] be the corresponding dyad projector. Since
[¥] projects onto a subspace df® 5, it represents some property of the combined
system. However, if we ask what this property means in terms o&tbgin by
itself, we run into the dffculty that the only projectors on the two-dimensional
spin spaced which commute with{] are 0 and the identity. Consequently, any
“interesting property ofA, something of the forng,,, = +1/2 for some direction
w, is incompatible with §]. Thus [v] cannot be interpreted as meaning that the
a spin has some property, and likewise it cannot mean thab thgin has some
property.

The same conclusion applies aoy entangled state of two spin-half particles.
The situation is not quite as bad if one goes to higher-dimensional spaces. F
example, the projector] corresponding to the entangled state

) = (1) ®10) + 12) ® 1)) /2 (6.51)

of the toy model with two particles shown in Fig. 6.1(a) commutes with the
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projector
[W+R)e! (6.52)

for thefirst particle, and thus if the combined system is describedhyohe can
say that thdirst particle is not outside the interval containing the sites- 1 and
m = 2, although it cannot be assigned a location at one or the other of these sit
However, one can say nothing interesting about the second particle.

A product of sample spaces product of decompositioris a collection of pro-
jectors{A; ® B,} which sum to the identity

=) A ®B, (6.53)
ip

of A® B, where{A;} is decomposition of the identity fod, and{B,} a decom-
position of the identity fo3. Note that the event algebra corresponding to (6.53)
contains all projectors of the forfA; ® I} or {I ® By}, so these properties of
the individual systems make sense in a description of the composite system ba
upon this decomposition. A particular example of a product of sample spaces
the collection of dyads corresponding to the product of bases in (6.2):

I =" laj)(a| ® [bp)(bpl. (6.54)
ip
A decomposition of the identity can consist of products of projectors withou
being a product of sample spaces. An example is provided by the four projector:

[Z]1®[z] [Z]1®[z] [Z]1®[x] [Z]®[X] (6.55)

corresponding to the states in the basis (6.22) for two spin-half particles. (As not
earlier, (6.22) is not a product of bases.) The event algebra generated by (6.
contains the projectorg{] ® | and ;] ® |, but it does not contain the projectors

| ®[z], 1 ®[z,], | ®[%F]or | ®[x, ]. Consequently one has the odd situation that
if the state £;] ® [, ], which would normally be interpreted to me&p, = —1/2
AND S = +1/2, is a correct description of the system, then using the ever
algebra based upon (6.55), one can infer Bgt= —1/2 for spina, but one
cannot infer thatS,x = +1/2 is a property of spib by itself, independent of
any reference to spia. Further discussion of this peculiar state of affairs, which
arises when one is dealing wittependenbr contextualproperties, will be found

in Ch. 14.
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Unitary dynamics

7.1 The Schibdinger equation

The equations of motion of classical Hamiltonian dynamics are of the form
dx oH d oH
X —, an _ -, (7.1)
dt ap; dt 9%;
where x4, X2, etc. are the (generalized) coordinat@s, p,, etc. their conjugate
momenta, andH (Xy, p1, X2, P2, . . .) is the Hamiltonian function on the classical
phase space.
In the case of a particle moving in one dimension, there is only a single coord
natex and a single momentum, and the Hamiltonian is the total energy

H = p?/2m+ V(x), (7.2)
with V (x) the potential energy. The two equations of motion are then:
dx/dt = p/m, dp/dt=—-dV/dx. (7.3)

For a harmonic oscillatov (x) is %sz, and the general solution of (7.3) is given
in (2.1), wherew = /K/m.

The set of equations (7.1) is deterministic in that there is a unique trajectory
orbity (t) in the phase space as a function of time which passes threuagh = 0.
Of course, the orbit is also determined by giving the point in phase space throu
which it passes at some time other thas 0. The orbit for a harmonic oscillator
is an ellipse in the phase plane; see Fig. 2.1 on page 12.

The quantum analog of (7.1) &hibdinger's equation, which in Dirac notation
can be written as

d
ih&llﬂt) = Hyn), (7.4)

whereH is the quantum Hamiltonian for the system, a Hermitian operator whicl

94
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may itself depend upon the time. This is a linear equation, so that)iind|w;)
are any two solutions, the linear combination

[xt) = alét) + Blox) (7.5)

is also a solution, where andg are arbitrary (time-independent) constants. Equa-
tion (7.4) is deterministic in the same sense as (7.1): a divghatt = 0 gives
rise to a unique solutiop/) for all values oft. The result is ainitary dynamics
for the quantum system in a sense made precise in Sec. 7.3.

The HamiltonianH in (7.4) must be an operator fileed on the Hilbert space
‘H of the system one is interested in. This will be true forisolated system, one
which does not interact with anything else imagine something inside a com-
pletely impermeable box. It will also be true if the interaction of the system witt
the outside world can be approximated by an operator acting onf¢.oRor ex-
ample, the system may be located in an external magelitwhich is effectively
“classical”, that is, does not have to be assigned its own quantum mechanical
grees of freedom, and thus enters the Hamiltoiasimply as a parameter.

One is sometimes interested in the dynamics abp@n(in contrast to isolated)
subsystemA of a composite systerd ® B when there is a significant interaction
betweenA andB. Of course (7.4) can be applied to the total composite systemnr
assuming that it is isolated. However, there is no comparable equation for the st
systemA, as it cannot, at least in general, be described by its own wave functiol
and its dynamical evolution is fluenced by that of the other subsyst&mnoften
referred to as thenvironmenof .A. Constructing dynamical equations for open
subsystems is a topic which lies outside the scope of this book, although Ch.
on density matrices provides some preliminary hints on how to think about ope
subsystems.

For a particle in one dimension moving in a poten¥ak), (7.4) is equivalent
to the partial differential equation

QY h? 92y

ih—=———->-

ot 2m 9x2

for a wave packet/ (x, t) which depends upon the time as well as the position
variablex. The Hamiltonian in this case is the linear differential operator

+VX) ¥ (7.6)

hZ 2

H= g5 V. (7.7)

In general it is much more ditult to find solutions to (7.6) than it is to integrate
(7.3). A formal solution to (7.6) for a harmonic oscillator is given in (7.23).

One way to think about (7.4) is to choose an orthonormal bigis | =
1,2, ...} of the Hilbert spacé{ which isindependent of the time tThen (7.4)
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is equivalent to a set of ordinary differential equations, one for gach

d . ,
lhamw = (JIH[Yr). (7.8)

This is somewhat less abstract than (7.4), because {jpth) and (j|H|yy) are
simply complex numbers which depend ugoand thus are complex-valued func-
tions of the time. By writingy;) as a linear combination of the basis vectors,

W) = D 1N =Y cili), (7.9)
j i

with time-dependent co€ientsc; (t), and expressing the right side of (7.8) in the
form

(iIH) =Y (G IHIK) (Klya), (7.10)
k

onefinds that the Sclidinger equation is equivalent to a collection of coupled
linear differential equations

ihdg /dt = Z(j|H|k)ck (7.11)
k

for the c;(t). The operatoH, and therefore also its matrix elements, can be a
function of the time, but it must be a Hermitian operator at every time, that is, fo
any j andk,
(JIH®IK) = (kKIHM®[])" (7.12)
WhenH is two-dimensional, (7.11) has the form

ihdg/dt = (1|H|1)c, + (1|H|2)c,,

| 1/ (IH[1)cr + (1|H[2)c, (7.13)

ihdo/dt = (2|H|1)c, + (2|H|2)cs.

These are linear equations, anédHif and thus its matrix elements, is independent of
time, one carfind the general solution by diagonalizing the matrix of foefnts

on the right side. Let us assume that this has already been done, since we ea
made no assumptions about the bésis}, apart from the fact that it is independent
of time. That is, assume that

H = E1/1)(1] + E2[2)(2), (7.14)

so that the off-diagonal term&|H|2) and (2|H|1) in (7.13) vanish, while the
diagonal terms ar&; andE,. Then the general solution of (7.13) is of the form

cu(t) = bie "EBVN gy(t) = bpe ' Bat/h, (7.15)

whereb; andb; are arbitrary (complex) constants.
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The precession of the spin angular momentum of a spin-half particle place
in a constant magnetiield is an example of a two-level system with a time-
independent Hamiltonian. If the magnetield isB = (Byx, By, B,), the Hamilto-
nian is

H=—y(BxS+ BySy + B;S). (7.16)

where the spin operato&, etc., are defined in the manner indicated in (5.30), anc
y is the gyromagnetic ratio of the particle in suitable units. This Hamiltonian will
be diagonal in the basis ™), |lw™), see (4.14), where is in the direction of the
magnetidield B.

The preceding example has an obvious generalization to the case in whick
time-independent Hamiltonian is diagonal in an orthonormal Héeis}:

H =) Enlex)(enl. (7.17)

Then a general solution of Séitingers equation has the form

Y) = > breEn'/ey), (7.18)

where theb, are complex constants. One can check this by evaluating the timr
derivative

i d —iEnt/h
ihlve) = Xn:bnEne 'Ent/Ng,), (7.19)

and verifying that it is equal téd [y ). An alternative way of writing (7.18) is

) = 7 My, (7.20)

where|vyo) is |Y) whent = 0. The operatoe t"/" is defined in the manner
indicated in Sec. 3.10, see (3.97). It can be written down explicitly as

gitH/h _ Ze |Ent/h|en enl. (7.21)
In the case of a harmonic oscillator, with
=+ 1/2)hw (7.22)
the energy angt,) the eigenstate of theth level, (7.18) is equivalent to

Y1 = (€)Y be " gn(), (7.23)

whereg, (x) is the position wave function corresponding to the |gg.
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A particular case of (7.18) is that in whidly = &y, that is, all except one of the
b, vanish, so that

) = e Eet/Ney). (7.24)

The only time dependence comes in the phase factor, but since two states wh
differ by a phase factor have exactly the same physicalfsigmce, a quantum state
with a precisely ditned energy, known assdationary staterepresents a physical
situation which is completely independent of time. By contrast, a classical syste
with a precisely diéned energy will typically have a nontrivial time dependence;
e.g., a harmonic oscillator tracing out an ellipse in the classical phase plane.

The inner productw|y) of any two solutions of Sclkidingets equation is
independent of time. Thug) satidies (7.8), while the complex conjugate of this
equation withy; replaced by, is

. d . .
—|ha<wt|l> = (w|HI]), (7.25)

whereH T on the right side has been replaced withsince the Hamiltonian (which
could depend upon the time) is Hermitian. Using (7.8) along with (7.25), on
arrives at the result

iha
= al GIHIY = Y (el HIj) (1) =0, (7.26)
i

d _ d .
gy =ih ) <l i)
j

J

since both of the last two sums are equaldg|H|y:). This means, in particular,
that the norm|y| of a solution|yx) of Schibdingets equation is independent of
time, since it is the square root of the inner product of the ket with itself.

The fact that the Scbdinger equation preserves inner products and norms meal
that its action on the ket vectors in the Hilbert space is analogous to rigidly rotatir
a collection of vectors in ordinary three-dimensional space about the origin. If or
thinks of these vectors as arrows directed outwards from the origin, the rotatic
will leave the lengths of the vectors and the angles between them, and hence
dot product of any two of them, unchanged, in the same way that inner produc
of vectors in the Hilbert space are left unchanged by the@&tihger equation. An
operator on the Hilbert space which leaves inner products unchanged is called
isometry If, in addition, it maps the space onto itself, it isuaitary operator
Some important properties of unitary operators are stated in the next section, ¢
we shall return to the topic of time development in Sec. 7.3.
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7.2 Unitary operators

An operatorU on a Hilbert spacé? is said to beunitary provided (i) it is an
isometry, and (i) it map${ onto itself. An isometry preserves inner products, so
condition (i) is equivalent to

(Ulw))'Ule) = (@lU'U ) (7.27)
for any pair of ketdw) and|¢) in H, and this in turn will be true if and only if
u'u = 1. (7.28)

Condition (ii) means that given any) in H, there is somey) in H such that
[n) = U|y). This will be the case if, in addition to (7.28),

uut=1. (7.29)

The two equalities (7.28) and (7.29) tell us thHtis the same as thinverse U of

the operatotJ. For afinite-dimensional Hilbert space, condition (ii) for a unitary

operator is automatically safiied in the case of an isometry, so (7.28) implies
(7.29), and vice versa, and it $igks to check one or the other in order to show that
U is unitary.

If U is unitary, then so i&)T. In addition, the operator product of two or more
unitary operators is a unitary operator. This follows at once from (7.28) and (7.2
and the rule giving the adjoint of a product of operators, (3.32). Thus ifOaihd
V satisfy (7.28), so does their product,

uwuv =viutuv = viiv =1, (7.30)

and the same is true for (7.29).

A second, equivalent definition of a unitary operator is the following: {Lgt
be some orthonormal basis&f. ThenU is unitary if and only if{U|j)} is also an
orthonormal basis. It is of finite dimension, one need only check thidf j)} is
an orthonormal collection, for then it will also be an orthonormal basis, given the
{1j)}is such a basis.

The matrix {{(j|U|k)} of a unitary operator in an orthonormal basis can be
thought of as a collection of column vectors which are normalized and mutuall
orthogonal, a result which follows at once from (7.28) and the usual rule for matri
multiplication. Similarly, (7.29) tells one that the row vectors which make up this
matrix are normalized and mutually orthogonal. Anyk 2 unitary matrix can be

written in the form
g (_"; f) , (7.31)
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wherea andg are complex numbers satisfying
jal? + B2 =1 (7.32)

and¢ is an arbitrary phase. It is obvious from (7.32) that the two column vector
making up this matrix are normalized, and their orthogonality is easily checke
The same is true of the two row vectors.

Given a unitary operator, one céimd an orthonormal basigu;)} in which it
can be written in diagonal form

U =Zx,-|u,-><u,-|, (7.33)
J

where the eigenvalues of U are complex numbers witlaj| = 1. Just as Hermi-
tian operators can be thought of as somewhat analogous to real numbers, since t
eigenvalues are real, unitary operators are analogous to complex numbers of (
modulus. (In an ifinite-dimensional space the sum in (7.33) may have to be re
placed by an appropriate integral.) As in the case of Hermitian operators, Sec. 3
if some of the eigenvalues in (7.33) are degenerate, the sum can be rewritten in
form

U=> 4S. (7.34)
k

where theS, are projectors which form a decomposition of the identity, gnek A
fork #1.

All operators in a collectiofU, V, W, ...} of unitary operators whichommute
with each other can be simultaneously diagonalized using a single orthonorn
basis. That is, there is some bagis;)} in which U, V, W, and so forth can
be expressed using the same collection of dyagis(u;|, as in (7.33), but with
different eigenvalues for the different operators. If one writes down expressior
of the form (7.34) forv, W, etc., the decompositions of the identity need not be
identical with the{S;} appropriate folJ, but the different decompositions will all
be compatible in the sense that the projectors will all commute with one another

7.3 Time development operators

Consider integrating Sctdingefs equation from timé¢ = 0 tot = t starting
from an arbitrary initial stat¢y,). Because the equation is linear, the dependenct
of the statdyr, ) at timet upon the initial statéyg) can be written in the form

|Y2) = T(z, 0)[vo), (7.35)

whereT (z, 0) is a linear operator. And because Sitingets equation preserves
inner products, (7.26)T (z, 0) is an isometry. In addition, it magq onto itself,
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because ifn) is any ket in{, we can treat it as &inal” condition at timer and
integrate Sclizdingers equation backwards to time O in order to obtain a|kit
such thatn) = T (z, 0)|¢). ThereforeT (z, 0) is a unitary operator, since it sdtiss
the conditions given Sec. 7.2.

Of course there is nothing special about the times Oraadid the same argument
could be applied equally well to the integration of Sifingers equation between
two arbitrary timeg’ andt, wheret can be earlier or later than That is to say,
there is a collection of unitarfme development operatorg(fT't"), labeled by the
two timest andt’, such that ifiy) is any solution of Sclirdingers equation, then

[Y) = T, t)Yr). (7.36)

These time development operators satisfy a set of fairly obvious conditions. Fir:
if t’ is equal tat,

T, t)=1. (7.37)
Next, since
[Ye) = T ) Yer) = TE O)Ye) = TA T, )|Y), (7.38)
it follows that
T, tHTH, ") =T, t" (7.39)

for any three times, t’, t”. In particular, if we set” =t in this expression and use
(7.37), the result is

T, tHOTE, ) =1. (7.40)
SinceT (t, t) is a unitary operator, this tells us that
T, =Tt =T, t)™ (7.41)

Thus the adjoint of a time development operator, which is the same as its inver:
is obtained by interchanging its two arguments.
If one applies the dagger operation to (7.36), see (3.33), the result is

(Yl = (W T )T = (Y| T, 1), (7.42)

Consequently, the projectorsand [y+] onto the rays containing/:) and|yx )
are related by

[Vl = 1Y) (Wil = TE O[Ye) (Y| TA D = TA O] TE D, (7.43)

This formula can be generalized to the case in wiglis any projector onto some
subspacé; of the Hilbert space. TheR; defined by

Po=T( tHRP T, t) (7.44)
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is a projector onto a subspag® with the property that ifyy ) is any ket inPy,
its imageT (t, t")|¥) under the time translation operator liesfn and?; is com-
posed of kets of this form. That is to say, the same unitary dynamics vimiote$
one ket onto another through (7.38hoves subspaces in the manner indicated in
(7.44). The difference is that only a sindleoperator is needed to move kets, while
two are necessary in order to move a projector.

Since|y) in (7.36) satiies Schddingets equation (7.4), it follows that

aT(t, t)
ot
where one can writél in place ofH (t) if the Hamiltonian is independent of time.

There is a similar equation in which tiiest argument off (t, t") is heldfixed,

e (R SL T (7.46)

ih —HOT, 1), (7.45)

obtained by taking the adjoint of (7.45) with the help of (7.41), and then inter
changingt andt’. Given a time-independent orthonormal bagig}, (7.45) is
equivalent to a set of coupled ordinary differential equations for the matrix ele
ments ofT (t, t'),

ih%(] T, t)Ik) = Z(J’ [H @O [m}(m|T(t, t)k), (7.47)
m
and one can write down an analogous expression corresponding to (7.46).
Obtaining explicit forms for the time development operators is in general a ver
difficult task, since it is equivalent to integrating the Sctinger equation for all
possible initial conditions. However, if the Hamiltonian is independent of time
one can write

T(t, 1) = e (-OHM = 3" eriEnt/M g ) (g, (7.48)
n

where theE, and|e,) are the eigenvalues and eigenfunctiongiqf(7.17). Thus
when the Hamiltonian is independent of timig(t, t’) depends only on the differ-
encet — t’ of its two arguments.

7.4 Toy models

The unitary dynamics of most quantum systems is quite complicated afird dif
cult to understand. Among the few exceptions are: trivial dynamics, in whicl
T(t',t) = | independent of andt’; a spin-half particle in a constant magnetic

field with Hamiltonian (7.16); and the harmonic oscillator, which has a simple
time dependence because its energy levels have a uniform spacing, (7.22). Eve
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particle moving in one dimension in the potent&lx) = 0 represents a nontrivial
dynamical problem in quantum theory. Though one can write down closed-fori
solutions, they tend to be a bit messy, especially in comparison with the simp
trajectoryx = Xg + (po/mMt andp = pg in the classical phase space.

In order to gain some intuitive understanding of quantum dynamics, it is impol
tant to have simple model systems whose properties can be worked out explici
with very little effort*on the back of an envelopebut which allow more compli-
cated behavior than occurs in the case of a spin-half particle or a harmonic oscil
tor. We want to be able to discuss interference effects, measurements, radioac
decay, and so forth. For this purpose toy models resembling the one introduced
Sec. 2.5, where a particle can be located at onefiofite number of discrete sites,
turn out to be particularly useful. The key to obtaining simple dynamics in a to
model is to makdime (like space) aliscrete variable. Thus we shall assume that
the timet takes on only integer values:1,0, 1, 2, etc. These could, in princi-
ple, be integer multiples of some very short interval of time, say46econds, so
discretization is not, by itself, much of a limitation (or simplification).

Though it is not essential, in many cases one can assum@ ¢hdt) depends
only on the time differencé — t’; this is the toy analog of a time-independent
Hamiltonian. Then one can write

T, t)=T"", (7.49)

where the symboll without any argumentwill represent a unitary operator on
the (usuallyfinite-dimensional) Hilbert space of the toy model. The strategy for
constructing a useful toy model is to maKea very simple operator, as in the
examples discussed below. Becautigakes integer valuedl (t,t’) is given by
integer powers of the operatdr, and can be calculated by applyifigseveral
times in a row. To be sure, these powers can be negative, but that is not so b
because we will be able to choo$ein such a way that its inverse~! = TTis
also a very simple operator.

As afirst example, consider the model introduced in Sec. 2.5 with a particl
located at one oM = M,; + My, + 1 sites placed in a one-dimensional line and
labeled with an integem in the interval

—Ma <m < My, (7.50)

where M, and My, are large integers. This becomeba@pping modeif the time
development operatdr is set equal to thehift operator Sdefined by

Sim) = m+1), S|Mp) = [—Ma). (7.51)

That is, during a single time step the particle hops one space to the right, but wh
it comes to the maximum value o it hops to the minimum value. Thus the
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dynamics has &periodic boundary conditidn and one may prefer to imagine the
successive sites as located not on a line but on a large circle, so that the one lab
My, is just to the left of the one labeledM,. One must check that = Sis unitary,
and this is easily done. The collection of k¢t } forms an orthonormal basis of
the Hilbert space, and the collecti¢g§m)}, since it consists of precisely the same
elements, is also an orthonormal basis. Thus the criterion in the secbniticie
in Sec. 7.2 is satfeed, andSis unitary.
n=1
5

00— 00— 00— 0—0—0—>0—
m= -1 0 1 2 3 4 5

Fig. 7.1. Toy model of particle with detector.

To make the hopping model a bit more interesting, let us add a detector, a secc
particle which can be at only one of the two sites- 0 or 1 indicated in Fig. 7.1.
The Hilbert spacé{ for this system is, as noted in Sec. 6.3, a tensor pro8tei\N
of an M-dimensional spacé for thefirst particle and a two-dimensional space
N for the detector, and theN kets {{m, n)} form an orthonormal basis. What
makes the detector act like a detector is a choice for the unitary dynamics in whi
the time development operator is

T=SR (7.52)

whereS = S® I, using the notation of Sec. 6.4, is the extensioMa N of the
shift operator déned earlier ooM using (7.51), andR is ddined by

R|m, n) = |m, n) form # 2,

(7.53)
RI2,n) =|2,1—n).

Thus R does nothing at all unless the particle isvat= 2, in which case itflips’

the detector froom = 0 ton = 1 and vice versa. ThaR is unitary follows from
the fact that the collection of kef&klm, n)} is identical to the collectiofm, n)},

as all thatR does is interchange two of them, and is thus an orthonormal basis
‘H. The extended operat&® | satidies (7.28) wherg satidies this condition, so

it is unitary. The unitarity ofT = SRis then a consequence of the fact that the
product of unitary operators is unitary, as noted in Sec. 7.2. (While it is not har
to show directly thafl is unitary, the strategy of writing it as a product of other
unitary operators is useful in more complicated cases, which is why we have us
it here.) The action o = SRon the combined system of particle plus detector
is as follows. At each time step the particle hops fronto m + 1 (except when



7.4 Toy models 105

it makes the big jump fronM, to —M,). The detector remains at = 0 or at
n = 1, wherever it happens to be, except during a time step in which the partic
hops from 2 to 3, when the detector hops frorto 1 — n, that is, fromOto 1 or 1
to 0.

What justifies calling the detector a detector? Let us use a notation in which
denotes the action &f in the sense that

) > TlY) B> T2Y) > - (7.54)

Suppose that the particle starts offnat= 0 and the detector is in the state= 0,
“ready to detect the particle”, att 0. The initial state of the combined system of
particle plus detector develops in time according to

10,0) > [1,0) > [2,0) > [3,1) > |4,1) > --- . (7.55)

That is to say, during the time step fram= 2 to t = 3, in which the particle
hops fromm = 2 to m = 3, the detector moves from = 0 “ready”ton = 1,
“have detected the particlegnd it continues in théhave detectedstate at later
times. Not at all later times, since the particle will eventually hop friij > 0

to —M, < 0, and therm will increase until, eventually, the particle will pass
by the detector a second time ahgahtrigger”it. But by makingM, or My, large
compared with the times we are interested in, we can ignore this possibility. Mol
sophisticated models of detectors are certainly possible, and some of these
be introduced in later chapters. However, the essential spirit of the toy mod
approach is to use the simplest possibility which provides some physical intuitiol
The detector in Fig. 7.1 is perfectly adequate for many purposes, and will be us
repeatedly in later chapters.

It is worth noting that the measurement of the part&lgosition (or its passing
the position of the detector) in this way dasst influence the motion of the parti-
cle: in the absence of the detector one would have the same sequence of positi
m as a function of time as those in (7.55). But is it not the caseahgtjuantum
measurement perturbs the measured system? One of thiétbefentroducing
toy models is that they make it possible to study this and other pieces of quantt
folklore in spediic situations. In later chapters we will explore the issue of per-
turbations produced by measurements in more detail. For the present it is enot
to note that quantum measurement apparatus can be designed so that it does
perturb certain properties, even though it may perturb other properties.

Another example of a toy model is the one in Fig. 7.2, which can be used t
illustrate the process of radioactive decay. Consider alpha decay, and adopt
picture in which an alpha particle is rattling around inside a nucleus until it ever
tually tunnels out through the Coulomb barrier. One knows that this is a fairl
good description of the escape process, even though it is bad nuclear physic:
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1 2 3 4
B oO—0—>0—>0—

o 8

4 l«e—Q<«<—Q<«— Q<
-1 -2 -3 -4

Fig. 7.2. Toy model for alpha decay.

taken too literally. However, the unitary time development of a particle tunnelin
through a potential barrier is not easy to compute; one needs WKB formulas al
other approximations.

By contrast, the unitary time development of the toy model in Fig. 7.2, which i
a slight modiication of the hopping model (without a detector) introduced earlier
can be worked out very easily. The different sites represent possible locations of 1
alpha particle, with then = 0 site inside the nucleus, and the other sites outside
the nucleus. At each time step, the particlarat= 0 can either stay put, with
amplitudea, or escape ton = 1, with amplitudes. Once it reachem = 1, it
hops tom = 2 at the next time step, and then onnto= 3, etc. Eventually it
will hop fromm = +My to m = —M, and begin its journey back towards the
nucleus, but we will assume thit, is so large that we never have to consider the
return process. (One could maké, and My, infinite, at the price of introducing
an irfinite-dimensional Hilbert space.) The time development operafbrisS,,
where

SIm) = [m+1)form#0, -1, My,  S|Mp) = [—Ma),
S[0) = «l0) + B11),  S[-1) =y[0) +4]1).

ThusS, is identical to the simple shifs of (7.51), except when applied to the two
kets|0) and|—1).
The operatorS, is unitary if the complex constants, 8, y, § form a unitary

matrix
a B
(y 5) . (7.57)

If we use the criterion, Sec. 7.2, that the row vectors are normalized and mutua
orthogonal, the conditions for unitarity can be written in the form:

2+ (B2=1=|y?+ 18>, o'y +pB*8=0. (7.58)

(7.56)

ThatS, is unitary when (7.58) is safied can be seen from the fact that it maps the
orthonormal basi§im)} into an orthonormal collection of vectors, which, since the
Hilbert space idinite, must itself be an orthonormal basis. In particuampplied
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to |0) and to|—1) yields two normalized vectors which are mutually orthogonal to
each other, a result ensured by (7.58).

Note how the requirement of unitarity leads to the nontrivial consequence that
the action of the shift operat@on |0) is modified so that the particle can either hop
or remain in place during one time step, there must be an additionafigadatin
of Ssomeplace else. In this example the other modification occyslat which
is a fairly natural place to put it. The fact thgt| = || means that if there is
an amplitude for the alpha particle to escape from the nucleus, there is also
amplitude for an alpha particle approaching the nucleus alongitke O sites to
be captured atn = 0, rather than simply being scatteredtio= 1. As one might
expect,B|? is the probability that the alpha particle will escape during a particulal
time step, anda|? the probability that it will remain in the nucleus. However,
showing that this is so requires additional developments of the theory found in tf
following chapters; see Secs. 9.5 and 12.4.

The unitary time development of an initial stg® att = 0, corresponding to
the alpha particle being inside the nucleus, is easily worked out. Usingsthe
notation of (7.54), one has:

0) > a|0) + BI1) — @?|0) + aBl1) + BI2)
— o3|0) + &?BI1) + aB|2) + BI3) > - - -, (7.59)
so that for any time > 0,
Y1) = T'0) = o'|0) + &' *BI1) + o' 2B12) + - - BIt). (7.60)

The magnitude of the coiéfient of|0) decreases exponentially with time. The rest
of the time development can be thought of in the following way." Aitial wave”
reaches siten att = m. Thereatfter, the cof€ient of|m) decreases exponentially.
That is, the wave function is spreading out and, at the same time, its amplitude
decreasing. These features are physically correct in that they will also emerge frc
a more sophisticated model of the decay process. Even though not every detai
the toy model is realistic, it nonetheless provides a good beginning for understar
ing some of the quantum physics of radioactive and other decay processes.
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Stochastic histories

8.1 Introduction

Despite the fact that classical mechanics employs deterministic dynamical lav
random dynamical processes often arise in classical physics, as well as in every:
life. A stochasticor randomprocess is one in which states-of-affairs at successive
times are not related to one another by deterministic laws, and instead probabil
theory is employed to describe whatever regularities exist. Tossing a coin or rollir
a die several times in succession are examples of stochastic processes in whict
previous history is of very little help in predicting what will happen in the future.
The motion of a baseball is an example of a stochastic process which is to sol
degree predictable using classical equations of motion that relate its accelerat
to the total force acting upon it. However, a lack of information about its initial
state (e.g., whether it is spinning), its precise shape, and the condition and moti
of the air through which it moves limits the precision with which one can predic
its trajectory.

The Brownian motion of a small particle suspended flual and subject to ran-
dom bombardment by the surrounding moleculeuofl is a well-studied example
of a stochastic process in classical physics. Whereas the instantaneous velocit
the particle is hard to predict, there is a probabilistic correlation between succe
sive positions, which can be predicted using stochastic dynamics and checked
experimental measurements. In particular, given the pagiplesition at a time,
it is possible to compute the probability that it will have moved a certain distanc
by the timet 4+ At. The stochastic description of the motion of a Brownian particle
uses the deterministic law for the motion of an object in a visdaiid, and as-
sumes that there is, in addition, a random forcérmise”which is unpredictable,
but whose statistical properties are known.

In classical physics the need to use stochastic rather than deterministic dyna
ical processes can be blamed on ignorance. If one knew the precise positions

108
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velocities of all the molecules making up tfiaid in which the Brownian particle

is suspended, along with the same quantities for the molecules in the walls of t
container and inside the Brownian particle itself, it would in principle be possible
to integrate the classical equations of motion and make precise predictions ab
the motion of the particle. Of course, integrating the classical equations of motic
with infinite precision is not possible. Nonetheless, in classical physics one cs
in principle, construct more and mordireed descriptions of a mechanical system,
and thereby continue to reduce the noise in the stochastic dynamics in order
come arbitrarily close to a deterministic description. Knowing the spin imparte
to a baseball by the pitcher allows a more precise prediction of its future traje
tory. Knowing the positions and velocities of tHaid molecules inside a sphere
centered at a Brownian particle makes it possible to imprové&saqrediction of its
motion, at least over a short time interval.

The situation in quantum physics is similar, up to a point. A quantum descriptio
can be made more precise by using smaller, that is, lower-dimensional subspa
of the Hilbert space. However, while the refinement of a classical description cz
go on inddinitely, one reaches a limit in the quantum case when the subspac
are one-dimensional, since fioer description is possible. However, at this level
guantum dynamics is still stochastic: there is an irreduditleantum noiseivhich
cannot be eliminated, even in principle. To be sure, quantum theory allows for
deterministic (and thus noise free) unitary dynamics, as discussed in the previc
chapter. But there are many processes in the real world which cannot be discus
in terms of purely unitary dynamics based upon 8dimgers equation. Conse-
guently, stochastic descriptions are a fundamental part of quantum mechanics i
sense which is not true in classical mechanics.

In this chapter we focus on the kinematical aspects of classical and quantt
stochastic dynamics: how to construct sample spaces and the corresponding e
algebras. As usual, classical dynamics is simpler and provides a valuable gui
and useful analogies for the quantum case, so various classical examples are te
up in Sec. 8.2. Quantum dynamics is the subject of the remainder of the chaptel

8.2 Classical histories

Consider a coin which is tossed three times in a row. The eight possible outcom
of this experimentaréiHH, HHT, HTH, ... TTT: heads on all three tosses,

heads thdirst two times and tails the third, and so forth. These eight possibilitie:
constitute asample spacas that term is used in probability theory, see Sec. 5.1
since the different possibilities are mutually exclusive, and one and only one ¢
them will occur in any particular experiment in which a coin is tossed three time
in a row. Theevent algebrgSec. 5.1) consists of thé Bubsets of elements in the
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sample space: the empty skttH H by itself, the paifHHT, T T T}, and so forth.

The elements of the sample space will be referred tusisries where a history is
to be thought of as sequence of events at successive tiflvksnbers of the event
algebra will also be calletihistorie$ in a somewhat looser sense, ammpound

historiesif they include two or more elements from the sample space.

As a second example, consider a die which is rofieimes in succession. The
sample space consists of possibilities(s;, s, . .. ¢}, where eacls; takes some
value between 1 and 6.

A third example is a Brownian particle moving infauid and observed un-
der a microscope at successive timegst,, ...t;. The sequence of positions
r{, ro, ...r¢ is an example of a history, and the sample space consists of all po
sible sequences of this type. Since any measuring instrumefinitagesolution,
one can, if one wants, suppose that for the purpose of recording the data the reg
inside thefluid is thought of as divided up into a collection of small cubical cells,
with r; the label of the cell containing the particle at titpe

A fourth example is a particle undergoing a random walk in one dimension,
sort of“toy modet of Brownian motion. Assume that the location of the particle
or random walker, denoted I3y is an integer in the range

—Mz <s < Mp. (8.1)

One could allows to be any integer, but using the limited range (8.1) results in ¢
finite sample space dfl = M, + My + 1 possibilities at any given time. At each
time step the particle either remains where it is, or hops to the right or to the lei
Hence ahistory of the particlés motion consists in giving its positions at a set of
timest =0, 1, ... f as a sequence of integers

S= (S0, S1, S, - .- Sf), (8.2)

where eacls; falls in the interval (8.1). Theample space of histori@®nsists of
the M f+1 different sequences (Letting s, rather thars, be the initial position

of the patrticle is of no importance; the convention used here agrees with that
the next chapter.) One could employ histories extendirtg=tooo, but that would
mean using an fimite sample space.

This sample space can be thought of as produced by successifralpgean
initial, coarse sample space in whigftakes one oM possible values, and nothing
is said about what happens at later times. Histories involving the two time8
and 1 are produced by taking a point in this initial sample spaces;say3, and
“splitting it ug’ into two-time histories of the forn, s,), wheres; can take on any
one of theM values in (8.1). Given a point, sd$, 2), in this new sample space,
it can again be split up into elements of the fof®2, s,), and so forth. Note that
any history involving less tham+ 1 times can be thought of as a compound history
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on the full sample space. Th@3, 2) consists of all sequencegor whichsy = 3
ands; = 2. Rather than starting with a coarse sample space of evenhts d,
one could equally well begin with a later time, such as all the possibilities; fat

t = 2, and then riéne this space by including additional details at both earlier anc
later times.

8.3 Quantum histories

A quantum historyf a physical system is a sequencejaintum eventat succes-
sive times, where a quantum event at a particular time can bguamtum property
of the system in question. Thus given a set of times t, < ---tf, a quantum
history is spedied by a collection of projectord-,, F», ... F¢), one projector for
each time. It is convenient, both for technical and for conceptual reasons, to st
pose that the numbeir of distinct times idinite, though it might be very large. It
is always possible to add additional times to those in thdilist t, < ---ts in
the manner indicated in Sec. 8.4. Sometimes the initial time will be denoted by
rather thart;.

For a spin-half particle({z"], [x*]) is an example of a history involving two
times, while([z*], [x*], [z']) is an example involving three times.

As a second example, consider a harmonic oscillator. A possible history wit
three different times is the sequence of events

Fi=[p1] +[¢2], Fa=I[¢1], Fz3=X, (8.3)

where [¢] is the projector on the energy eigenstate with enérgy 1/2)hw, and

X is the projector digned in (4.20) corresponding to the positigriying in the
intervalx; < X < X,. Note that the projectors making up a history do not have tc
project onto a one-dimensional subspace of the Hilbert space. In this exdmple,
projects onto a two-dimensional subspaEg,onto a one-dimensional subspace,
and X onto an infinite-dimensional subspace.

As a third example, consider a coin tossed three times in a row. A physical coin
made up of atoms, so it has in principle a (rather complicated) quantum mechani
description. Thus &classical’property such asheads"will correspond to some
guantum projectoH onto a subspace of enormous dimension, and there will bt
another projectorl for “tails”. Then by using the projectors

Fi=H, k=T, k=T (8.4)

at successive times one obtains a quantum higtoFyl for the cain.

As a fourth example of a quantum history, consider a Brownian particle sus
pended in dluid. Whereas this is usually described in classical terms, the particl
and the surroundinfjuid are, in reality, a quantum system. At timjdet F; be the
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projector, in an appropriate Hilbert space, for the property that the center of ma
of the Brownian patrticle is inside a particular cubical cell. Th€p, F», ... F¢)

is the quantum counterpart of the classical histaryr,, ...r¢ introduced earlier,
with r; understood as a cell label, rather than a precise position.

One does not normally think of coin tossing‘iguantunt terms, and there is
really no advantage to doing so, since a classical description is simpler, and
perfectly adequate. Similarly, a classical description of the motion of a Brownia
particle is usually quite adequate. However, these examples illustrate the fact ti
the concept of a quantum history is really quite general, and is by no means limitt
to processes and events at an atomic scale, even though that is where quantum
tories are most useful, precisely because the corresponding classical descripti
are not adequate.

The sample space of a coin tossédimes in a row is formally the same as
the sample space df coins tossed simultaneously: each consists ofr@itually
exclusive possibilities. Since in quantum theory the Hilbert space of a collectio
of f systems is the tensor product of the separate Hilbert spaces, Ch. 6, it see
reasonable to use a tensor product afpaces for describing the different histories
of a single quantum system &tsuccessive times. Thus wefie ahistory Hilbert
spaceas a tensor product

H=H10Hs0--Hs, (8.5)

where for eaclj, H; is a copy of the Hilbert spack used to describe the system at
a single time, and is a variant of the tensor product symisnl We could equally
well write H1 @ Ho ® - - -, but it is helpful to have a distinctive notation for a tensor
product when the factors in it refer to different times, and rese\fer a tensor
product of spaces at a single time. On the sﬂéd@e history(Fq, Fo, ... F¢) is
represented by the (tensor) product projector

Y=FLO0FRO---Fi. (8.6)

ThatY is a projector, that isy” = Y = Y2, follows from the fact that eack;
is a projector, and from the rules for adjoints and products of operators on tens
products as discussed in Sec. 6.4.

8.4 Extensions and logical operations on histories
Suppose that = 3in (8.6), so that

This history can be&xtendedo additional times by introducing the identity oper-
ator at the times not included in the initial sgtt,, t3. Suppose, for example, that
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we wish to add an additional tintglater thantz. Then fortimes; < t; < t3 < t4,
(8.7) is equivalent to

Y=FOROROI, (8.8)

because the identity operatbrrepresents the property which is always true, and
therefore provides no additional information about the systetyp. dh the same
way, one can introduce earlier and intermediate timestgsaydt, s, in which case
(8.7) is equivalent to

Y=IOROIOFROROI (89)

on the history spacé{ for the timesty < t; < t15 < t, < t3 < t4. We shall
always use a notation in which the events in a history are in temporal order, wil
time increasing from left to right.

The notational convention for extensions of operators introduced in Sec. 6.4 ju
tifies using the same symbwlin (8.7), (8.8), and (8.9). And its intuitive sigm
cance is precisely the same in all three ca¥esieans' F; att;, F, att,, andF; at
t3”, and tells us nothing at all about what is happening at any other time. Using tt
same symbol foF andF © | can sometimes be confusing for the reason pointec
out at the end of Sec. 6.4. For example, the projector for a two-time history of
spin-half particle can be written as an operator product

[Z'1ox = (z1o1)- (I o[x*]) (8.10)

of two projectors. If on the right side we repla¢fz"] © I) with [z*] and

(I © [x*]) with [xT], the result £] - [x*] is likely to be incorrectly interpreted as
the product of two noncommuting operators on a single copy of the Hilbert spac
‘H, rather than as the product of two commuting operators on the tensor prodt
H1 © Ho. Using the Ionge([z*] ol ) avoids this confusion.

If histories are written as projectors on the history Hilbert spacéhe rules for
the logical operations of negation, conjunction, and disjunction are precisely tt
same as for quantum properties at a single time, as discussed in Secs. 4.4 and
In particular, the negation of the histoly, “Y did not occut, corresponds to a
projector

o

Y=1I-Y, (8.11)

wherel is the identity or{. (Our notational convention allows us to writesl|,
but I is clearer.)

Note that a history does not occur if any event in it fails to occur. Thus the
negation ofH H when a coin is tossed two times in a row is fot, but instead
the compound history consisting &fT, T H, andT T. Similarly, the negation of
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the quantum history
Y=F0F (8.12)
given by (8.11) is a sum of three orthogonal projectors,
Y=FOR+FOFR+FO0OFR, (8.13)

where If,- meansl — F;. Note that the compound histoly in (8.13) cannot be
written in the formG; © G,, that is, as an event &tfollowed by another event at
to.

The conjunctionY AND Y’, or Y A Y/, of two histories is represented by the
productY Y’ of the projectors, provided they commute with each otheW Yf #£
Y'Y, the conjunction is not dmed. The situation is thus entirely analogous to the
conjunction of two quantum properties at a single time, as discussed in Secs. -
and 4.6. Let us suppose that the history

Y =F0OF,0F (8.14)

is ddined at the same three times¥asn (8.7). Their conjunction is represented
by the projector

Y AY =YY = F{F; © FjF, © F4Fs, (8.15)

which is equal tor' Y’ provided that at each of the three times the projectors in the
two histories commute:

Fj/ Fj = Fj Fj/ for j =1, 2, 3. (816)

However, there is a case in whidhandY’ commute even if some of the condi-
tions in (8.16) are not safigd. It occurs when the product of the two projectors at
one of the times is 0, for this means th&¥’ = 0 independent of what projectors
occur at other times. Here is an example involving a spin-half particle:

Y = [x]o[xT]o[z1],

(8.17)
Y =[ylo[z]o[z7].

The two projectors at, [x*] and [y*], clearly do not commute with each other,
and the same is true at time However, the projectors & are orthogonal, and
thusYY =0=Y'Y.

A simple example of a nonvanishing conjunction is provided by a spin-half pai
ticle and two histories

Y=[z]0l, Y=I0[x, (8.18)
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defined at the timetg andt,. The conjunction is
YAY=YY=YY =[z]0[x], (8.19)

and this is sensible, for the intuitive sificance of (8.19) i8S, = +1/2 at § and

S = +1/2 att.” Indeed, any history of the form (8.6) can be understootRas
att;, andF, att, and... F; att;.” This example also shows how to generate
the conjunction of two histories fleed at different sets of times. First one must
extend each history by includinigat additional times until the extended histories
are defined on a common set of times. If the extended projectors commute w
each other, the operator product of the projectors, as in (8.15), is the projector |
the conjunction of the two histories.

The disjunctior'Y’ or Y or both” of two histories is represented by a projector

YVY=Y+Y-YY (8.20)

providedY'Y = YY’; otherwise it is undefined. The intuitive significance of the
disjunction of two (possibly compound) histories is what one would expect, thoug
there is a subtlety associated with the quantum disjunction which does not arise
the case of classical histories, as has already been noted in Sec. 4.5 for the c
of properties at a single time. It can best be illustrated by means of an explic
example. For a spin-half particle, define the two histories

Y=[z10[xT], Y=[zT0o[x] (8.21)
The projector for the disjunction is
YVY =Y+Y =[z']0l, (8.22)

since in this cas¥ Y' = 0. Theprojector YVvY’ tells us nothing at all about the spin
of the particle at the second time: in and of itself it doesimply thatS, = +1/2

or S, = —1/2 atb, since the subspace &f on which it projects contains, among
others, the historyZ"] © [y*], which is incompatible withS, having any value

at all att,. On the other hand, when the projectrs Y’ occurs in the context
of a discussion in which bothf andY’ make sense, it can be safely interpreted as
meaning (or implying) that ap eitherS, = +1/2 or S, = —1/2, since any other
possibility, such a§, = +1/2, would be incompatible with andY’.

This example illustrates an important principle of quantum reasoningcdhe
text, that is, the sample space or event algebra used for constructing a quant
description or discussing the histories of a quantum system, can make a differer
in how one understands or interprets various symbols. In quantum theory it
important to be clear about precisely what sample space is being used.
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8.5 Sample spaces and families of histories

As discussed in Sec. 5.2, a sample space for a quantum system at a single t
is a decomposition of the identity operator for the Hilbert spacea collection

of mutually orthogonal projectors which sum to In the same way, a sample
space of histories is a decomposition of the identity on the history Hilbert $gace
a collection{Y*} of mutually orthogonal projectors representing histories which
sum to the history identity:

I = Zva. (8.23)

It is convenient to label the history projectors with a superscript in order to be ab
to reserve the subscript position for time. Since the square of a projector is eqt
to itself, we will not need to use superscripts on projectors as exponents.

Associated with a sample space of histories is a Bodlesant algebra, called
afamily of historiesconsisting of projectors of the form

Y =) xye, (8.24)

with eachr® equal to O or 1, as in (5.12). Histories which are members of the san
ple space will be calledlementanhistories, whereas those of the form (8.24) with
two or morerr® equal to 1 areompoundistories. The terfifamily of histories
is also used to denote the sample space of histories which generates a partic
Boolean algebra. Given the intimate connection between the sample space and
corresponding algebra, this double usage is unlikely to cause confusion.

The simplest way to introduce a history sample space is to yseduct of
sample spaceas that term was dimed in Sec. 6.6. Assume that at each time
there is a decomposition of the identityfor the Hilbert spacé;,

=3P, (8.25)
o

where the subscripf labels the time, and the superscrigt labels the different
projectors which occur in the decomposition at this time. The decompositior
(8.25) for different values of could be the same or they could be different; they
need have no relationship to one another. (Note that the sample spaces for
different classical systems discussed in Sec. 8.2 have this sort of product structu
Projectors of the form

Ya:Pfl(DPzaz@...P?f’ (8.26)
wherecx is an f -component label

o= (a1, 00, ...01%), (8.27)
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make up the sample space, and it is straightforward to check that (8.23) fiedatis
Here is a simple example for a spin-half particle wfth= 2:

li=[z1+[z7], l=[X"T+[x7] (8.28)
The product of sample spaces consists of the four histories
YT =[z"To[x], YT =[zTox7]

Yr=[z]ox', YT =[z]ox] (6:29)

in an obvious notation. The Boolean algebra or family of histories contdins 2
16 elementary and compound histories, including the null history 0 (which neve
occurs).

Another type of sample space that arises quite often in practice consists of his
ries which begin at an initial tim with a spedic state represented by a projector
Wy, but behave in different ways at later times. We shall refer to itfasdly based
upon the initial stately. A relatively simple version is that in which the histories
are of the form

Y =Yoo PrOPO--- P?f’ (8.30)

with the projectors at times later thiydrawn from decompositions of the identity
of the type (8.25). The sum overof the projectors in (8.30) is equal tBy, so in
order to complete the sample space one adds one more history

Z=(-Yp)ololo- I (8.31)

to the collection. If, as is usually the case, one is only interested in the historie
which begin with the initial stat&y, the historyZ is assigned zero probability,

after which it can be ignored. The procedure for assigning probabilities to th
other histories will be discussed in later chapters. Note that histories of the form

(1 —¥Y)OP*OP20: - Py (8.32)

arenotpresent in the sample space, and for this reason the family of histories bas
upon an initial stat&y is distinct from a product of sample spaces in which (8.25)
is supplemented with an additional decomposition

lo=Wo+ (I — Wo) (8.33)

at timety. As a consequence, later events in a family based upon an initiaNggate
are dependent upon the initial state in the technical sense discussed in Ch. 14.
Other examples of sample spaces which are not products of sample spaces
used in various applications of quantum theory, and some of them will be discuss
in later chapters. In all cases the individual histories in the sample space correspc
to product projectors on the history spa¢eegarded as a tensor product of Hilbert
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spaces at different times, (8.5). That is, they are of the form (8.6): a quantu
property at;, another quantum propertyat and so forth. Since the history space
H is a Hilbert space, it also contains subspaces which are not of this form, b
might be said to bé&entangled in tim& For example, in the case of a spin-half
particle and two times, andt,, the ket

le)=(1z") olz7) —Iz7) 0 |1zh)/V/2 (8.34)

is an element of*{, and therefored] = |¢)(¢| is a projector orf{. It seems
difficult tofind a physical interpretation for histories of this sort, or sample space
containing such histories.

8.6 Rdinements of histories

The process of fening a sample space in which coarse projectors are replaced wi
finer projectors on subspaces of lower dimensionality was discussed in Sec. &
Refinement is often used to construct sample spaces of histories, as was note
connection with the classical random walk in one dimension in Sec. 8.2. Here
a simple example to show how this process works for a quantum system. Cc
sider a spin-half particle and a decomposition of the iderfity], [z"]} at time

t;. Each projector corresponds to a single-time history which can be extended t
second time; in the manner indicated in Sec. 8.3, to make a history sample spa
containing

[Z'lol, [Z]ol. (8.35)

If one uses this sample space, there is nothing one can say about the spin of
particle at the second timig, sincel is always true, and is thus completely un-
informative. However, théirst projector in (8.35) is the sum off{] © [z"] and
[zt] ® [z7], and if one replaces it with these two projectors, and the second pre
jector in (8.35) with the corresponding pan ] © [zt] and [z7] ® [z7], the result

is a sample space

[z1o[z], [Zoelz]
[z1olz']. [z]oelz]

which is a réinement of (8.35), and permits one to say something about the spin
timet, as well as at;.

When it is possible to fene a sample space in this way, there are always ¢
large number of ways of doing it. Thus the four histories in (8.29) also constitut
a rdinement of (8.35). However, thefreements (8.29) and (8.36) are mutually
incompatible, since it makes no sense to talk at§uat t, at the same time that
one is ascribing values t8,, and vice versa. Both (8.29) and (8.36) are products

(8.36)
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of sample spaces, butfreements of (8.35) which are not of this type are also
possible; for example,

[z1o[z']. [zZ7olz]

8.37
Zlokx. [zl (8:37)

where the decomposition of the identity usedtats different depending upon
which event occurs dt.

The process of fenement can continue Hirst extending the histories in (8.36)
or (8.37) to an additional time, either later tharor earlier thart; or betweert;
andt,, and then replacing the identity at this additional time with two projec-
tors onto pure states. Note that the process of extension does not by itself le
to a rdinement of the sample space, since it leaves the number of histories a
their intuitive interpretation unchangedfirlement occurs whehis replaced with
projectors on lower-dimensional spaces.

It is important to notice that fanement isnot some sort ofphysical process
which occurs in the quantum system described by these histories. Instead, it
a conceptual process carried out by the quantum physicist in the process of ct
structing a suitable mathematical description of the time dependence of a quant
system. Unlike deterministic classical mechanics, in which the state of a system
a single time yields a unique description (orbit in the phase space) of what happe
at other times, stochastic quantum mechanics allows for a large number of altert
tive descriptions, and the process of refinement is often a helpful way of selecti
useful and interesting sample spaces from among them.

8.7 Unitary histories

Thus far we have discussed quantum histories without any reference to the dyne
ical laws of quantum mechanics. The dynamics of histories is not a trivial matte
and is the subject of the next two chapters. However, at this point it is convenient
introduce the notion of anitary history. The simplest example of such a history is
the sequence of ket#r, ), [Yx,), - .. |1, ), where|yr) is a solution of Sclivdingers
equation, Sec. 7.3, or, to be more precise, the corresponding sequence of projec
[V,], [¥1,], - - .. The general dienition is that a history of the form (8.6) is unitary
provided

Fi =T, tpF Ty, t) (8.38)

is satisfied forj = 1,2,...f. That is to say, all the projectors in the history
are generated frorr; by means of the unitary time development operators intro-
duced in Sec. 7.3, see (7.44). In faEt, does not play a distinguished role in this
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definition and could be replaced Wy for any k, because for a set of projectors
given by (8.38).T (tj, t) R T (t, tj) is equal toF; whatever the value .

One can also dimeunitary familiesof histories. We shall limit ourselves to the
case of a product of sample spaces, in the notation of Sec. 8.5, and assume tha
each time; there is a decomposition of the identity of the form

=Y P (8.39)
a
The corresponding family is unitary if for each choiceaadhese projectors satisfy
(8.38), that is,
PJ-"J1 =T, t) PAT (11, t)) (8.40)

for everyj. In the simplest (interesting) family of this type each decomposition of
the identity contains only two projectors; for examphg, [ and | — [v,]. Notice
that while a unitary family will contain unitary histories, such as

PloP;OPIO--- P} (8.41)
it will also contain other histories, such as
PloPZO PO --- P} (8.42)

which are not unitary. We will have more to say about unitary histories and familie
of histories in Secs. 9.3, 9.6, and 10.3.
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The Born rule

9.1 Classical random walk

The previous chapter showed how to construct sample spaces of histories for b
classical and quantum systems. Now we shall see how to use dynamical laws
order to assign probabilities to these histories. It is useful to begin with a classic
random walk of a particle in one dimension, as it provides a helpful guide fo
guantum systems, which are discussed beginning in Sec. 9.3, as well as in the r
chapter. The sample space of random walks, Sec. 8.2, consists of all sequence
the form

S= (S0, S1, S, - - - Sf), (9.1)
wheres;, an integer in the range
—Ma <5j < M, (9.2)

is the position of the particle or random walker at titne j.

We shall assume that tldynamical lawfor the particlés motion is that when
the time changes fromto t + 1, the particle can take one step to the left, froto
s — 1, with probability p, remain where it is with probability, or take one step to
the right, froms to s + 1, with probabilityr, where

p+g+r =1 (9.3)

The probability for hops in whicls changes by 2 or more is 0. The endpoints of
the interval (9.1) are thought of as connected by a periodic boundary condition, -
that My, is one step to the left of M,, which in turn is one step to the right M.

The dynamical law can be used to generate a probability distribution on the samj
space of histories in the following way. We begin by assigning to each history

121
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weight

n

W(s) = [ Juw(sj —si-v. (9.4)

j=1
where the hopping probabilities
wE=h=p, w@®=q, wHD=r (9.5)

were introduced earlier, and(As) = 0 for |As| > 2.

The weights by themselves do not determine a probability. Instead, they mt
be combined with other information, such as the starting point of the particle :
t = 0, or a probability distribution for this starting point, or perhaps information
about where the patrticle is located at some later time(s). This information is n
contained in the dynamical laws themselves, so we shall refer tocibrtingent
informationor initial data. The“initial” in initial data refers to the beginning of
an argument or calculation, and not necessarily to the earliest time in the randc
walk. The single contingent piece of informatitei= 3 att = 2" can be the initial
datum used to generate a probability distribution on the space of all histories of t
form (9.2). Contingent information is also needed for deterministic processes. Tl
orbit of the planet Mars can be calculated using the laws of classical mechanics, |
to get the calculation started one needs to provide its position and velocity at so
particular time. These data are contingent in the sense that they are not determi
by the laws of mechanics, but must be obtained from observations. Once they
given, the position of Mars can be calculated at earlier as well as later times.

Contingent information in the case of a random walk is often expressed as
probability distributionpy(sy) on the coarse sample space of positiorts=at0. (If
the particle starts at a fimite location, the distributiornpy assigns the value 1 to
this position and 0 to all others.) The probability distribution on tHenesl sample
space of histories is then determined byefinement rulethat says, in essence,
that for eachsy, the probabilitypy(sp) is to be divided up among all the different
histories which start at this point &at= 0, with historys assigned a fraction of
Po(So) proportional to its weighW(s). One could also use afieement rule if the
contingent data were in the form of a position or a probability distribution at som
later time, sayt = 2 ort = f, or if positions were given at two or more different
times. Things are more complicated when probability distributions arefsgai
two or more times.

In order to turn the fenement rule for a probability distribution fit= 0 into a
formula, letJ (s9) be the set of all histories which beginsgt and

N(so) = ) W(S) (9.6)

seJ(so)
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the sum of their weights. The probability of a particular history is then given by
the formula

Pr(s)= po(s))W(s)/N(so). (9.7)

These probabilities sum to 1 because the initial probabilidgsy) sum to 1, and
because the weights have been suitably normalized by dividing by the normaliz
tion factorN(sp). In fact, for the weights defined by (9.4) and (9.5) using hopping
probabilities which satisfy (9.3), it is not hard to show that the sum in (9.6) is
equal to 1, so that in this particular case the normalization can be omitted fro
(9.7). However, it is sometimes convenient to work with weights which are no
normalized, and then the factor of N(s) is needed.

Suppose the particle startssat= 2, so thatpg(2) = 1. Then the historie&, 1),
(2,2),(2,3), and(2, 4), which are compound histories fér> 2, have probabili-
tiesp, g, r, and 0O, respectively. Likewise, the histori@s 2, 2), (2, 2, 3), (2, 3, 4),
(2,4, 3) have probabilities of?, gr, r2, and 0. Any history in which the parti-
cle hops by a distance of 2 or more in a single time step has zero probability, th
is, it is impossible. One could reduce the size of the sample space by eliminatil
impossible histories, but in practice it is more convenient to use the larger samy
space.

As another example, suppose thgt0) = po(1l) = po(2) = 1/3. What is the
probability thats, = 2 attimet = 1? Think ofs; = 2 as a compound history given
by the collection of all histories which pass througle- 2 whent = 1, so that its
probability is the sum of probabilities of the histories in this collection. Clearly
histories with zero probability can be ignored, and this leaves only three two-tim
histories: (1, 2), (2,2), and(3, 2). In the casef = 1, formula (9.7) assigns them
probabilitiesr /3, q/3, and 0, so the answer to the questior{gs+ r)/3. This
answer is also correct fof > 2, but then it is not quite so obvious. The reader
may find it a useful exercise to work out the cake= 2, in which there are nine
histories of nonzero weight passing througk 2 att= 1.

Once probabilities have been assigned on the sample space, one can ans
guestions such asWhat is the probability that the particle wassat 2 at time
t = 3, given that it arrived at = 4 at timet = 5?” by means of conditional
probabilities:

Pr(gs =2|ss=4)=Pi{(ss=2) A (55 =4)]/Pr(s = 4). (9.8)

Here the evenis; = 2) A (55 = 4) is the compound history consisting of all el-
ementary histories which pass through= 2 at timet = 3 ands = 4 at time

t = 5. Such conditional probabilities depend, in general, both on the initial dat
and the weights. Howevdf,a value of g is one of the conditionghen the condi-
tional probability does not depend uppr(sy) (assumingpy(ss) > 0, so that the
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conditional probability is dened). In particular,
Pr(s| so = m) = 8mg W(S)/N(0). (9.9)

To obtain similar formulas in other cases, it is convenient to extend tivatiten
of weights to include compound histories in the event algebra using the formula

W(E) =) W(s). (9.10)
seE

Defining W(E) for the compound everiE in this way makes it afiadditive set
function’ or “measurg in the sense that iE and F are disjoint (they have no
elementary histories in common) members of the event algebra of histories, the

W(EUF) =W(E) + W(F). (9.12)
Using this extended dimition of W, one can, for example, write
Wo=DA (=2 A(s5=4]

That is, take the total weight of all the histories which satisfy the condisgas 1
andss = 4, andfind what fraction of it corresponds to histories which also have

S =2.

Pls=2| (=D A(5=4)]= (9.12)

9.2 Single-time probabilities
The probability that at timé the random walker of Sec. 9.1 will be locatedsas
given by thesingle-time probability distributich
p(s) =Y Pr(s), (9.13)
sek(s)

where the sum is over the collectidn(s) of all histories which pass throughat
timet. Because the particle must be somewhere at tiritdollows that

> o) =1 (9.14)

It is easy to show that the dynamical law used in Sec. 9.1 impliesghiat
satidies the difference equation
pt+1(8) = por(s+ 1) +qpe(s) +r1 pr(s—1). (9.15)

In particular, if the contingent information is given by a probability distribution at
t = 0, so thatpg(s) = po(S), (9.15) can be used to calculatg(s) at any later

* The termone-dimensional distributiois often used, but in the present contéahe-dimensionalwould be
misleading.
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timet. For example, if the random walker starts offsat= 0 whent = 0, and
p=qgq=r = 1/3, thenpy(0) = 1, while

p1(=1) = p1(0) = p1(1) = 1/3,
p2(=2) = p2(2) =1/9, p(—=1) = p2(1) =2/9, ,(0)=1/3

are the nonzero values pf(s) fort = 1 and 2.

The single-time distributiom (S) is a marginal probability distribution and con-
tains less information than the full probability distribution($ron the set of all
random walks. This is so even if one knowgs) for every value ot. In partic-
ular, ot (s) does not tell one how the partitéeposition is correlated at successive
times. For example, given Pr(s), one can show that the conditional probabili
Pr(s+1|s) is zero whenevefs;1 — | is larger than 1, whereas the values of
p1(S) andp,(s) in (9.16) are consistent with the possibility of the particle hopping
froms=1att=1tos= —2 att = 2. Itis not a defect op(s) that it contains
less information than the total probability distribution Pr(s). Less detailed descrif
tions are often very useful in helping one see the forest and not just the trees. E
one needs to be aware of the fact that the single-time distribution as a function
time is far from being the full story.

For a Brownian particle the analog pf(s) for the random walker is thgingle-
time probability distribution density, (r), defined in such a way that the integral

(9.16)

/ oe(n) dr (9.17)
R

over a regiornR in three-dimensional space is the probability that the particle will
lie in this region at timé. In the simplest theory of Brownian motion,(r) satisfies
a partial differential equation

dp/dt = DV?p, (9.18)

whereD is the diffusion constant and? is the Laplacian. If the particle starts off
atr = 0 whent = 0, the solution is

pr(r) = (4 Dt)~3/2e~*/4Pt (9.19)

wherer is the magnitude of.

Just as foip, (s) in the case of a random walk; (r) lacks information about the
correlation between positions of the Brownian particle at successive times. Su
pose, for example, that a particle starting at 0 at timet = O is atr; at a time
t1 > 0. Then at atimé, = t; + ¢, wheree is small compared tt, there is a high
probability that the particle will still be quite close tg. This fact is not, however,
reflected inoy, (1), as (9.19) gives the probability density for the particle to be at
using no information beyond the fact that it was at the origin=atO.
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9.3 The Born rule

As in Ch. 7, we shall consider dsolated systerwhich does not interact with its
environment, so that one canfate unitary time development operators of the form
T(t, t). To describe its stochastic time development one must assign probabiliti
to histories forming a suitable sample space of the type discussed in Sec. 8.5. .
as in the case of the random walk considered in Sec. 9.1, these probabilities
determined both by the contingent information contained in initial data, and by
set of weights. The weights are given by the laws of quantum mechanics, and
an isolated system they can be computed using the time development operators

In this section we consider a very simple situation in which the initial datum is
normalized statéyo) at timety, and the histories involve only two timetg,and a
later timet; at which there is a decomposition of the identity corresponding to al
orthonormal basi$|¢'1‘), k=1,2,...}. Histories of the form

Y* = [yo] © [¢}], (9.20)
together with a history
Z=( —[yg)) Ol (9.21)

constitute a decomposition of the history identityand thus a sample space of
histories based upon the initial staig], to use the terminology of Sec. 8.5. We
assign initial probabilitiege(l — [v¥o]) = 0 andpo([¥o]) = 1, in the notation of
Sec.9.1.

TheBorn ruleassigns a weight

WY = [(@5]T (ta, to) [vo) I (9.22)
to the historyY*. These weights sumto 1,

D OWYH) = (ol T (o, 1) [95) (4| T (ta, to) [vo)

k>0 k

= (Yol T (to, t) T (ta, to) [Y0) = (Woll [¥0) = (Yolbo) =1,  (9.23)

becausér) is normalized and th{aldy'{)} are an orthonormal basis. It is important
to notice that the Born rule does not follow from any other principle of quantun
mechanics. Itis a fundamental postulate or axiom, the same addduheis equa-
tion. The weights can be used to assign probabilities to histories using the obvio
analog of (9.7), with the normalizatidd equal to 1 because of (9.23):

Pr(¢%) = Pr(Y®) = W(Y¥) = [(¢¥| T (ta, to) [0} 12, (9.24)

where P(¢¥), which could also be written as @« | ), is the probability of
the evenipk at timet;. The square brackets arousl have been omitted where
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these dyads appear as arguments of probabilities, since this makes the notation
awkward, and there is no risk of confusion. Given an observable of the form

V=VT=3"ugpf] =) wdeh) (@], (9.25)
k k

one can compute its average, see (5.42), at thettimsing the probability distri-
bution Pr(¢):

(V) =" wPr@f) = (ol T (to. t)V T(ta, to) [1ho). (9.26)
k

The validity of the right side becomes obvious whéis replaced by the right side
of (9.25).

Let us analyze two simple but instructive examples. Consider a spin-half partic
in zero magnetidield, so that the spin dynamics is trividk = 0 andT (t/,t) = I.
Let the initial state be

W) = |Z°). (9.27)
For thefirst example use
#1) =1z%),  165) =12) (9.28)
as the orthonormal basisfat Then (9.24) results in
Pr(¢}) =Prz") =1, Pr(¢) =Prz)=0. (9.29)

We have here an example of a unitary family of histories dsdd in Sec. 8.7.
Since the keT (11, tp) | o) is equal to one of the basis vectordatit is necessarily
orthogonal to the other basis vector. Thus the unitary histgn} O [¢1] has

probability 1, whereas the other historyd © [¢2] which begins with {/] has

probability 0. It follows from (9.29) that

(S) =1/2, (9.30)

whereS, = %([Z"’] — [z*]) is the operator for the-component of spin angular
momentum in units o — see (5.30).

The second example uses the same initial state (9.27), buaatorthonormal
basis

l61) = IxT),  192) = |x7), (9.31)

where bars have been added to distinguish these kets from those in (9.28).
straightforward calculation yields

Pr(x™) =1/2=Prx"). (9.32)
Stated in words, ifS, = +1/2 at ¢, the probability is 12 thatS, = +1/2 att,,
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and 1/2 thatS, = —1/2. Consequently, the average of theomponent of angular
momentum is

(S =0. (9.33)

The second example may seem counterintuitive for the following reason. Tt
unitary quantum dynamics is trivial: nothing at all is happening to this spin-hal
particle. It is not in a magnetiiteld, and therefore there is no reason why the spin
should precess. Nonetheless, it might seem as if the spin orientation has mana
to “jump’ from being along the positive axis at timety to an orientation either
along or opposite to the positiveaxis att;. However, the idea that something is
“jumping’ comes from a misleading mental picture of a spin-half particle. To bette
understand the situation, imagine a classical object spinning in free space and
subject to any torques, so that its angular momentum is conserved. Suppose
know thez-component of its angular momentunmgtand for some reason want to
discuss thx-component at a later time. The fact that two different components
of angular momentum are considered at the two different times does not me
there has been a change in the angular momentum of the object begnaash
t;. This analogy, like all classical analogies, is far from perfect, but in the presel
context it is less misleading than thinking 8f = +1/2 for a spin-half particle
as corresponding to a classical object with its total angular momentum zhe
direction. Applying this analogy to the quantum case, we see that the probabiliti
in (9.32) are not unreasonable, given that we have adopted a sample space in wi
values ofS, occur att, rather than values @&,, as in thefirst example.

The odd thing about quantum theory is the fact that one cannot combine the cc
clusions in (9.29) and (9.32) to form a single description of the time developmel
of the particle, whereas it would be perfectly reasonable to do so for a classic
spinning object. Itis incorrect to conclude from (9.29) and (9.32) thigtedither it
is the case thas, = +1/2 AND S, = +1/2, or else it is the case th& = +1/2
AND S, = —1/2. Both of the statements connected by AND are quantum non
sense, as they do not correspond to anything in the quantum Hilbert space; :
Sec. 4.6. For the same reason the two averages (9.30) and (9.33) cannot be tho
of as applying simultaneously to the same system, since the obser&ldes
S« do not commute with each other, and hence correspond to incompatible sam
spaces. Itis always possible to apply the Born rule in a large number of differe
ways by using different orthonormal baseg;atut these different results cannot
be combined in a single sensible quantum description of the system. Attempting
do so violates the single-framework rule (to be discussed in Sec. 16.1) and lead:
confusion.

The Born rule is often discussed in the contexingfasurementss a formula to
compute the probabilities of various outcomes of a measurement carried out by
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apparatus4 on a systensS. Hence it is worth emphasizing that the probabilities
in (9.24) refer to arisolated systemS which is not interacting with a separate

measurement device. Indeed, our discussion of the Born rule has made no refere
whatsoever to measurements of any sort. Measurements will be taken up in Chs.
and 18, where the usual formulas for the probabilities of different measureme
outcomes will be derived by applying general quantum principles to the combine
apparatus and measured system thought of as constituting a single, isolated sys

9.4 Wave function as a pre-probability

The basic formula (9.24) which expresses the Born rule can be rewritten in variol
ways. One rather common form is the following. Let

[¥r1) = T (11, to) [¥o) (9.34)

be the wave function obtained by integrating Sxlingers equation frong to t;.
Then (9.24) can be written in the compact form

Pr(¢t) = 1(#51v1)12 (9.35)

Note thativ) or [y1], regarded as a quantum property at timyés incompatible
with the collection of propertieg[gb'l‘]} if at least two of the probabilities in (9.35)
are nonzero, that is, if one is not dealing with a unitary family. Thus in the secon
spin-half example considered aboVeg;) = |z") is incompatible with bothx™)
and|x™). Therefore, in the context of the family based on (9.20) and (9.21) it doe
not make sense to suppose that;athe system possesses thigysical property
|¥1). Instead,|yr1) must be thought of as mathematicalkconstruct suitable for
calculating certain probabilities. We shall refer|tl) understood in this way as
a pre-probability, since it is (obviously) not a probability, nor a property of the
physical system, but instead something which is used to calculate probabilities.
addition to wave functions obtained by unitary time development, density matrice
are often employed in quantum theory as pre-probabilities; see Ch. 15. The pl
probability |yr1) is very convenient for calculations because it does not depen
upon which orthonormal bas{$¢'1‘)} is employed at;. The theoretical physicist
may want to compute probabilities for various different bases, that is, for variot
different families of histories, and;) is a convenient tool for doing this. There is
no harm in carrying out such calculations as long as one does not try to combi
the results for incompatible bases into a single description of the quantum syste

Another way to see that/;) on the right side of (9.35) is a calculational device
and not a physical property is to note that these probabilities can be comput
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equally well by an alternative procedure. For elclet

168) = T (to, tr) [9k) (9.36)

be the ket obtained by integrating Sotingets equation backwards in time from
thefinal statd¢X). It is then obvious, see (9.24), that

Pr(¢¥) = [(¢&]Wo) |2 (9.37)

There is no reason in principle to prefer (9.35) to (9.37) as a method of calculatir
these probabilities, and in fact there are a lot of other methods of obtaining tf
same answer. For example, one can integrage forwards in time and eac||d>'1‘)
backwards in time until they meet at some intermediate time, and then evaluate 1
absolute square of the inner product. To be sure, the mistest procedure for
calculating P(¢>‘1< | ¥o) for all values ofk is likely to be (9.35): one only has to do
one time integration, and then evaluate a number of inner products. But the f
that other procedures are equally valid, and can give very diffém@nture$ of
what is going on at intermediate times if one takes them literally, is a warning th:
one has no more jusittation for identifying|v1), as déined in (9.34), asthe real
state of the systefrat timet; than one has for identifying one or more of ﬂidxg),
as ddined in (9.36), with‘the real state of the systémat timet,. Instead, both
|[v1) and the|d>'3) are functioning as pre-probabilities.

It is evident from (9.26) and (9.34) that the average of an obserXalzletime
t; can be written in the compact and convenient form

(V) = (YnlV ), (9.38)

where|yr1) is again functioning as a pre-probability. A similar expression holds
for any other observabl@/, and there is no harm in simultaneously calculating
averages fofV), (W) provided one keeps in mind the fact that whérand W

do not commute with each other, one cannot regdfd and (W) as belonging

to a single (stochastic) description of a quantum system, for the two averages
necessarily based on incompatible sample spaces that cannot be combined. Se
comments towards the end of Sec. 9.3 in connection with the example of a spin-h
particle. Any time the symbdV) is used with reference to the physical properties
of a quantum system there is an implicit reference to a sample space, and ignor
this fact can lead to serious misunderstanding.

It is important to remember when applying the Born formula that a family of
histories involving two timesells us nothing at all about what happens at inter-
mediate timesSuch times can, of course, be introduced formally by extending th
history, in the manner indicated in Sec. 8.4,

Y= [y 0ol =Wl ©1 O 1 O---1 O[¢}], (9.39)



9.5 Application: Alpha decay 131

for as many intermediate times as one wants. But éaahthe intermediate time
tells us nothing at all about what actually happens at this time. Imagine being ot
doors on a dark night during a thunder storm. Each time the lightitéistpes you
can see the world around you. Betwdtashes, you cannot tell what is going on.
To be sure, if we are curious about what is going on at intermediate times in a que
tum history of the form (9.39), we caefinethe history in the manner indicated in
Sec. 8.6, by writing the projector as a sum of history projectors which include nor
trivial information about the intermediate times, and then compute probabilities fc
these different possibilities. That, howeveannotbe done by means of the Born
formula (9.22), and requires an extension of this formula which will be introduce
in the next chapter.

A similar restriction applies to a wave function understood as a pre-probability
Even if

1Y) = T(t, to)[vo) (9.40)

is known for all values of the timg it can only be used to compute probabilities
of histories involving just two timedy andt. These probabilities are the quan-
tum analogs of the single-time probabilitiegr) for a classical Brownian particle
which started off at a dmite location at the initial tim&,. As discussed in Sec. 9.2,
pt(r) does not contain probabilistic information about correlations between particl
positions at intermediate times, and in the same way correlations between quant
properties at different times cannot be computed figm). Instead, one must use
the procedures discussed in the next chapter.

9.5 Application: Alpha decay

A toy model of alpha decay was introduced in Sec. 7.4, see Fig. 7.2, as an exam
of unitary time evolution. In this section we shall apply the Born formula in ordelr
to calculate some of the associated probabilities, but before doing so it will b
convenient to add a toy detector of the sort shown in Fig. 7.1, in order to detect ti
alpha patrticle after it leaves the nucleus, see Fig. 9.1 \ddte the Hilbert space

of the particle, andV that of the detector. For the combined syst&h® N we
define the time development operator to be

T=SR, (9.41)

where$§, is defined in (7.56) anRin (7.53). Note the similarity with (7.52), which

means that the discussion of the operation of the detector found in Sec. 7.4, «

Fig. 7.1, applies to the arrangement in Fig. 9.1, with a few obvious modifications
Assume that at = 0 the alpha particle is @ = O inside the nucleus, which has
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n=1
1 E n=0
B o0—0—>0—>0—
2 3 4
o 0 8
4 l«e—Q<«<—Q<«— Q<
-1 -2 -3 -4
Fig. 9.1. Toy model of alpha decay (Fig. 7.2) plus a detector.

not yet decayed, and the detector is in its ready state0, so the wave function
for the total system is

|Wo) = m=0)® [n=0) =0,0). (9.42)

Unitary time evolution using (9.41) results in

W) = TWo) = [x1) ® 10) + o) ® |1), (9.43)
where
Ix1) = «|0) + BI1), |w1) =0,
x2) = &?|0) + B|1) + B12), |wz) =0, (9.44)
x3) = &®|0) + &?BI1) + aBl2), |ws) = BI3),
and fort > 4

x0) = a'10) + &' BIL) + &' 2612),
o) = ' 3BI3) + o' *B14) + - BIt).
Let us apply the Born rule witty = 0,t; =t for some integet > 0, using| o)
as the initial state at timig, and at time; the orthonormal basigm, n)}, in which

the alpha particle has a fileite positionm and the detector either has or has not
detected the particle. The joint probability distributiommofindn at timet,

p:(m, n) := Pr([m, n];), (9.46)

(9.45)

is easily computed by regardinds;) in (9.43) as a pre-probabilityp, (m, n) is the

absolute square of the cdieient of|m) in | x) if n =0, or injw) if N = 1. These
probabilities vanish except for the cases

p(0,0) =€, (9.47)

pe(m, 0) = ke~ "™/ form =1, 2 andm < t, (9.48)

p(m, 1) = ke @™/ T for3<m<t. (9.49)
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The positive constanisandr are defined by
e =1, k=B =1-laf (9.50)

The probabilities in (9.47)—9.50) make good physical sense. The probabilit
(9.47) that the alpha patrticle is still in the nucleus decreases exponentially wi
time, in agreement with the well-known exponential decay law for radioactive nu
clei. That p;(m, n) vanishes form larger thant reflects the fact that the alpha
particle was (by assumption) inside the nucleus-at0 and, since it hops at most
one step during any time interval, cannot arriveregarlier thart = m. Finally, if
the alpha particle is an = 0, 1 or 2, the detector is still in its ready state= 0,
whereas fom = 3 or larger the detector will be in the state= 1, indicating
that it has detected the particle. This is just what one would expect for a detect
designed to detect the particle as it hops from= 2 to m= 3 (see the discussion
in Sec. 7.4).

It is worth emphasizing once again thgtm, n) is the quantum analog of the
single-time probability (s) for the random walk discussed in Sec. 9.2. The reasor
is that the histories to which the Born rule applies involve only two timiesndt,
in the notation of Sec. 9.3, and thus no information is available as to what happe
between these times. Consequently, jusb&s) does not tell us all there is to be
said about the stochastic behavior of a random walker, there is also more to t
story of (toy) alpha decay and its detection than is containgsl(im, n). However,
providing a more detailed description of what is going on requires the addition:
mathematical tools introduced in the next chapter, and we shall return to the prc
lem of alpha decay using more sophisticated methods (and a better detector)
Sec. 12.4.

It is not necessary to employ the ba§is, n)} in order to apply the Born rule;
one could use any other orthonormal basis\éf® N, and there are many possi-
bilities. However, the physical properties which can be described by the resultir
probabilities depend upon which basis is used, and not every choice of basis at ti
t (an example will be considered in the next section) allows one to say wheth
n = 0 or 1, that is, whether the detector has detected the particle. It is custome
to use the ternpointer basigor an orthonormal basis, or more generally a decom-
position of the identity such as employed in the generalized Born rdieatkin
Sec. 10.3, that allows one to discuss the outcomes of a measurement in a sens
way. (The term arises from a mental picture of a measuring device equipped wi
a visible pointer whose position indicates the outcome after the measurement
over.) Thus{|m, n)} is a pointer basis, but so is any basis of the fdi&i, n)},
where{|§j)}, j = 1,2,..., is some orthonormal basis g8ff. While quantum
calculations which are to be compared with experiments usually employ a point
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basis for calculating probabilities, for obvious reasons, there is no fundament
principle of quantum theory which restricts the Born rule to bases of this type.

9.6 Schiddinger's cat

What is the physical sigficance of the statal;) which evolves unitarily fronmiyg)

in the toy model discussed in the preceding section? This idiaudifquestion to
answer, because far> 3 |¥,) is of the form|A) + |B), (9.43), wherd A) =

|xt) ® |0) has the sigricance that the alpha patrticle is inside or very close to the
nucleus and the detector is ready, whel&s= |w;) ® |1) means that the detector
has triggered and the nucleus has decayed. What can be tHecsigee of a linear
combination| A) + |B) of states with quite distinct physical meanings? Could it
signify that the detector both has and has not detected the particle?

The difficulty of interpreting such wave functions is often referred to as the prob
lem or paradox o5chibdingers cat In a famous paper Sabdinger pointed out
that in the case of alpha decay, unitary time evolution applied to the system consi
ing of a decaying nucleus plus a detector will quite generally lead to a superpositit
state|S) = |A) + |B), where the (macroscopic) detector either has, $&feor
has not, stat¢A), detected the alpha particle. To dramatize the conceptual dif
culty Schidinger imagined the detector hooked up to a device which would Kill ¢
live cat upon detection of an alpha particle, thus raising the problem of interpretir
|A) + |B) when|A) corresponds to an undecayed nucleus, untriggered detectc
and live cat, andB) to a nucleus which has decayed, a triggered detector, and
dead cat. We shall calA) + |B) a macroscopic quantum superpositionMQS
state whenA) and|B) correspond to situations which are macroscopically distinct,
and use the same terminology for a superposition of three or more macroscopice
distinct states. In the literature MQS states are often c&didinger cat states

Rather than addressing the general problem of MQS states, let us return to -
toy model with its toy example of such a state and, to be §ijgecionsiderW¥s)
att = 5 under the assumption thatand 8 have been chosen so thak| xs) and
(ws|ws) are of the same order of magnitude, which will prevent us from escapin
the problem of interpretation by supposing that eith®&r or |B) is very small
and can be ignored. It is easy to show that][ = |¥s)(Ws| does not commute
with either of the projectorsn = 0] or [n = 1]. Nor does it commute with a
projector fi], where|A) is some linear combination ¢f = 0) and|n = 1). This
means that it makes no sense to say that the combined system has the prop
[Ws], whatever its physical sigficance might be, while at the very same time the
detector has or has not detected the particle (or has some other physical propel
See the discussion in Sec. 4.6. Saying that the system is in the $tjtarid
then ascribing a property to the detector is no more meaningful than assigni
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simultaneous values 18, andS, for a spin-half particle. The converse is also true:
if it makes sense (using an appropriate quantum description) to say that the detec
is either ready or triggered &= 5, then one cannot say that the combined systen
has the property [, because that would be nonsense.

Note that these considerations cause no problem for the analysis in Sec. ¢
because in applying the Born rule to the bgsis, n)}, |¥;) is employed as a pre-
probability, Sec. 9.4, a convenient mathematical tool for calculating probabilitie
which could also be computed by other methods. When it is used in this way the
is obviously no need to ascribe some physical significand&@p, nor is there
any motivation for doing so, sincelg] must in any case be excluded from any
meaningful quantum description based ugpn, n)}.

Very similar considerations apply to the situation considered by d&ichger,
although analyzing it carefully requires a model of macroscopic measurement, s
Secs. 17.3 and 17.4. The question of whether the cat is dead or alive can be
dressed by using the Born rule with an appropriate pointer basis {a&deat the
end of Sec. 9.5), and one never has to give a physical interpretation tadBaers
MQS statg S), since it only enters the calculations as a pre-probability. In any case
treating [S] as a physical property is meaningless when one uses a pointer bas
To be sure, this does not prevent one from asking wheteby itself has some
intuitive physical meaning. What the preceding discussion shows is that whatev
that meaning may be, it cannot possibly have anything to do with whether the c
is dead or alive, as these properties will be incompatible wi#h [ndeed, it is
probably the case that the very concept 6€at” (small furry animal, etc.) cannot
be meaningfully formulated in a way which is compatible wig.

Quite apart from MQS states, it is in general a mistake to associate a physic
meaning with a linear combinatid@) = |A)+|B) by referring to the properties of
the separate stat¢8) and|B). For example, the stat&™) for a spin-half particle
is a linear combination ofz") and|z™), but its physical sigficance ofS, = 1/2
is unrelated tdS, = £1/2. For another example, see the discussion of (2.27) ir
Sec. 2.5. In addition, there is the problem that for a gi@h= |A) + |B), the
choice of|A) and |B) is far from unique. Think of an ordinary vector in three
dimensions: there are lots of ways of writing it as the sum of two other vector:
even if one requires that these be mutually perpendicular, corresponding to the n
unreasonable orthogonality conditioA|B) = 0. Butif |C) is equal tg A') + | B)
as well as tgA) + |B), why base a physical interpretation upjoh) rather than
|A')? See the discussion of (2.28) in Sec. 2.5.

Returning once again to the toy model, it is worth emphasizing thatis a per-
fectly good element of the Hilbert space, and enters fundamental quantum thec
on precisely the same footing as all other states, despite digudlij in assigning
it a simple intuitive meaning. In particular, we can choose an orthonormal basis
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t; = 5 which containgW¥s) as one of its members, and apply the Born rule. The
result is that a weight of 1 is assigned to the unitary histdry] [© [¥s], and a
weight of 0 to all other histories in the family with initial stat&d]. This means
that the stateys] will certainly occur (probability 1) at = 5 given the initial state
[Wo] att = 0.

But if [Ws] occurs with certainty, how is it possible for there to be a differ-
ent quantum description in whicim [= 0] occurs with &finite probability, when
we know the two propertieslfs] and [n = 0] cannot consistently enter the same
guantum description at the same time? The brief answer is that quantum prol
bilities only have meaning within spd families, and those from incompatible
families — the term will be déned in Sec. 10.4, but we have here a particular
instance— cannot be combined. Going beyond the brief answer to a more detaile
discussion requires the material in the next chapter and its application to some
ditional examples. The general principle which emerges is calleslitigge-family
or single-frameworkule, and is discussed in Sec. 16.1.
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Consistent histories

10.1 Chain operators and weights

The previous chapter showed how the Born rule can be used to assign probabilit
to a sample space of histories based upon an initial gigjeatty, and an orthonor-
mal basig|¢{)} of the Hilbert space at a later tintg In this chapter we show how
an extension of the Born rule can be used to assign probabilities to much mc
general families of histories, including historiedided at an arbitrary number of
different times and using decompositions of the identity which are not limited tt
pure states, provided certain consistency conditions are satisfied.

We begin by rewriting the Born weight (9.22) for the history

Y* = [¥o] ©[01] (10.1)
in the following way:
W(Y®) = [(¢5|T (t. to) o) |* = (ol T (to. ta)5) (¢ | T (tr. to) [0
= Tr([l//o] T(to, t) [¢7] T (t, to)) = Tr<KT(Y°‘)K(Y“)), (10.2)
where thechain operator KY) and its adjoint are given by the expressions
K(Fo® Fy) = FiT(ty, to)Fo, KT(Fo® Fy) = FoT(to, t1) F1 (10.3)

in the case of a history = Fy® F; involving just two times; recall thak (to, t1) =
T1(ty, to). The steps from the left side to the right side of (10.2) are straightforwar
but not trivial, and the reader may wish to work through them. Recall that)if
is any normalized ket, [¥*= |¢)(¥| is the projector onto the one-dimensional
subspace containing’), and(ys| Ajy) is equal to Tr(|y (¥ |A) = Tr([¥]A).

For a general history of the form

Y=FOFOFO:-F (10.4)

137
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with events at timef < t; < t, < - - - t5 the chain operator is fi@ed as
K(Y) = FeT(te, tr_)FeaT(tra, tr2)--- T(tg, to) Fo, (10.5)
and its adjoint is given by the expression
K'(Y) = FoT (to, t) F1 T (ta, t2) - -- T (tg-1, t1) Fr. (10.6)

Notice that the adjoint is formed by replacing eagln (10.4) separating; from
Fj+1 by T(tj, tj+1). In bothK andKT, each argument of any givéhis adjacent
to a projector representing an event at this particular time. One could just as w
define K (Y) using (10.6) and its adjoir T(Y) using (10.5). The dnition used
here is slightly more convenient for some purposes, but either convention yiel
exactly the same expressions for weights and consistency conditions, so there is
compelling reason to employ one rather than the other. Noteytliman operator
on the history Hilbert spack, andK (Y) an operator on the original Hilbert space
‘H. Operators of these two types should not be confused with one another.

The déinition of K (Y) in (10.5) makes good sense when Hén (10.4) are any
operators on the Hilbert space, not just projectors. In addifonan be extended
by linearity to sums of tensor product operators of the type (10.4):

KY' +Y' +Y" 4+ ) =KY)+ KXY+ KY") +---. (20.7)

In this way,K becomes a linear map of operators on the history spateopera-
tors on the Hilbert spack of a system at a single time, and it is sometimes useful
to employ this extended €aition.

The sequence of operators which make ug'tiieiri on the right side of (10.6)
is in the same order as the sequence of titges t; < ---t;. This is important;
one doesot get the same answer (in general) if the order is different. Thus fo
f =2, withty < t; < t,, the operator dined by (10.6) is different from

LT(Y) = FoT (to, t2) F2T (2, t1) F1, (10.8)

and it isK (Y) not L(Y) which yields physically sensible results.
When all the projectors in a history are onto pure states, the chain operator |
a particularly simple form when written in terms of dyads. For example, if

Y = [Yo) (Yol O |¢1)(¢1] O |w2)(wal, (10.9)
then the chain operator
K(Y) = (2| T (t2, t) 1) - (1| T (1, to)[0) - |w2) (Yol (10.10)

is a product of complex numbers, often calteghsition amplitudeswith a dyad
|w2) (o] formed in an obvious way from tHiérst and last projectors in the history.
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Given any projectoly on the history spacé?, we assign to it a nonnegative
weight

W(Y) = TIIKT(Y)K (Y)] = (K(Y), K(Y)), (10.11)

where the angular brackets on the right side denotegarator inner product
whose general definition is

(A, B) := Tr[ATB], (10.12)

with A and B any two operators oft. In an irfinite-dimensional space the for-
mula (10.12) does not always make sense, since the trace of an operator is
defined if one cannot write it as a convergent sum. Technical issues can be avoic
by restricting oneself to finite-dimensional Hilbert space, where the trace is al-
ways déined, or to operators on infinite-dimensional spaces for which (10.12) doe
makes sense.

Operators on a Hilbert spadé form a linear vector space under addition and
multiplication by (complex) scalars. # is n-dimensional, its operators form an
n’-dimensional Hilbert space if one uses (10.12) tbreethe inner product. This
inner product has all the usual properties: it is antilinear in its left argument, lines
in its right argument, and satisfies:

(A,B)* = (B, A), (A, A) >0, (10.13)

with (A, A) = O only if A = 0; see (3.92). Consequently, the weidN{(Y)
defined by (10.11) is a nonnegative real number, and it is zero if and only if th
chain operatoK (Y) is zero. If one writes the operators as matrices using som
fixed orthonormal basis df/, one can think of them as?-component vectors,
where each matrix element is one of the components of the vector. Addition «
operators and multiplying an operator by a scalar then follow the same rules as
vectors, and the same is true of inner products. In partic(#arA) is the sum of
the absolute squares of thé matrix elements ofA.

If (A, B) = 0, we shall say that the operatdkandB are (mutually)rthogonal.
Just as in the case of vectors in the Hilbert spageB) = 0 implies(B, A) = 0,
so orthogonality is a symmetrical relationship betwéeandB. Earlier we intro-
duced a different definition of operator orthogonality by saying that two projector
P andQ are orthogonal if and only iP Q = 0. Fortunately, the new definition of
orthogonality is an extension of the earlier onePiindQ are projectors, they are
also positive operators, and the argument following (3.93) in Sec. 3.9 shows th
Tr[PQ] =0ifand only if PQ = 0.

Itis possible to have a history with a nonvanishing projettéor whichK (Y) =
0. These histories (and only these histories) have zero weight. We shall say tl
they aredynamically impossible. They never occur, because they have probabili
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zero. For examplez['] ® [z7] for a spin-half particle is dynamically impossible
in the case of trivial dynamicg, (t’,t) = I.

10.2 Consistency conditions and consistent families

Classical weights of the sort used to assign probabilities in stochastic proces:
such as a random walk, see Sec. 9.1, have the property that thegditigefunc-
tions on the sample space:BEfandF are two disjoint collections of histories from
the sample space, then, as in (9.11),

W(E U F) = W(E) + W(F). (10.14)

If guantum weights are to function the same way as classical weights, they too mi
satisfy (10.14), or its quantum analog. Suppose that our sample space of historie
a decompositiofY*} of the history identity. Any projectoY in the corresponding
Boolean algebra can be written as

Y =) 7y, (10.15)

where eachr® is 0 or 1. Additivity of W then corresponds to
W(Y) = Z TYW(Y?). (10.16)
However, the weights dimed using (10.11) do not, in general, satisfy (10.16).
Since the chain operator is a linear map, (10.15) implies that
K(Y) = Zn"‘ K (Y9). (10.17)
If we insert this in (10.11), and use the (anti)linearity of the operator inner produ

(note that ther® are real), the result is

W(Y) =D rmP(K(Y*), K(YF)), (10.18)
« B

whereas the right side of (10.16) is given by
D AWY=D) m (K(Y*), K(Y9). (10.19)

In general, (10.18) and (10.19) will be different. However, in the case in which
(K(Y*), K(YP)) =0 fora +# B, (10.20)

only the diagonal terma = g remain in the sum (10.18), so it is the same as
(10.19), and the additivity condition (10.16) will be séigsl. Thus a sticient
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condition for the quantum weights to be additive is that the chain operators ass
ciated with the different histories in the sample spaceriogually orthogonain
terms of the inner product fleed in (10.12). The approach we shall adopt is to
limit ourselves to sample spaces of quantum histories for which the equalities
(10.20), known agonsistency conditions, are fulfilled. Such sample spaces, ¢
the corresponding Boolean algebras, will be referred tocmsistent familiesf
histories, oframeworks.

The consistency conditions in (10.20) are also cdllggkcoherence conditions”,
and the termsdecoherent family™ consistent set”, arfdlecoherent setire some-
times used to denote a consistent family or framework. The adjécomsistent”,
as we have defined it, applies to families of histories, and not to individual his
tories. However, a single history can be said to be inconsistent if there is no
consistent family which contains it as one of the members of its Boolean algebr
For an example, see Sec. 11.8.

A consequence of the consistency conditions is the following. Y_eind Y
be any two history projectors belonging to the Boolean algebra generated by t
decompositior{Y*}. Then

YY = 0 implies(K (Y), K(Y)) = 0. (10.21)

To see that this is true, writé andY in the form (10.15), using coéfientsz* for
Y. Then

YY =) mtmey, (10.22)
soYY = 0 implies that
747 =0 (20.23)
for everya. Next use the expansion (10.17) for battiY) andK (Y), so that
(K(Y), K(Y)) = Zn%‘rﬂm (Y), K(YP)). (10.24)
ap

The consistency conditions (10.20) eliminate the terms with g from the sum,
and (10.23) eliminates those with= g, so one arrives at (10.21). On the other
hand, (10.21) implies (10.20) as a special case, since two different projectors
the decompositiofY*} are necessarily orthogonal to each other. Consequently
(10.20) and (10.21) are equivalent, and either one can serve dmdiole of a
consistent family.

While (10.20) is sufcient to ensure the additivity diV, (10.16), it is by no
means necessary. It §igkes to have

Re[(K (Y*), K(Y#))] = 0 for a # B, (10.25)
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where Re denotes the real part. We shall refer to theSeveak consistency con-
ditions’. Even weaker conditions may work in certain cases. The subject has n
been exhaustively studied. However, the conditions in (10.20) are easier to apj
in actual calculations than are any of the weaker conditions, and seem adequ
to cover all situations of physical interest which have been studied up till now
Consequently, we shall refer to them from now orith& consistency conditiohs
while leaving open the possibility that further study may indicate the need to use
weaker condition that enlarges the class of consistent families.

What about sample spaces for which the consistency condition (10 rai@X)sat-
isfied? What shall be our attitude towaidsonsistenfamilies of histories? Within
the consistent history approach to quantum theory such famili¢sreganingless
in the sense that there is no way to assign them probabilities within the context
a stochastic time development governed by the laws of quantum dynamics. This
not thefirst time we have encountered something whichnigeaninglesswithin
a quantum formalism. In the usual Hilbert space formulation of quantum theor:
it makes sense to describe a spin-half particle as having its angular moment
along the+z axis, or along therx axis, but trying to combine these two descrip-
tions using‘and’ leads to something which lacks any meaning, because it does n
correspond to any subspace in the quantum Hilbert space. See the discussio
Sec. 4.6. Consistency, on the other hand, is a more stringent condition, becaus
family of histories corresponding to an acceptable Boolean algebra of projectc
on the history Hilbert space may still fail to satisfy the consistency conditions.

Consistency is always something whictrétative to dynamical lawsAs will
be seen in an example in Sec. 10.3, changing the dynamics can render a consis
family inconsistent, or vice versa. Note that the conditions in (10.20) refer to a
isolatedquantum system. If a system is not isolated and is interacting with its er
vironment, one must apply the consistency conditions to the system together w
its environment, regarding the combination as an isolated system. A consiste
family of histories for a system isolated from its environment may turn out to b
inconsistent if interactions with the environment arerned ori. Conversely, in-
teractions with the environment can sometimes ensure the consistency of a farn
of histories which would be inconsistent were the system isolated. Environme
tal effects go under the general headingletoherence(The term does not refer
to the same thing asdecohereritin “decoherent historiésthough the two are
related, and this sometimes causes confusion.) Decoherence is anfiatdivef
research, and while there has been considerable progress, there is much that is
not well understood. A brief introduction to the subject will be found in Ch. 26.

Must the orthogonality conditions in (10.20) be stéd exactly, or should one
allow small deviations from consistency? Inasmuch as the consistency conditio
form part of the axiomatic structure of quantum theory, in the same sense as t
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Born rule discussed in the previous chapter, it is natural to require that they |
satisfied exactly. On the other hand,fast pointed out by Dowker and Kent, it
is plausible that when the off-diagonal terd6(Y*), K (Y#)) in (10.24) are small
compared with the diagonal terrfis (Y¢), K (Y%)), one carfind a“ nearby"family

of histories in which the consistency conditions are fiatisexactly. A nearby
family is one in which the original projectors used tdide the events (properties
at a particular time) making up the histories in the family are replaced by projecto
onto nearby subspaces of the same dimension. For example, consider a proje
[¢#] onto the subspace spanned by a normalizedgetThe subspacey|] spanned

by a second normalized kgt) can be said to be near to][provided|(x |¢)|? is
close to 1; that is, if the angkedefined by

sif(e) =1—|(xl¢)1* = 3 Tr[(x] — [¢D?] (10.26)

is small. Notice that this measure is left unchanged by unitary time evolutipn): if

is near tg¢) thenT (t', t)|x) is near toT (t', t)|¢). For example, if¢) corresponds

to S = +1/2 for a spin-half particle, then a nearly) would correspond to
S, = +1/2 for a directionw close to the positive axis. Or if ¢ (X) is a wave
packet in one dimensiory,(x) might be the wave packet with its tails cut off, and
then normalized. Of course, the histories in the nearby family are not the san
as those in the original family. Nonetheless, since the subspaces wiiich the
events are close to the original subspaces, their physical interpretation will be ratt
similar. In that case one would not commit a serious error by ignoring a small lac
of consistency in the original family.

10.3 Examples of consistent and inconsistent families
As afirst example, consider the family of two-time histories

Y=o olpsl. Z=(1-[¥) Ol (10.27)
used in Sec. 9.3 when discussing the Born rule. The chain operators
K(Y$) = [#11T (ta, to) [yl = (@5IT (ta, to) [ ¥0) - 165) (Yol (10.28)

are mutually orthogonal because

(KY9), K(YD) o Tr (1) (g 161) (Yol ) = (Yolwro) (b1leba) (10.29)
is zero fork # |. To complete the argument, note that

(K(Y9), K(2)) = Tr ([o] T (to, t)[41]1T (ta. to) (I — [¥o)) (10.30)

is zero, because one can cyclg]from the beginning to the end of the trace, and
its product with(I — [y]) vanishes. Consequently, all the histories discussed ir
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Ch. 9 are consistent, which julsés our having omitted any discussion of consis-
tency when introducing the Born rule.

The same argument works if we consider a more general situation in which tl
initial state is a projectow, onto a subspace which could have a dimension greate
than 1, and instead of an orthonormal basis we consider a general decomposit
of the identity in projectors

ED N (10.31)
k

at timet;. The family of two-time histories
Y<=wooPK Z=01-¥pol (10.32)
is again consistent, since flar |
(K(Y®), KOYD) o Tr (WoT (to, t1) P*P' T (ty, to)Wo) = 0 (10.33)

becauseP*P' = 0, while (K (Y*), Z) = 0 follows, as in (10.30), from cycling
operators inside the trace. (This argument is a special case of the general resu
Sec. 11.3 that any family based on just two times is automatically consistent.) T|
probability of YX is given by

Pr(Y®) = Tr (P*T (to, to) WoT (to, 1)) / Tr (Wo) , (10.34)

which we shall refer to as thgeneralized Born rule The factor of ¥ Tr(W¥y) is
needed to normalize the probability whéf projects onto a space of dimension
greater than 1.

Another situation in which the consistency conditions are automatically satis
fied is that of a unitary family as leed in Sec. 8.7. For a given initial state such a
family contains one unitary history, (8.41), obtained by unitary time developmer
of this initial state, and various nonunitary histories, such as (8.42). It is straigh
forward to show that the chain operator for any nonunitary history in such a famil
is zero, and that the chain operators for unitary histories with different initial state
(belonging to the same decomposition of the identity) are orthogonal to one a
other. Thus the consistency conditions are §eatis If the initial condition assigns
probability 1 to a particular initial state, the corresponding unitary history occur
with probability 1, and zero probability is assigned to every other history in the
family.

To find an example of an inconsistent family, one must look at historiseate
at three or more times. Here is a fairly simple example for a spin-half particle. Tt
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five history projectors

Yo=[z]o | o I,
Yt =[zlo[x"]olz'],
Y2=[z"]o[xT]0[z7], (10.35)
Yi=[z]ox o[z,
Yt=[z"]ox]olz]
defined at the three timés < t; < t, form a decomposition of the history identity,
and thus a sample space of histories. However, for trivial dynarfics, I, the

family is inconsistent. To show this it dides to compute the chain operators using
(10.10). In particular,

K YY) = [(ZFxH)? - 12z,

K (Y3 = [(z"|x7)? - |Z")(z"| (10.36)

are not orthogonal, sindéz™|x*)|? and|(zt|x~)|? are both equal to 1/2; indeed,
(K(YYH, K(Y®) =1/4. (10.37)

Similarly, K(Y?) and K (Y#) are not orthogonal, wherea§(Y?) is orthogonal
to K(Y?), andK (Y?3) to K(Y%). In addition, K (Y?) is orthogonal to the chain
operators of the other histories. Since consistency requires that all pairs of ch:
operators for distinct histories in the sample space be orthogonal, this is not
consistent family.

On the other hand, the sarfiee histories in (10.35) can form a consistent family
if one uses a suitable dynamics. Suppose that there is a mafiaktialong they
axis, and the time intervats — t; andt, — t; are chosen in such a way that

Tt to) =T, t1) =R, (10.38)
whereR is the unitary operator such that
Riz") = |xT), R|z7)=|x"),
1z") =1 _) | _) IX™) (10.39)
Rix*) =1z7), RIx7) = —|z"),

where the second line is a consequence offittse when one uses the definitions
in (4.14). With this dynamicsY? is a unitary history whose chain operator is
orthogonal to that o¥°, because of the orthogonal initial states, while the chain
operators foiv!, Y3, andY# vanish. Thus the consistency conditions are Batis
That the family (10.35) is consistent for one choice of dynamics and inconsiste
for another serves to emphasize the important fact, noted earlier, that consistel
depends upon the dynamical law of time evolution. This is not surprising give
that the probabilities assigned to histories depend upon the dynamical law.
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A number of additional examples of consistent and inconsistent histories wi
be discussed in Chs. 12 and 13. However, checking consistency by the proc
of finding chain operators for every history in a sample space is rather tedious a
inefficient. Some general principles and various tricks explained in the next chapt
make this process a lot easier. However, the reader may prefer to move on to
examples, and only refer back to Ch. 11 as needed.

10.4 Rdinement and compatibility

The rdinement of a sample space of histories was discussed in Sec. 8.6. In essel
the idea is the same as for any other quantum sample space: some or perhaps ¢
the projectors in a decomposition of the identity are replaced by two or firae
projectors whose sum is the coarser projector. It is important to note that even if t
coarser family one starts with is consistent, fimer family need not be consistent.

Suppose thag = {Z*} is a consistent sample space of historjgss (Y%} is a
refinement ofZ, and that

Zt =Y 4+ VY2 (10.40)
Then, by linearity,
K(ZY) = K(YY) + K(Y?). (10.41)

When a vector is written as a sum of two other vectors, the latter need not |
perpendicular to each other, and, by analogy, there is no reason to suppose that
terms on the right side of (10.3) are mutually orthogoril(Y?1), K (Y?)) = 0, as

is necessary i} is to be a consistent family. Another way in whighmay fail to

be consistent is the following. Singgis a rdinement ofZ, any projector in the
sample spacg, for exampleZ?, belongs to the Boolean algebra generatedby
Because they represent mutually exclusive eveftg! = 0, and becaus¥! and

Y2 in (10.40) are projectors, this means that

2%yl =0=Zz3%2 (10.42)
In addition, the consistency & implies that
(K(Z%), K(ZY) = (K(Z%), K(YD) + (K(Z®), K(Y?)) = 0. (10.43)

However, this does not mean that eitf&(Z2), K (Y1) or (K(Z?%), K(Y?)) is
zero, whereas (10.21) implies, given (10.42), that both must vanish in ord@r for
to be consistent.

An example which illustrates these principles is the fanjilywhose sample
space is (10.35), regarded as fimement of the coarser familg whose sample
space consists of the three projectgfs Y* + Y2, andY2 + Y#. As the histories in
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Z depend (effectively) on only two timefg,andt;, the consistency of this family is
a consequence of the general argument fofitseexample in Sec. 10.3. However,
the family ) is inconsistent fofl (t',t) = I.

In light of these considerations, we shall say that two or more consistent familie
are compatibleif and only if they have a common refinement which is itself a
consistenfamily. In order for two consistent familieg and Z to be compatible,
two conditions, taken together, are necessary arficarit. First, the projectors
for the two sample spaces, or decompositions of the history idef¥#} and
{Z#} must commute with each other:

Yez# = ZAY* for all «, B. (10.44)

Second, the chain operators associated with distinct projectors of theyfozt
must be mutually orthogonal:

(K(Y*ZP), K(YéZP)) = Oifa # & or B + f. (10.45)

Note that (10.45) is automatically sdtesd whenY®Z# = 0, so one only needs
to check this condition for nonzero products. Similar considerations apply in a
obvious way to three or more families. Consistent families that are not compatib
are said to be (mutuallyhcompatible.
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Checking consistency

11.1 Introduction

The conditions which dane a consistent family of histories were stated in Ch. 10.
The sample space must consist of a collection of mutually orthogonal projecto
that add up to the history identity, and the chain operators for different members
the sample space must be mutually orthogonal, (10.20). Checking these conditic
is in principle straightforward. In practice it can be rather tedious. Thus if there ai
n histories in the sample space, checking orthogonality involves computihgin
operators and then takimgn — 1)/2 operator inner products to check that they are
mutually orthogonal. There are a number of simple observations, some definitiol
and severdltricks” which can simplify the task of constructing a sample space of ¢
consistent family, or checking that a given sample space is consistent. These fc
the subject matter of the present chapter. It is probably not worthwhile trying t
read through this chapter as a unit. The readerfivid it easier to learn the tricks
by working through examples in Ch. 12 and later chapters, and referring back
this chapter as needed.

The discussion is limited to families in which all the histories in the sample spac
are of the product form, that is, represented by a projector on the history spa
which is a tensor product of quantum properties at different times, as in (8.7). A
in the remainder of this book, tatrong”consistency conditions (10.20) are used
rather than the weaker (10.25).

11.2 Support of a consistent family

A sample space of histories and the corresponding Boolean algebra it genere
will be called completeif the sum of the projectors for the different histories in
the sample space is the identity operdtamn the history Hilbert space, (8.23). As
noted at the end of Sec. 10.1, it is possible for the chain opekat®h to be zero
even if the history projectoY is not zero. The weightV(Y) = (K (Y), K(Y)) of

148
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such a history is obviously 0, so the history is dynamically impossible. Conversel
if W(Y) = 0, thenK (Y) = 0; see the discussion in connection with (10.13). The
supportof a consistent family of histories is defined to be the set of all the historie
in the sample space whose weight is strictly positive, that is, whose chain operat
do not vanish. In other words, the support is what remains in the sample space
the histories of zero weight are removed. In general the support of a family is n
complete, as that term wasfded above, but one can say that idignamically
complete.

When checking consistency, only histories lying in the support need be consi
ered, because a chain operator which is zero is (trivially) orthogonal to all othe
chain operators. Using this fact can simplify the task of checking consistency |
certain cases, such as the families considered in Ch. 12. Zero-weight histories
nonetheless of some importance, for they help to determine which histories, i
cluding histories ofinite weight, are included in the Boolean event algebra. Set
the comments in Sec. 11.5.

11.3 Initial and final projectors

Checking consistency is often simplified by paying attention to the initiafiziadl
projectors of the histories in the sample space. Thus suppose that two histories

Y=FOFRO--Ff,

are defined for the same set of timgs< t; < ---t¢. If either FoFy = 0 or
Ft:F; = 0, then one can easily show, by writing out the corresponding trace ar
cycling operators around the trace, thigt'Y), K(Y’)) = 0. Consequently, one can
sometimes tell by inspection that two chain operators will be orthogonal, withot
actually computing what they are.

If the sample space consists of histories with just two tiftges t;, then the
family is automatically consistent. The reason is that the product of the histol
projectors for two different histories in the sample space is 0 (as the sample spse
consists of mutually exclusive possibilities). But in order that

(Fo® F1) - (Fo© Fp) = FoFy © F1Fg (11.2)

be 0, it is necessary that eithEgF) or F1F; vanish. As we have just seen, either
possibility implies that the chain operators for the two histories are orthogonal. A
this holds for any pair of histories in the sample space, the consistency conditio
are satisfied.

For families of histories involving three or more times, looking at the initial
andfinal projectors does not settle the problem of consistency, but it does mal

(11.1)
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checking consistency somewhat simpler. Suppose, for example, we are considel
a family of histories based uponfixed initial statel, (see Sec. 11.5), with two
possible projectors at thfanal time based upon the decomposition

ti: | =P+ P. (11.3)

Then the sample space will consist of various histories, some of whose projecitc
will have P at thefinal time, and som®. The chain operator of a projector with
afinal P will be orthogonal to one with &inal P. Thus we only need to check
whether the chain operators for the histories ending iare mutually orthogonal
among themselves, and, similarly, the mutual orthogonality of the chain operatc
for histories ending irP. If the decomposition of the identity at tlimal timet;
involves more than two projectors, one need only check the orthogonality of cha
operators for histories which end in the same projector, as it is automatic whent
final projectors are different.

Yet another way of reducing the work involved in checking consistency can als
be illustrated using (11.3). Suppose thatsat; there is a decomposition of the
identity of the form

tia: =) Qm (11.4)

and suppose that we have already checked that the chain operators for the diffel
historiesending in Pare all mutually orthogonal. In that case we can be sure tha
the chain operators for two histories with projectors

Y=Uy0---QnOP,

. (11.5)
Y =¥O- - Quo P

ending inP will also be orthogonal to each other, provided = m. The reason
is that by cycling operators around the trace in a suitable fashion one obtains
expression for the inner product of the chain operators in the form

(KO, KOYD) =T (- QuT (tr-1, t) P Tt tr-2) Qu)
=Tr (- QnQu ) = T (- QuT -1, t)PT(tr, tr-)Qu ) . (11.6)

where- - - refers to the same product of operators in each case. The second line
the equation is obtained from tfiest by replacing® by (I — P), using the linearity

of the trace, and noting that(t¢_1, t¢) T (t, tf_1) is the identity operator, see
(7.40). The trace of the product which contal@s Q. vanishes, because’ # m
means thaQ, Qy = 0. Thefinal trace vanishes because it is the inner product o
the chain operators for the histories obtained fiérmandY’ in (11.5) by replacing

P at thefinal position withP; by assumption, the orthogonality of these has alread)
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been checked. Thus the right side of (11.6) vanishes, so the chain operatérs fo
andY’ are orthogonal.

If the decomposition of the identity &t is inton > 2 projectors, the trick just
discussed can still be used; however, it is necessary to check the mutual orth
onality of the chain operators for histories corresponding to each-efl final
projectors before one can obtain a certain number of results for those ending in 1
nth projector“for free”. If, rather than &ixed initial stately, one is interested in
a decomposition of the identity & involving several projectors, there is an anal-
ogous trick in which the projectors &t play the role of theQy, in the preceding
discussion.

11.4 Heisenberg representation

It is sometimes convenient to use tHeisenberg representatidor the projectors
and the chain operators, in place of the ordinanySchibdinger representation
which we have been using up to now. Suppésés a projector representing an
event thought of as happening at tilmeWe ddine the correspondinigeisenberg
projector Ifj using the formula

Fi=T, t)FTE,t), (11.7)

where thereference time,tis arbitrary, but must be kefiitxed while analyzing a
given family of histories. In particulat, cannot depend upop. One can, for
example, us¢ = tp, but there are other possibilities as well. Given a history

Y=FhOF 0O F¢ (11.8)
of events at the timeg < t; < ---t¢, theHeisenberg chain operatas defined
by:

K(Y)=FiFi_1---Fo= T, t)KY)T(to, &), (11.9)
where the second equality is easily verified using the definitidd @f) in (10.5)
along with (11.7). Note thak (Y), like K(Y), is a linear function of its argument.

Now letY’ be a history similar to/, except that eack; in (11.8) is replaced by
an event; (which may or may not be the samefgg. Then itis easy to show that

(K(Y), K(Y)) = (R(Y'), K(Y)) = Tr (F};ﬁi..- BB Py ﬁo>. (11.10)

(Note that the inner product of the Heisenberg chain operators does not depe
upon the choice of the reference tig@ Thus one obtains quite simple expres-

sions for weights of histories and inner products of chain operators by using tf
Heisenberg representation. While this is not necessarily an advantage when do
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an explicit calculation— time dependence has disappeared from (11.9), but on
still has to use it to calculate ttg in terms of theF;, (11.7)— it does make some
of the formulas simpler, and therefore more transparent. One disadvantage of us
Heisenberg projectors is that, unlike ordinary (Sxtinger) projectors, they do not
have a direct physical interpretation: what they signify in physical terms depenc
both on the form of the operator and on the dynamics of the quantum system.

11.5 Fixed initial state

A family of histories for the timeg < t; < ---t; based on an initial stat&, was
introduced in Sec. 8.5, see (8.30). Let us write the elements of the sample spac
the form

Y? = W0 X, (11.11)

where for eachx, X* is a projector on the spadé of histories at time$; < t, <
- < t¢, with identity |, and

Soxe=T, (11.12)

so that

Y Y =wol. (11.13)

The indexa may have many components, as in the case of the product of samg
spaces considered in Sec. 8.5. Since¥Helo not add up td, we complete the
sample space by adding another history

Z=(1 -y ol, (11.14)

asin (8.31).

The chain operatdf (Z) is automatically orthogonal to the chain operators of all
of the histories of the form (11.11) because the initial projectors are orthogonal, s
Sec. 11.3. Consequently, the necessary arfitgiit condition that the consistency
conditions are satiied for this sample space is that

(K (WO X%), K(¥o 0 XP)) =0 fora # B. (11.15)

As one normally assign#, probability 1 and¥, probability 0, the historyZ can
be ignored, and we shall henceforth assume that our sample space consists of
histories of the form (11.11).

One consequence of (11.12) and the fact that the chain op&t&Yoris a linear
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function ofY, (10.7), is that

D K" =KW 0 ) = T(ts. to) Wo. (11.16)

Of course, this is still true if we omit all the zero terms from the sum on the lef
side, that is to say, if we sum only over histories in the supfoot the sample
space (as defined in Sec. 11.2):

D K(Y) =KW I) = T(ts, to) Wo. (11.17)
a€eS
One can sometimes make use of the result (11.17) in the following way. Suppo

that we have found a certain collecti@wof histories of the form (11.11), repre-
sented by mutually orthogonal history projectors (thatd¢ X? = 0 if « # B)
with nonzero weights. Suppose that, in addition, (11.17) is satisfied, bXttfer
o € Sdo not add up td, (11.12). Can we be sure @ifiding a set of zero-weight
histories of the form (11.11) so that we can complete our sample space in the se
that (11.13) is satfeed? Generally there are several ways of completing a sampl
space with histories of zero weight. One way is to define

X'=T=3"X Y=woX. (11.18)
a€eS
Then, since
Y+) Y =Wol, (11.19)
a€S

it follows from the linearity ofK , see (11.17), that
K’ =0. (11.20)

Consequentlyy” as defined in (11.18) is a zero-weight history of the correct type
showing that there is at least one solution to our problem.

However,Y’ might not be the sort of solution we are looking for. The point is
that while zero-weight histories never occur, and thus in some sense they can
ignored, nonetheless they help to determine what constitutes the Boolean alge
of histories, since this depends upon the sample space. Sometimes one want
discuss a particular item in the Boolean algebra which occursfinitie probabil-
ity, but whose very presence in the algebra depends upon the existence of cer
zero-weight histories in the sample space. In such a case one might need to us
collection of zero-weight history projectors adding uprtaather thary’ by itself.

The argument which begins at (11.16) looks a bit simpler if one uses the Heise
berg representation for the projectors and the chain operators. In particular, sinc

K(Woo 1) = Uy, (11.21)
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we can write (11.17) as

Z K (YY) = U, (11.22)

a€eS

and sinceK (Y) is, like K (Y), a linear function of its argument, the argument
leading toK(Y’) = 0, obviously equivalent t& (Y’) = 0, is somewhat more
transparent.

11.6 Initial pure state. Chain kets
If the initial projector of Sec. 11.5 projects onto a pure state,

Vo = [Yo] = |¥o) (ol (11.23)

where we will assume thédto) is normalized, there is an alternative route for cal-
culating weights and checking consistency which involves usivain ketsather
than chain operators. Since it is usually easier to manipulate kets than it is to ca
out the corresponding tasks on operators, using chain kets has advantages in te
of both speed and simplicity. Suppose thatin (11.11) has the form given in
(8.30),

Y =[yo] OPrO P20 P{', (11.24)

with projectors aty, tp, etc. drawn from decompositions of the identity of the type
(8.25). Then it is easy to see that the corresponding chain operator is of the forn

K(Y*) = |a) (Yol (11.25)
where thechain keta) is given by the expression
o) = Py T (te, tr_g) -+ P32T (2, to) Py T (fa, to) [ o). (11.26)

That is, start withjvy), integrate Schirdingefs equation frontg to t;, and apply
the projectorP; to the result in order to obtain

¢1) = P (t1, to) [Yo). (11.27)

Next use|¢;) as the starting state, integrate Siingets equation fromnt; to t;,
and applyP,2. Continuing in this way will eventually yiel¢kx), where the symbol
o stands forlaq, as, ... o).
The inner product of two chain operators of the form (11.22) is the same as tl
inner product of the corresponding chain kets:

(K(Y*), K(Y#)) = Tr (KT(Y) K (Y#))
= Tr(1¥o) (@|B) (ol) = («|B). (11.28)
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Consequently, the consistency condition becomes
(a|B) = 0 fora # B, (11.29)
while the weight of a history is
W(Y%) = (a|a). (11.30)

In the special case in which one of the projectors at timgrojects onto a pure
state|a ¢ ), the chain ket will be a complex constant, which could be 0, tifes.
If two or more histories in the sample space have the damaé projector onto a
pure statda ¢ ), then consistency requires that at most one of these chain kets ¢
be nonzero.

The analog of the argument in Sec. 11.5 following (11.17) leads to the followin:
conclusion. Suppose one has a collect®f nonzero chain kets of the form
(11.26) with the property that

D e = T(tr. to) o). (11.31)

a€eS
That is, they add up to the state produced by the unitary time evolutidigpf
from ty to t;. Suppose also that for the collecti@the consistency conditions
(11.29) are satisfied. Then one knows that the collection of histpffes o € S}
is the support of a consistent family: there is at least one way (and usually the
are many different ways) to add histories of zero weight to the sugpiororder
to have a sample space satisfying (11.13), wWith= [v¢]. Nonetheless, for the
reasons discussed towards the end of Sec. 11.5, it is sometimes a good idea
ahead and construct the zero-weight histories explicitly, in order to have a Boole:
algebra of history projectors with certain sgecproperties, rather than relying on
a general existence proof.

11.7 Unitary extensions

For the following discussion it is convenient to use the Heisenberg represent
tion introduced in Sec. 11.4, even though the concept of unitary extensions wor
equally well for the ordinary (Scbdinger) representation. Unitary histories were
introduced in Sec. 8.7 and fileed by (8.38). An equivalent faition is that the
corresponding Heisenberg operators be identical,

Fo=Fi=--Fi, (11.32)

where we have useg as the initial time rather than as in Sec. 8.7. It is obvi-
ous from (11.9) that the Heisenberg chain oper#idior a unitary history is the
projectorFo.
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Next suppose that in place of (11.32) we have
Fo=Fi= - Fn1% Fn=Fmny1=--Fs, (11.33)

wherem is some integer in the intervald m < f. We shall call this &one-jump
history’, because the Heisenberg projectors are not all equal; there is a change
“jump’ betweert,,_; andty,. In a one-jump history there are precisely two types of
Heisenberg projectors, with all the projectors of one type occurring at times whic
are earlier than théirst occurrence of a projector of the other type. The chain
operator for a history with one jump K = F;Fo. (If, as is usually the casé
andF; do not commuteK is not a projector.) Similarly, a history with two jumps
is characterized by

Fom o Py # Fnm o By o By = o By, (11.34)

with m andm’ two integers in the range & m < m’ < f, and its chain operator
is K = F; FmFo. (It could be the case th&; = Fo.) Histories with three or more
jumps are dftned in a similar way.

A unitary extension of a unitary histoL1.32) is obtained by adding some ad-

ditional times, which may be earlier thiyor betweerig andt¢ or later thari¢; the
only restriction is that the new times do not appear in the originalgjst, . . . t;
At each new time the projector for the event is chosen so that the correspondi
Heisenberg projector is identical to those in the original history, (11.32). Hence,
unitary extension of a unitary history is itself a unitary history, and its Heisenber
chain operator i$, the same as for the original history.

A unitary extension of a history with one junigobtained by including addi-
tional times, and requiring that the corresponding Heisenberg projectors are st
that the new history has one jump. This means that if a newtipeecedes,_1
in (11.33), the corresponding Heisenberg projeétowill be Fo, whereas if it fol-
lowst,,, F’ will be Fn,. If additional times are introduced betwetgn; andty, then
the Helsenberg projectors correspondlng to these times must@&jl beall Fr, or
if some areF, and some aré&,, then all the times associated with the former must
precede the earliest time associated with the latter. The Heisenberg chain oper:
of the extension is the same as for the original histBry.

Unitary extensions of histories with two or more jumps follow the same patterr
One or more additional times are introduced, and the corresponding Heisenb:
projectors must be such that the number of jumps in the new history is the sar
as in the original history. As a consequence, the Heisenberg chain operator is |
unchanged. By using a limiting process it is possible to produce a unitary extensi
of a history in which events are fired on a continuous time interval. However, it
is not clear that there is any advantage to doing so.
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The fact that the Heisenberg chain operator is not altered in forming a unital
extension means that the weight of an extended history is the same as that of
the original history. Likewise, if the chain operators for a collection of histories
are mutually orthogonal, the same is true for the chain operators of the unita
extensions. These results can be used to extend a consistent family of historie:
include additional times without having to recheck the consistency conditions ¢
recalculate the weights.

There is a slight complication in that while the histories obtained by unitary
extension of the histories in the original sample space form the support of the ne
sample space, one needs additional zero-weight histories so that the projectors
add up to the history identity (or the projector for an initial state). The argumer
which follows shows that such zero-weight histories will always exist. Imagine
that some history is being extended in steps, adding one more time at each st
Suppose that’ has just been added to the set of times, \fiththe corresponding
Heisenberg projector. We now define a zero-weight history which has the sar
set of times as the newly extended history, and the same projectors at these tin
except that at’ the projector’ is replaced with its complement

F'=1—F. (11.35)

What is K” for the history containing="? Since the unitary extension had the
same number of jumps as the original histd¥y, must occur next to ak’ in the
product which define&”, and this means tha” = 0, sinceF'F” = 0. Thus
we have produced a zero-weight history whose history projector when added
that of the newly extended history yields the projector for the history before th
extension, sinc&’ + F” = |. Consequently, by carrying out unitary extensions
in successive steps, at each step we generate zero-weight histories of the f
needed to producefeal sample space in which all the history projectors add ug
to the desired answer. While the procedure just described can always be appl
to generate a sample space, there will usually be other ways to add zero-wei
histories, and since the choice of zero-weight histories can determine what eve
occur in thefinal Boolean algebra, as noted towards the end of Sec. 11.5, one m
prefer to use some alternative to the procedure just described.

11.8 Intrinsically inconsistent histories

A single history is said to bantrinsically inconsistent, or simplinconsistent, if
there is no consistent family which contains it as one of the elements of the Boole
algebra. The smallest Boolean algebra of histories which contains a history pr
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jectorY consists of 0Y, Y = | — Y, and the history identity. SinceYY = 0,
(K(Y), K(V)) #0, (11.36)

see (10.21), is a necessary andisignt condition thal' be intrinsically inconsis-
tent.

If one restricts attention to histories which are product projectors, (8.6), no hit
tory involving just two times can be intrinsically inconsistent, so the simplest pos
sibility is a three-time history of the form

Y=A0BOC. (11.37)
GivenY, ddine the three histories

Y =A0BOC,

Y'=A0 1 oC, (11.38)

Y'=AO Il O,

where, as usuaP stands fol — P. Then it is evident that

Y+Y +Y'+Y"=10l0ol =1, (11.39)
so that
Y=Y +Y'+Y", (11.40)
and thus
K(Y) = K(Y) + KY") + KY"). (11.41)

By considering initial andinal projectors, Sec. 11.3, it is at once evident that
K (Y”) andK (Y”) are orthogonal t& (Y). Consequently,

(K(Y), K(Y)) = (K(Y), K(Y)), (11.42)

so thatY is an inconsistent history if the right side of this equation is nonzero.

As an example, consider the histories in (10.35), an¥ let Y. ThenY’ = Y3,
and (10.37), which was used to show that (10.35) is an inconsistent family, al:
shows thaty? is intrinsically inconsistent. The same is trueYst Y2, andY*. The
same basic strategy can be applied in certain cases which &rstatight more
complicated; e.g., the histories in (13.19).
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Examples of consistent families

12.1 Toy beam splitter

Beam splitters are employed in optics, in devices such as the Michelson and Mac
Zehnder interferometers, to split an incoming beam of light into two separat
beams propagating perpendicularly to each other. The analogous situation ir
neutron interferometer is achieved using a single crystal of silicon as a beam sp
ter. The toy beam splitter in Fig. 12.1 can be thought of as a model of either &
optical or a neutron beam splitter. It has two entrance channels (or patgjb,
and two exit channels andd. The sites are labeled by a pairz, wherem is an
integer, and is one of the four lettera, b, ¢, ord, indicating the channel in which
the site is located.

The unitary time development operatoiTis= S,, where the action of the oper-
ator § is given by

SIm2 = [(m+ 1)z), (12.1)

with the exceptions:
Sl0a) = (+]1¢) + |1d))/+/2,
$I0b) = (—|1c) + |1d))/v/2.

The physical significance of the stat@a), |1c), etc., is not altered if they are
multiplied by arbitrary phase factors, see Sec. 2.2, and this means that (12.2) is
the only possible way of representing the action of the beam splitter. One cou
equally well replace the states on the right side with

(ill0) +11d))/v2, (110 +il1ld))/v/2, (12.3)

(12.2)

or make other choices for the phases. There are two other exceptions to (12.1) t
are needed to supply the model with periodic boundary conditions which conne
thec channel back into tha channel and thd channel back into thie channel (or

159
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Fig. 12.1. Toy beam splitter.

c into b andd into a if one prefers). It is not necessary to write down a formula,
since we shall only be interested in short time intervals during which the particl
will not pass across the periodic boundaries and come back to the beam split!
That S is unitary follows from the fact that it maps an orthonormal basis of the
Hilbert space, namely the collection of all kets of the fornz), onto another
orthonormal basis of the same space; see Sec. 7.2.

Suppose that d@t= 0 the particle starts off in the state

[¥0) = |0a), (12.4)

that is, it is in thea channel and about to enter the beam splitter. Unitary time
development up to a time> 0 results in

lYn) = Slvo) = (Itc) + [td))/v/2 = |ta), (12.5)
where
Ima) := (Img + |md))/~/2, |mb) := (=Img + |md))/v/2 (12.6)

are the states resulting from unitary time evolution when the particle starts off i
|Oa) or |Ob), respectively.
Let us consider histories involving just two times, with an initial statg) =
|0a) att = 0, and a basis at some tirhe- 0 consisting of the statdém2}, z = a,
b, ¢, ord, corresponding to a decomposition of the identity

I = [m3. (12.7)

m,z
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By treating|y) as a pre-probability, see Sec. 9.4, dimels that
Pr(fmdy) = (1/2)&m = Pr([md), (12.8)

while all other probabilities vanish; that is, at timthe particle will be either in the

c output channel at the site, or in thed channel atd. Here [m¢ is a projector
onto the ray which containsnc), and the subscript indicates the time at which the
event occurs.

If, on the other hand, one employs a unitary history, Sec. 8.7, in which at tim
t the patrticle is in the statga), one cannot say that it is in either theor thed
channel. The situation is analogous to the case of a spin-half particle with an initi
state|z") and trivial dynamics, discussed in Sec. 9.3. In a unitary history witr
S, = +1/2 at a later time it is not meaningful to ascribe a valu§towhereas by
using a sample space in whi& at the later time makes sense, one concludes tha
Sc=+1/2 orS = —1/2, each with probability 1/2.

The toy beam splitter is a bit more complicated than a spin-half particle, becau
when we say thdtthe particle is in th& channel”, we are not committed to saying
that it is at aparticular sitein the c channel. Instead, being in tleechannel or
being in thed channel is represented by means of projectors

C=> Img(md=>Y[md. D=> [md] (12.9)

Neither of these projectors commutes with a projecitos][corresponding to the
state|ma) defined in (12.6), so if we use a unitary history, we cannot say that th
particle is in channet or channel. Note that whenever it sensible to speak of

a particle being in channelor channel, it cannot possibly be in both channels,
since

CD =0; (12.10)

that is, these properties are mutually exclusive. A quantum particle can lack
definite location, as in the stafma), but, as already pointed out in Sec. 4.5, it
cannot be in two places at the same time.

The fact that the particle is at the sttewith probability 1/2 and at the sitéd
with probability 1/2 at a timet > 0, (12.8), might suggest that with probability
1/2 the particle is moving out thechannel through a succession of sites Zc,
3c, and so forth, and with probability/2 out thed channel through 1d2d, etc.
But this isnotsomething one can infer by considering historiefro at only two
times, for it would be equally consistent to suppose that the particle hops from :
to 3d during the time step fromh = 2 to t = 3, and from 2dto 3cif it happens
to be in thed channel at = 2. In order to rule out unphysical possibilities of this
sort we need to consider histories involving more than just two times.
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Consider a family of histories based upon the initial statg fihd at each time
t > 0 the decomposition of the identity (12.7), so that the particle hadinitge
location. The histories are then of the form, for a set of times0, 1, 2, ... f,

Y=[0ao[mjdo[mZ]o---[m'Z], (12.11)

with a chain operator of the ford (Y) = |¢)(0a|, Sec. 11.6, where the chain ket
is

|p) = |mM'Z") .- - (MZ|S|Mm2 (M7 S|0a). (12.12)

From (12.2) it is obvious that the terfmZ S,|0a) is O unlessn = 1 andz = ¢
or d, and givenm = 1, it follows from (12.1) thatm'zZ|S,|m2 vanishes unless
m = 2 andZ = z. By continuing this argument one sees that, and therefore
K (Y), will vanish for all but two histories, which in the cage= 4 are

Y¢ =[0a] © [1c] © [2¢] © [3c] © [4c],

; (12.13)
Y9 = [0a] @ [1d] © [2d] © [3d] © [4d].

The fact that thdinal projectors [4] and [4d] in (12.13) are orthogonal to each
other means that the chain operat&réY®) and K (Y%) are orthogonal, in accor-
dance with a general principle noted in Sec. 11.3. Since the chain operators of
the other histories are zero, it follows thétandY? form the support, as di@ed in
Sec. 11.2, of a consistent family. It is straightforward to show, either by means
chain kets as discussed in Sec. 11.6 or by a direct ugé®h = (K (Y), K(Y)),
that

W(Y®) = 1/2 = W(YY), (12.14)

and hence, assuming an initial state odi][@vith probability 1, the two histories
Y¢ andY? each have probability /R, while all other histories in this family have
probability O.

The fact that the only histories wifimite probability arev® andY? means that
if the particle arrives at the sitecatt = 1, it continues to move out along tloe
channel, and does not hop to thehannel, and if the particle is atiht timet = 1,
it moves out along thd channel. Thus by using multiple-time histories one can
eliminate the possibility that the particle hops back and forth between channels
andd, something which cannot be excluded by considering only two-time historie:
as noted earlier. A formal argument doming what is rather obvious from looking
at (12.13) can be constructed by calculating the probability

Pr(D¢ | [1c]1) = Pr(D; A [1c]1)/ Pr([1c]1) (12.15)

that the particle will be in thd channel at some time> 0, given that it was at the
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site [1d att = 1. HereD; is a projector on the history space for the particle to be
in channed at timet. For example, fot = 2,

D=10loDolol, (12.16)
and thus
DoA[lchhi=10[lclo Dol Ol. (12.17)

This projector gives 0 when applied to eithétror Y, the only two histories with
positive probability, and therefore the numerator on the right side of (12.15) is (
Thus if the particle is atdatt = 1, it will not be in thed channel at = 2. The
same argument works equally well for other values, @nd analogous results are
obtained if the particle is initially in thd channel. Thus one has

Pr(D: | [1c]1) = 0 = Pr(C; | [1d]y),
PrC; | [1c]1) = 1= Pr(D¢ | [1d]1)

for anyt > 1, whereC; is defined in the same manner@s with C in place ofD.
(Since we are considering a family which is based on the initial statg {6e
preceding discussion runs into the technicdidifity thatC; andD; do not belong
to the corresponding Boolean algebra of histories when the latter is constructed
the manner indicated in Sec. 8.5. One can get around this problem by replaci
C: and D, with the operator€; A [a0]p andD; A [a0]g, and remembering that the
probabilities in (12.15) and (12.18) always contain the initial sta® 4tt = 0 as
an (implicit) condition. Also see the remarks in Sec. 14.4.)
Another family of consistent histories can be constructed in the following way
Atthe timest = 1, 2 use, in place of (12.7), a three-projector decompaosition of the
identity

(12.18)

| =[ta] + [th] + X, (12.19)
where the statei$a), |tb) are defined in (12.6), and
J =1 —[ta] —[th] = | —[tc] — [td] (12.20)

is a projector for the particle to be someplace other than the twotsiastd. At
later timest > 3 use the decomposition (12.7). It is easy to show that in the cas
f = 4 the two histories

Y¢ = [0a] © [1a] ® [28] © [3c] © [4c],
Y? = [0a] ©[1a] © [2a] © [3d] © [4d],
each with weight 12, form the support of the sample space of a consistent family

all other histories have zero weight.
The historiesY® and Y¢ in (12.21) have the physical siditance that at =

(12.21)
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1 andt = 2 the patrticle is in a coherent superposition of states in both outpt
channels. Aftet = 2 a“split” occurs, and at later times the two histories are no
longer identical: one represents the particle as traveling out thennel, and the
other the particle traveling out trlechannel. What causes this split? To think of
a physical cause for it is to look at the problem in the wrong way. Recall the ca:
of a spin-half particle with trivial dynamics, discussed in Sec. 9.3, Bjth= 1/2
initially and thenS, = £1/2 at a later time. There is no physical transformation of
the particle, since the dynamics is trivial. Instead, different aspects of the particle
spin angular momentum are being described at two successive times. In the se
way, the histories in (12.21) allow us to describe a property at times1 and

t = 2, corresponding to the linear superpositjord), which cannot be described

if we use the histories in (12.13). Conversely, using (12.21) makes it impossib
to discuss whether the patrticle is in ther in thed channel whert = 1 or 2,
because these properties are incompatible with the projectors employé&cim

Y4, There is a similar split in the case of the histor€sandY?: they start with
the same initial state f], and the split occurs whenchanges from 0 to 1. In this
situation one may be tempted to suppose that the beam splitter causes the split,
that surely cannot be the case, for the very same beam splitter does not cause a
in the case ok ¢ andYq.

We have one family of histories based upghand Y, and a distinct family
based upoiY®¢ andYY. The two families are incompatible, as they have no commor
refinement. Which one provides tlwerrect description of the physical system?
Consider two histories of Great Britain: one a political history which discusses th
monarchs, the other an intellectual history focusing upon developments in Britis
science. Which is theorrect history of Great Britain? That is not the proper
way to compare them. Instead, there are certain questions which can be answe
by one history rather than the other. For certain purposes one history is mc
useful, for other purposes the other is to be preferred. In the same way, both 1
Y¢, Y9 family and theY¢, Y9 family provide correct (stochastic) descriptions of
the physical system, descriptions which are useful for answering different sor
of questions. There are, to be sure, certain questions which can be answered u:
either family, such asWill the particle be in the or thed channel at = 4 if it was
at  att = 37" For such questions, both families give precisely the same answe
in agreement with a general principle of consistency discussed in Sec. 16.3.

Next consider a family in which the histories start off IIK& andY9 in (12.21),
but later on revert back to the coherent superposition states corresponding
(12.19); for example

Y’ =[0a] ©[1a] © [2a] O [3c] © [44],

_ _ _ (12.22)
Y” =[0a] © [1a] © [23] © [3d] O [43],
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plus other histories needed to make up a sample space. This family is not con:s
tent. The reason is that the chain kgt§ and|y”) corresponding t& (Y’) and

K (Y”) are nonzero multiples gfla), so(y'|y”) # 0, and henc& (Y’) andK (Y”)

are not orthogonal to each other, see (11.28). There is a certain analogy betw:
(12.22) and the inconsistent family for a spin-half particle involving three time:
discussed in Sec. 10.3. The precise time at which the split and the rejoining occ
is not important; for example, the chain operators associated with the histories

X' =[0a] © [1c] © [2c] © [3c] © [4a],
X" = [0a] © [1d] © [2d] © [3d] © [44]

are also not mutually orthogonal, so the corresponding family is inconsistent. |i
consistency does not require a perfect rejoining; even a partial one can cat
trouble! But why might someone want to consider families of histories of the forn
(12.22) or (12.23)? We will see in Ch. 13 that in the case of a simple interferomet
the analogous histories look ratheatural”, and it will be of some importance that
they are not part of a consistent family.

(12.23)

12.2 Beam splitter with detector

Let us now add a detector of the sort described in Sec. 7.4 to ¢put channel
of the beam splitter, Fig. 12.2. The detector has two sta@és: ready”, and1€)
“triggered”, which span a Hilbert spa€eThe Hilbert space of the total quantum
system is

H=MeC, (12.24)

whereM is the Hilbert space of the particle passing through the beam splitter, ar
the collection{|mz n¢€)} for different values ofn, z, andn is an orthonormal basis
of H.

The unitary time development operator takes the form

T =SR., (12.25)

where$§ is the unitary transformation fleed in (12.1) and (12.2), extended in the
usual way to the operatd, ® | on M ® C, andR; (the subscript indicates that
this detector is attached to tbeehannel) is defined in analogy with (7.53) as

R:/mz n€) = |mz n¢), (12.26)
with the exception that
R:]2¢, n€) = |2¢, (1 — n)E). (12.27)

That is,R. is the identity operator unless the particle is at the sitérPwhich case
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Fig. 12.2. Toy beam splitter with detector.

the detectoflips from € to 1€, or 1€ to OE. As noted in Sec. 7.4, such a detector

does not perturb the motion of the particle, in the sense that the particle moves fre

1cto 2cto 3c, etc. at successive time steps whether or not the detector is presen
We shall assume an initial state

|Wo) = |0a, O€) (12.28)

att = 0: the particle is at & and is about to enter the beam splitter, and the
detector is ready. Unitary time development of this initial state leads to

(jtc) + |td)) ® [06)/v/2  fort =1, 2,

W) = TYH W) =
¥ = T'1%a) (itc, 16) + |td, 08))/+/2 fort > 3.

(12.29)

If one regardgV¥;) for t > 3 as representing a physical state or physical propert
of the combined particle and detector, then the detector is not iriimitdestate.
Instead one has a toy counterpart ghacroscopic quantum superpositiiQS)
or Schiddingers catstate. See the discussion in Sec. 9.6. It is impossible to sa
whether or not the detector has detected something at times if one uses a
unitary family based upon the initial stat&p).

A useful family of histories for studying the process of detection is based on tr
initial state| W) and a decomposition of the identity in pure states

| =) [mznd], (12.30)

m,z,n

in which the particle has a @aite location and the detector is in one of its pointer
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states at every time> 0. The histories

Z° =[0a, 0¢] ® [1c, 0€] ® [2c, O€] ® [3c, 1€] © [4c, L&) O - - -,

continuing for as long a sequence of times as one wants to consider, are the
vious counterparts of¢ andY® in (12.13). Because thinal projectors are or-
thogonal K (Z¢) andK (Z%) are orthogonal, and it is not hard to show t@&tand
Z9 constitute the support of a consistent famfiybased on the initial stata).
The physical interpretation of these histories is straightforward “lthe particle
moves out the channel and triggers the detector, changidd1¢ as it moves
from 2cto 3c. In Z9 the particle moves out thechannel, and the detector remains
in its untriggered or ready staté.0

We can use the property that the detector has (or has not) detected the part
at some timd’ > 3 to determine which channel the patrticle is in, by computing a
conditional probability. Thus onends— see the discussion following (12.1.5}
that

(12.31)

PrC; [[1€]v) =1, Pr(D¢|[1€]y) =0,

: ) (12.32)
Pr(Ct | [OC]t/) =0, PI’(DI | [OC]t/) =1,

fort’ > 3andt > 1. Thatis, if at some tim¥& > 3, the detector has detected the
particle, then at time, the particle is (or was) in the and not in thed channel,
while if the detector has not detected the particle, the particle is (or was) th the
and not in thec channel.

Note that the conditional probabilities in (12.32) are valid not simplyt for 3;
they also hold fot = 1 and 2. That is, if the detector is triggered at tithe- 3,
then the particle was in the channel at = 1 and 2, and if the detector is not
triggered att’ = 3, then at these earlier times the particle was indtehannel.
These results are perfectly reasonable from a physical point of view. How cou
the particle have triggered the detector unless it was already moving out along t
¢ channel? And if it did not trigger the detector, where could it have been except |
thed channel? As long as the particle does not hop from one channel to the otf
in some magical way, the results in (12.32) are just what one would expect.

Another family in which the detector is always in one of its pointer states is th
counterpart of (12.21), modified by the addition of a detector:

Z¢ = [0a, 0¢] ®[1a, 0¢] ® [24, 0¢] ® [3c, 1€] © [4c, 161 O - - - ,

Z9 = [0a, 0¢] ® [1a, 0¢] © [24, 0¢] © [3d, 0¢8] © [4d, O8] © - - - . (12.33)

The chain operators fa2® andZ® are orthogonal, and it is easyfiad zero-weight
histories to complete the sample space, so that (12.33) is the support of a consis
family G. It differs from F, (12.31), in that at = 1 and 2 the particle is in the
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superposition statda) rather than in the or thed channel, but for times after
t = 2 F andg are identical.

Both families 7, (12.31), andy, (12.33), represent equally good quantum de-
scriptions. The only difference is that they allow one to discuss somewhat differe
properties of the particle at a time after it has passed through the beam splitter ¢
before it has been detected. In particular, if one is interested in knowing the loc
tion of the particle before the measurement occurred (or could have occurred), it
necessary to employ a consistent family in which questions about its location a
meaningful, saF must be used, na. On the other hand, if one is interested in
whether the particle was in the superpositjéa) att = 1 rather than if1b) —
see the dinitions in (12.6)— then it is necessary to usg for questions related
to such superpositions are meaninglesgin

The family G, (12.33), is useful for understanding the idea, which goes bacl
to von Neumann, that a measurement produceslapsé or “reductiori of the
wave function. As applied to our toy model, a measurement which serves to dets
the presence of the particle in tbeehannel is thought of as collapsing the super-
position wave function2a) produced by unitary time evolution into a st48e)
located in thee channel. This is the step fromd20¢] to [3c, 1¢] in the historyZ€.
Similarly, if the detector does not detect the parti¢Ba) collapses to a stat@d)
in thed channel, as represented by the step ftem2 tot = 3 in the historyZ¢.

The approach to measurements based on wave function collapse is the sub
of Sec. 18.2. While it can often be employed in a way which gives correct result
wave function collapse is not really needed, since the same results can always
obtained by straightforward use of conditional probabilities. On the other han
it has given rise to a lot of confusion, principally because the collapse tends
be thought of as a physical effect produced by the measuring apparatus. W
reference to our toy model, this might be a reasonable point of view when tf
particle is detected to be in theechannel, but it seems very odd thafalure
to detect the particle in the channel has the effect of collapsing its wave func-
tion into thed channel, which might be a long way away from theletector.
That the collapse is not any sort of physical effect is clear from the fact that
occurs in the family (12.21) in the absence of a detector, and,if12.31), it
occurs prior to detection. To be sure, fhone might suppose that the collapse
is caused by the beam splitter. However, one could modify (12.31) in an obv
ous way to produce a consistent family in which the collapse takes place betwe
t = 1 andt = 2, and thus has nothing to do with either the beam splitter ol
detector.

Another way in which the collapse approach to quantum measurements is son
what unsatisfactory is that it does not provide a connection between the outcor
of a measurement and a corresponding property of the measured system before
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measurement took place. For example, if at 3 the detector is in the stat€,1
there is no way to infer that the particle was earlier in ¢hehannel if one uses
the family (12.33) rather than (12.31). The connection between measurements ¢
what they measure will be discussed in Ch. 17.

12.3 Time-elapse detector

A simple two-state toy detector is useful for thinking about a number of situation
in quantum theory involving detection and measurement. However, it has its lin
itations. In particular, unlike real detectors, it does not havégent complexity

to allow thetimeat which an event occurs to be recorded by the detector. While |
is certainly possible to include a clock as part of a toy detector, a slightly simple
solution to the timing problem is to usetime-elapse detectomhen an event is
detected, a clock is started, and reading this clock tells how much time has elaps
since the detection occurred. As in Sec. 7.4, the Hilbert splisea tensor product
MQN of the spaceM of the particle, spanned by keta) with — M, < m < My,

and the spacd/ of the detector, with ketf) labeled byn in the range

-N<n<N. (12.34)

In effect, one can think of the detector as a second particle that moves accordi
to an appropriate dynamics. However, to avoid confusion the perticle will
be reserved for the toy particle whose position is labeledrbyand which the
detector is designed to detect, whilevill be the position of the detect@pointer
(see the remarks at the end of Sec. 9.5). We shall supposdithail,, and N
are suficiently large that we do not have to worry about either the particle or the
pointer“coming around the cycleduring the time period of interest.

The unitary time development operator is

T = SRS, (12.35)
whereSis the shift operator o1,
Sm) = [m+ 1), (12.36)
with a periodic boundary conditiof Mp) = |—M3,), andS; acts onV,
) = |n+ 1), (12.37)
with the exceptions
&10) =10), Sl-1) =11), (12.38)

and §|N) = |—N) to take care of the periodic boundary condition. The unitary
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operatorR which couples the pointer to the particle is the identity,
R|m, n) = |m, n), (12.39)
except for
R[2,0) =2, 1), R|2,1)=]2 0. (12.40)

That is, when the particle is at = 2, R moves the pointer from = 0ton = 1,
or fromn = 1 ton = 0, while if the pointer is someplace eldg has no effect on
it. The unitarity ofT in (12.35) follows from that of5, R, and ;.

When its pointer is ab = 0, the detector is in itsready state, where it remains
until the particle reachesy = 2, at which point the'detection everit (12.40)
occurs, and the pointer hopsric= 1 at the same time as the particle hopsite- 3,
sinceT includes the shift operatds for the particle, (12.35). This is identical to
the operation of the two-state detector of Sec. 7.4. But once the detector pointel
atn = 1 it keeps going, (12.37), so a typical unitary time developmefoph) is
of the form

10,0) > [1,0) 1> [2,0) > |3, 1) > [4,2) > |5,3) > --- . (12.41)

Thus the pointer reading (assumed to be less th&) tells how much time has
elapsed since the detection event occurred.

As an example of the operation of this detector in a stochastic context, suppc
that att = O there is an initial state

[Wo) = [¥0) ® 10), (12.42)
where the particle wave packet
[¥o) = al0) + b|1) + c|2) (12.43)

has three nonzero cdifientsa, b, c. Consider histories which fdr > 0 employ
a decomposition of the identity corresponding to the orthonormal amiq)}.
The chain operators for the three histories

Z°=[¥] ©[1,0]0[2,0] 03, 1],
Z'=[v]o[2,010[3, 104, 2], (12.44)
Zz = [WO] O] [3? 1] O [4’ 2] O] [55 3]’

involving the four times = 0, 1, 2, 3, are obviously orthogonal to one another
(because of théinal projectors, Sec. 11.3). The corresponding weightgaife
|b|?, and|c|?, while all other histories beginning withp] have zero weight. Hence
(12.44) is the support of a consistent family with initial stpbg).
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Suppose that the pointer is locatednat= 2 whent = 3. Since the pointer
position indicates the time that has elapsed since the particle was detected,
should be able to infer that the detection evenQJ2occurred at = 3 — 2 = 1.
Indeed, one can show that

Pr(2,0]att =1|n=2att=3) =1, (12.45)

using the fact that the conditiom = 2 whent = 3 is only true forzZ!. If the
pointer is ath = 1 whent = 3, one can use the family (12.44) to show not
only that the detection event,[@] occurred at = 2, but also that at = 1 the
particle was aim = 1, one site to the left of the detector. Being able to infer
where the particle was before it was detected is intuitively reasonable, and is t
sort of inference often employed when analyzing data from real detectors in ti
laboratory. Such inferences depend, of course, on using an appropriate consis
family, as discussed in Sec. 12.2.

12.4 Toy alpha decay

A toy model of alpha decay was introduced in Sec. 7.4, and discussed using t
Born rule in Sec. 9.5. We assume the sites are labeled as in Fig. 7.2 on page 1
and will employ the sam& = S, dynamics used previously, (7.56). That is,

SIm) = |m+ 1), (12.46)
with the exceptions
&l0) =«|0) + 1), SI-1) =y|0) +4[1), (12.47)

together with a periodic boundary condition. The dméntse, 8, ', ands satisfy
(7.58).
Consider histories which begin with the initial state

|¥o) = 10), (12.48)

the alpha particle inside the nucleus, and employ a decomposition of the ident|
based upon particle position states) at all later times. That such a family of
histories, thought of as extending from the initial state at O till a later time

t = f, is consistent can be seen by working out what happens Whgismall. In
particular, whenf = 1, there are two histories with nonzero weight:

[0] © [0].
[0] © [1].

The chain operators are orthogonal because the projectors &n#hdime are

(12.49)
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mutually orthogonal (Sec. 11.3). With= 2, there are three histories with nonzero
weight:

[0] ©[0] ©[0],
[0] ©[0] © [1], (12.50)
Olo[1] o2,

and again it is obvious that the chain operators are orthogonal, so that the cor
sponding family is consistent.

These examples suggest the general pattern, valid forff aiiyne support of the
consistent family contains a history in which = 0 at all times, together with
histories with a decay time= t, with T inthe range < t < f — 1, of the form

[0lo©[0]1© [0l ©[1]41 O [2]r420O - - - . (12.51)

That is, the alpha particle remains in the nucleus= 0, until the timet = r,
then hops tan = 1 att = 7 + 1, and after that it keeps going. If one uses this
particular family of histories, the quantum problem is much the same as that of
classical particle which hops out of a well with a certain probability at each time
step, and once out of the well moves away from it at a constant speed. Thisisr
surprising, since as long as one employs a single consistent family the mathema
of a quantum stochastic process is formally identical to that of a classical stochas
process.

In Sec. 9.5 a simple two-state detector was used in analyzing toy alpha dec
by means of the Born rule. Additional insight can be gained by replacing the twc
state detector in Fig. 9.1 with the time-elapse detector of Sec. 12.3 to detect t
alpha particle as it hops fromm = 2 tom = 3 after leaving the nucleus. On the
Hilbert spaceM ® N of the alpha particle and detector pointer, the unitary time
development operator is

T = SRS, (12.52)

whereS; andR are ddined in (12.37312.40).

Suppose that at the timte= t the detector pointer is at. Then the detection
event should have occurred at the time n. And since the particle was detected
at the sitem = 2, the actual decay timewhen it left the nucleus would have been
a bit earlier,

r={-A-2 (12.53)

because of thdinite travel time from the nucleus to the detector. This line of
reasoning can be ctired by a straightforward calculation of the conditional
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probabilities

Prm=Oatt=t—-n—-2|n=natt =1t) =1,

o _ _ (12.54)
Prim=0Oatt=t—-n—-1|n=natt =t) =0.

That is, at the time given in (12.53), the particle was still in the nucleus, while

one time step later it was no longer there. (Of course this only makes sérasadif

n are such that Pn = n att = t) is positive.) Note once again that by adopting

an appropriate family of histories one can make physically reasonable inferenc
about events prior to the detection of the alpha particle.

Does the fact that we can assign a decay time in the case of our toy model me
that the same thing is possible for real alpha decay? The answer is presuma
“yes”, provided one does not require that the decay time fheedtoo precisely.
However,finding a suitable criterion for the nucleus to have or have not decaye
and checking consistency conditions for an appropriate family pose nontrivial tec
nical issues, and the matter does not seem to have been studied in detail. Note
even in the toy model the decay time is not precisely defined, because time is d
cretized, and + 1 has as much judtcation for being idenfied with the decay
time as doeg. This uncertainty can, however, be much shorter than the half life
of the nucleus, which is of the order [gf| 2.
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Quantum interference

13.1 Two-slit and Mach—Zehnder interferometers

Interference effects involving quantum particle$leet both the wave-like and
particle-like properties of quantum entities. One of the best-known examples
the interference pattern produced by a double slit. Quantum particlphotons

or neutrons or electrons- are sent one at a time through the slit system shown ir
Fig. 13.1, and later arrive at a series of detectors located in the diffraction zone 1
from the slits. The detectors are triggered at random, with each particle triggerir
just one detector. After enough particles have been detected, an interference pat
can be discerned in the relative counting rates of the different detectors, indicat
by the length of the horizontal bars in thigure. Lots of particles arrive at some
detectors, very few particles at others.

0000000
lllll

Fig. 13.1. Interference pattern for a wave arriving from the left and passing through tt
two slits. Each circle on the right side represents a detector, and the black bar to its ric
indicates the relative counting rate.

The relative number of particles arriving at each detector depends dfiffire
enceof the distances between the detector and the two slits, in units of the particle

174



13.1 Two-slit and Mach—Zehnder interferometers 175

de Broglie wavelength. Furthermore, this interference pattern persists even at v«
low intensities, say one patrticle per second passing through the slit system. Hel
it seems very unlikely that it arises from a sort of cooperative phenomenon in whic
a particle going through one slit compares notes with a particle going through ti
other slit. Instead, each particle must somehow pass through both slits, for hc
else can one understand the interference effect?

OO00O0O00O

Fig. 13.2. Detectors directly behind the two slits. The black bars are again proportional
the counting rates.

However, if detectors are placed directly behind the two slits, Fig. 13.2, the
either one or the other detector detects a particle, and it is never the case that b
detectors simultaneously detect a particle. Furthermore, the total counting rate
the arrangement in Fig. 13.2 is the same as that in Fig. 13.1, suggesting that i
particle had not been detected just behind one of the slits, it would have continu
on into the diffraction zone and arrived at one of the detectors located there. Thus
seems plausible that the particles which do arrive in the diffraction zone in Fig. 13
have earlier passed through one or the other of the two slits, and not both. But ti
is difficult to reconcile with the interference effect seen in the diffraction zone
which seems to require that each particle pass through both slits. Could a parti
passing through one slit somehow sense the presence of the other slit, and take
into account when it arrives in the diffraction zone?

In Feynmars discussion of two-slit interference (see bibliography), he consider
what happens if there is a nondestructive measurement of which slit the partic
passes through, a measurement that allows the particle to continue on its way :
later be detected in the diffraction zone. His quantum patrticles are electrons, and
places a light source just behind the slits, Fig. 13.3. By scattering a photon off tt
electron one cahsee”which slit it has just passed through. llluminating the slits
in this way washes out the interference effect, and the intensities in the diffractic



176 Quantum interference

11
O
l

|1
O
1]

Fig. 13.3. Alight source. between the slits washes out the electron interference patterr

zone can be explained as sums of intensities due to electrons coming through e
of the two slits.

Feynman then imagines reducing the intensity of the light source to such a d
gree that sometimes an electron scatters a photon, revealing which slit it pas:
through, and sometimes it does not. Data for electrons arriving in the diffractio
zone are then segregated into two sets: one séwisible” electrons which ear-
lier scattered a photon, and the other for electrons which Wawgsible’ as they
passed through the slit system. When the set of data fohikile” electrons is
examined it shows no interference effects, whereas that féirttisible” electrons
indicates that they arrive in the diffraction zone with the same interference patte
as when there is no source of light behind the slits. Can the behavior of an electr
really depend upon whether or not it has been seen?

In this chapter we explore these paradoxes using a toy Madinder interfer-
ometer, which exhibits the same sorts of paradoxes as a double slit, but is ea:
to discuss. A MachZehnder interferometer, Fig. 13.4, consists of a beam split:
ter followed by two mirrors which bring the split beams back together again, an
a second beam splitter placed where théemted beams intersect. Detectors can
be placed on the output channels. We assume that light from a monochroma
source enters thigerst beam splitter through thee channel. The intensity of light
emerging in the two output channedsand f depends on thdifferencein path
length, measured in units of the wavelength of the light, indtedd arms of
the interferometer. (The classical wave theory of lighfisat for calculating these
intensities; one does not need quantum theory.) We shall assume that this diff
ence has been adjusted so that after the second beam splitter all the light wh
enters through tha channel emerges in thé channel and none in the chan-
nel. Rather than changing the physical path lengths, it is possible to altiéndhe
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Fig. 13.4. Mach-Zehnder interferometer with detectors. The beam splitters are |&eled
andBs.

intensities by insertingghase shiftersn one or both arms of the interferometer.
(A phase shifter is a piece of dielectric material which, when placed in the ligh
beam, alters the optical path length (number of wavelengths) between the two be
splitters.)

An interferometer for neutrons which is analogous to a M&ahnder interfer-
ometer for photons can be constructed using a single crystal of silicon. For o
purposes the difference between these two types of interferometer is not importa
since neutrons are quantum particles that behave like waves, and photons are |i
waves that behave like particles. Thus while we shall continue to think of phc
tons going through a Maelzehnder interferometer, the toy model introduced in
Sec. 13.2 could equally well describe the interference of neutrons.

The analogy between a Maebehnder interferometer and double-slit interfer-
ence is the following. Each photon on its way through the interferometer mu:
pass through the arm or thed arm in much the same way that a particle (photon
or something else) must pass through one of the two slits on its way to a detec
in the diffraction zone. Théirst beam splitter provides a source of coherent light
(that is, the relative phase is wellfdeed) for the two arms of the interferometer,
just as one needs a coherent source of particles illuminating the two slits. (T
coherent source can be a single slit a long distance to the left of the double sl
The second beam splitter in the interferometer combines beams from the sepal
arms and makes them interfere in a way which is analogous to the interference
the beams emerging from the two slits when they reach the diffraction zone.
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13.2 Toy Mach-Zehnder interferometer

We shall set up a stochastic or probabilistic model of a toy Maehnder inter-
ferometer, Fig. 13.5, and discuss what happens wh&ngle particle or photon
passes through the instrument. The model will supply us with probabilities fc
different possible histories of this single particle. If one imagines, as in a real e
periment, lots of particles going through the apparatus, one after another, then e:
particle represents dhiindependent tridlin the sense of probability theory. That
is, each particle will follow (or undergo) a particular history chosen randomly fron
the collection of all possible histories. If a large number of particles are used, the
the number which follow some given history will be proportional to the probabil-
ity, computed by the laws of quantum theory, that a single particle will follow that
history.

3c.,” ]
2c 0’———/;0—>0—>
v, 4f  5f
1c 3d
—la Oa,'f
—)0—)6———| ->0——>
v ,21d 2d
O ob

Fig. 13.5. Toy MachZehnder interferometer constructed from two beam splitters of the
sort shown in Fig. 12.1.

The toy Mach-Zehnder interferometer consists of two toy beam splitters, of the
type shown in Fig. 12.1, in series. The arms and the entrance and output chanr
are labeled in a way which corresponds to Fig. 13.4. The unitary time transform
tion for the toy model il = §, where the operatds is ddined by

SIm2 =|(m+ 12 (13.2)
for man integer, and = a, b, c, d, e or f, with the exceptions
S|0a) = (+]1c) + |1d>)/«/§, §10b) = (—|1c) + |1d>)/\/§,

(13.2)
SI3c) = (+14e) + 14))/v2, S|3d) = (—|4e) + |4f))/V2.
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(See the comment following (12.2) on the choice of phases.) In addition, the ust
provision must be made for periodic boundary conditions, but (as usual) these w
not play any role in the discussion which follows; see the remarks in Sec. 12.1. Tl
transformatiory is unitary because it maps an orthonormal basis, the collection c
states{|m2}, onto an orthonormal basis of the Hilbert space. A particle (photon
which enters tha channel undergoes a unitary time evolution of the form

|0a) > |13) > |23) > [33) > |4f) > |5f) > .-, (13.3)
where, as in (12.6),
Ima) = (+Img + Imd))/v/2, |mb) = (~Im¢ + |md))/v/2 (13.4)

are superpositions of states of the particle indlaadd arms of the interferometer,
with phases chosen to correspond to unitary evolution ugdstarting with|0a),
and|0b), respectively.

The probability that the particle emerges in & in the f channel is influenced
by what happens ibotharms of the interferometer, as can be seen in the following
way. Let us introducéoy phase shifters thec andd arms by using in place &

a unitary time transformatiof identical toS, (13.1) and (13.2), except that

S 120 =€ |3c), S |2d) = €% |3d), (13.5)

whereg. and¢y are phase shifts. Obvious§ is unitary, and it is the same &
wheng. andgy are zero. If we us€ in place ofS, the unitary time evolution in
(13.3) becomes

08) > |18) > [28) = (]20) + [2d))/v/2 > (€%|3c) + €%|3d)) /+/2

: : . . 13.6
— %.I:(e|¢c_e|¢d)|4e>+(e|¢c+e|¢d)|4f>:| > ( )
where the result dt= 5 is obtained by replacingte) by |5€), and|4f) by |5f).

Consider a consistent family of histories based upon an initial flatett = 0
and a decomposition of the identity corresponding to the orthonormal {pasis
at a second time = 4. There are two histories with positive weight,

Y =[0alo © [4€els, Y’ =[0a]o® [4f]a, (13.7)

where, as usual, subscripts indicate the time. The probabilities can be read
from thet = 4 term in (13.6), treating it as a pre-probability, by taking the absolute
squares of the cofefients of|4e) and|4f):

Pr([4ds) = Pr(Y) = |€% — &%|%/4 = [sin(A¢/2)F,

Pr([4f]s) = Pr(Y’) = |&% + 6%)2/4 = [cos(Ad/2)F, (13.8)
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where

AP = ¢c — ¢d (13.9)

is the difference between the two phase shifts. Since these probabilities depe
upon A¢, and thus upon what is happeningboth arms of the interferometer,
the quantum particle must in some sense be delocalized as it passes through
interferometer, rather than localized in acror in armd. On the other hand, itis a
mistake to think of it as simultaneously present in both arms in the sens@ttisat

in c and at the same timikis in d.” See the remarks in Sec. 4.5: a quantum particle
cannot be in two places at the same time.

Similarly, if we want to understand double-slit interference using this analogy
we would like to say that the particlggoes through both slitswithout meaning
that it is present in the upper slit at the same time as it is present in the lower sl
or that it went through one slit or the other and we do not know which. See th
discussion of the localization of quantum patrticles in Secs. 2.3 and 4.5. Speaking
the particle aSpassing through the slit systémonveys roughly the right meaning.
In the double-slit experiment, one could introduce phase shifters behind each s
and thereby shift the positions of the peaks and valleys of the interference patte
in the diffraction zone. Again, it is thdifferenceof the phase shifts which is
important, and this shows that one somehow has to think of the quantum partic
as a coherent entity as it passes through the slit system.

Very similar results are obtained if instead|6&) one uses a wave packet

|¥o) = c|—2a) + c'|—1a) + c"|0a) (13.10)

in the a channel as the initial state at= 0, wherec, ¢/, andc” are numerical
coeficients. For such an initial state it is convenient to use histories

X=[yo] OE, X =[] OF (13.11)
rather thary andY’ in (13.7), where
E=)[md, F=> [mf] (13.12)

are projectors for the particle to be someplace irethad f channels, respectively,
and E; means the particle is in treechannel at time; see the analogous (12.16).
Aslong ag > 6, so that the entire wave packet correspondingtp has a chance
to emerge from the interferometer, ofieds that the corresponding probabilities
are

Pr(Ey) = Pr(X) = [sin(A¢/2)]?,

Pr(F) = Pr(X') = [COS(A¢/2)]2’ (13.13)
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precisely the same as in (13.8). Since the philosophy behind toy models is sil
plicity and physical insight, not generality, we shall use only the simple initial stat
|0a) in what follows, even though a good part of the discussion would hold (with
some fairly obvious modiications) for a more general initial state representing a
wave packet entering the interferometer in ghehannel.

What can we say about the particle while iinsidethe interferometer, during
the time interval for which the histories in (13.7) provide no information? There
are various ways of faning these histories by inserting additional events at times
betweert = 0 and 4. For example, one can employ unitary extensions, Sec. 11.
of Y andY’ by using the unitary time development of the initi@d) at intermediate
times to obtain two histories

Y¢ = [0a] © [14] © [24] © [34] © [4€],
YT =[0a] ®[1a] ©[2a] © [3G] © [4f],

defined at = 0,1, 2, 3,4, which form the support of a consistent family with
initial state [@&]. The projector [§] is onto the state

13G) = (¢%|3c) + €%4|3d))/v/2. (13.15)

(13.14)

The histories in (13.14) are identical uptte= 3, and then split. One can place
the split earlier, betweet = 2 andt = 3, by mapping [4] and [4f] unitarily
backwards in time td = 3:

Y® = [0a] ©[14] © [24] © [3b] © [4€],

. i i - (13.16)
Y! =[0a] ©[1a] © [2a] © [34] © [4f].

Note thatY, Y&, andYe€ all have exactly the same chain operator, for reasons dis
cussed in Sec. 11.7, and the same is tru¥’ofy f, andY . The consistency of
the family (13.7) is automatic, as only two times are involved, Sec. 11.3. As
consequence the unitary extensions (13.14) and (13.16) of that family are suppc
of consistent families; see Sec. 11.7.

The families in (13.14) and (13.16) can be used to discuss some aspects of
particle’s behavior while inside the interferometer, but cannot tell us whether it wa
in thec or in thed arm, because the projectd€sand D, (12.9), do not commute
with projectors onto superposition states, such a3 [Bdq], or [3b]. Instead, we
must look for alternative families in which events of the fommd or [md] appear
at intermediate times. It will simplify the discussion if we assume ¢hat 0 =
¢4, that is, use§ for time development rather than the more gené&fal

One consistent family of this type has for its support the two elementary historie

Ye=[0a]o[lc]o[2c] ®[3c] ©[4C] ©[5C] © ---[rq],

; _ _ _ (13.17)
Yd = [0a] © [1d] © [2d] © [3d] © [4d] @ [5d] © - - - [zd],
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where
ImE) = (+Ime + |mf))/v2, |md) = (~Ime + [mf))/v2 (13.18)

for m > 4 correspond to unitary time evolution starting wiiie) and|3d), respec-
tively. Thefinal timet can be as large as one wants, consistent with the particl
not having passed out of theeor f channels due to the periodic boundary condi-
tion. The histories in (13.17) are unitary extensions af [0 [1c] and [Ca] © [1d],
and consistency follows from the general arguments given in Sec. 11.7. Note tt
if we useY® andYY, we cannot say whether the particle emerges inetlog f
channel of the second beam splitter, whereas if wevifsendY ' in (13.14), with
¢ = 0 = ¢q, we can say that the particle leaves this beam splitter infiaitke
channel, but we cannot discuss the channel in which it arrives at the beam splitt
In order to describe the particle as being in &imiee arm of the interferometer
and emerging in a diénite channel from the second beam splitter, one might try ¢
family which includes

Y =[0a] © [1c] © [2c] © [3c] © [4€] © [5€] O - - -[r€],

Y =[0a] © [1c] © [2c] © [3c] © [4f] O[5l O - [f], (13.19)
Y9 = [0a] © [1d] © [2d] © [3d] © [4€] © [5€] @ - - [ré], '
Y =[0a] o [ld] o [2d] o [3d] 0 [4f] O [5f] © -+ [ f],

continuing till somdinal timet. Alas, this will not work. The family is inconsis-
tent, because

(K(Y®), K(Y?®) #0, (K(Y), K(Y?h) #£0, (13.20)

as is easily shown using the corresponding chain kets (Sec. 11.6). In fact, eact
the histories in (13.19) imtrinsically inconsistenin the sense that there is no way
of making it part of some consistent family. See the discussion of intrinsic incor
sistency in Sec. 11.8; the strategy used there for histories involving three times
easily extended to cover the somewhat more complicated situation represente
(13.19).

The analog of (13.14) for two-slit interference is a consistent fatfiip which
the particle passes through the slit system in a delocalized state, but arrives &
definite location in the diffraction zone. It & which lies behind conventional dis-
cussions of two-slit interference, which emphasize (correctly) that in such circun
stances itis meaningless to discuss which slit the particle passed through. Howe)
there is also another consistent fan@lythe analog of (13.17), in which the particle
passes through one or the other of the two slits, and is described in the diffracti
zone by one of two delocalized wave packets, the counterparts éfahdd su-
perpositions diéned in (13.18). Although these wave packets overlap in space
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they are orthogonal to each other and thus represent distinct quantum states.
families F andg are incompatible, and hence the descriptions they provide cannt
be combined. Attempting to do so by assuming that the particle goes througr
definite slitand arrives at a dinite location in the diffraction zone gives rise to
inconsistencies analogous to those noted in connection with (13.19).

From the perspective of fundamental quantum theory there is no reason to pre
one of these two families to the other. Each has its use for addressing certain tyj
of physical question. If one wants to know the location of the particle when i
reaches the diffraction zon&, must be used in preferencedg because it is only
in F that this location makes sense. On the other hand, if one wants to kna
which slit the particle passed throughmust be employed, for itF the concept
of passing through a particular slit makes no sense. Experiments can be carried
to check the predictions of either family, and the Maglhnder analogs of these
two kinds of experiments are discussed in the next two sections.

13.3 Detector in output of interferometer

Let us add to the output channel of our toy MaeZehnder interferometer a simple
two-state detector of the type introduced in Sec. 7.4 and used in Sec. 12.2, ¢
Fig. 12.2. The detector states d8), “ready”, and1é), “triggered”, and the
unitary time development operator is

T=SR. (13.21)

where R is the identity on the Hilbert spac&t ® £ of particle-plus-detector,
except for

Rel4€ né) = |4e (1 —n)é), (13.22)
with n = 0 or 1, which is the analog of (12.27). Thus, in particular,
T|4e 08) = |5e 1&), T|4f, 08) = |5f, 08), (13.23)

so the detector is triggered by the particle emerging inglobannel as it hops
from 4eto 5e but is not triggered if the particle emerges in thehannel. We
could add a second detector for thiechannel, but that is not necessary: if #he
channel detector remains in its ready state after a certain time, that will tell us th
the particle emerged in the channel. See the discussion in Sec. 12.2.

Assume an initial state

|Wo) = |0a, 08), (13.24)
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and consider histories that are the obvious counterparts of those in (13.14),

Z¢ = 7' O [4e, 08 O [5e, 18] O [6e, 18] © - - - [re, 18],

; _ R A K ) (13.25)
Z'=272'0[4f,08l ©[5f, 08l ©[6f,08] ©---[f, O,
but which continue on to sonfeal timet. The initial unitary portion
Z' = [Wo] O [14, 08] O [2a, 0&] © [3G, 0¢] (13.26)

is the same for botZ® andZ . The histories in (13.25) are the support of a con-
sistent family with initial statéW,), and they contain no surprises. If the particle
passes through the interferometer in a coherent superposition and emerges in ct
nele, it triggers the detector and keeps going. If it emerges indoes not trigger
the detector, and continues to move out that channel. The probability that the ¢
tector will be in its triggered state at= 5 or later is siA(A¢/2), the same as the
probability calculated earlier, (13.8), that the particle will emerge iretbkannel
when no detector is present.

As a second example, suppose that= 0 = ¢4, and consider the consistent
family whose support consists of the two histories

Z° =[¥o] ©[1lc] © [2c] © [3c] © [4C,08] © [Sr] O [6r] © ---[Tr],

g - (13.27)

Z% =[Wo] ©[1d] ©[2d] © [3d] © [4d, 0] O [5s] © [6S] © - - - [78],
where the detector statedlthas been omitted for times earlier thiaa- 4 (it could
be included at all these times in both histories), and

_Ime 18) + |mf, 0€) _ —|me 1€) + |mf, 0€)

2 M= 72

are superpositions of states in which the detector has and has not been trigge
so they are toy MQS (macroscopic quantum superposition) states, as in (12.2
The histories in (13.27) are obvious counterparts of those in (13.17), and they &
unitary extensions (Sec. 11.7) to later times\wg][© [1c, 0€], and [¥o] ©[1d, O€].

The toy MQS states at time > 5 in (13.27) are hard to interpret, and their
grown-up counterparts for a real Magtehnder or neutron interferometer are im-
possible to observe in the laboratory. Can we get around this manifestation
Schiddingets cat (Sec. 9.6) by the same method we used in Sec. 12.2: using h
tories in which the detector is in its pointer basis (see tHmiien at the end of
Sec. 9.5) rather than in some MQS state? The obvious choice would be someth

|mr) (13.28)
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like

Z% = [Wo] © [1c] © [2c] © [3c] © [4e,08] © [5e, 161 © - - -,
2T =Wl o 1 ©[2c) © [3c] © [4f,08) O[5, 08 O -- -,
Z% = [Wo] ©[1d] © [2d] © [3d] © [4e, 08] O [5e, 18] O - - -,
29" = [Wolo[1d] o [2d] ©[3d] 0 [4f, 08 O[5, 08 O ---,

(13.29)

where, once again, we have omitted the detector st&eafOtimes earlier than

t = 4. However, this family is inconsistent: (13.20) holds withreplaced byZ,

and one can even show that the individual histories in (13.29), like those in (13.1¢
are intrinsically inconsistent. Indeed, the history

[Wolo © Ct O [1€]v, (13.30)

in which the initial state is followed by a particle in tikearm at some time in the
interval 1<t < 3, and then the detector in its triggered state at a laterttimeb,
is intrinsically inconsistent, and the same is tru€ifis replaced byDy, or [1€]y
by [0€]y. (For the meaning of; or Dy, see the discussion following (12.15).)

A similar analysis can be applied to the analogous situation of two-slit interfer
ence in which a detector is located at some point in the diffraction zone. By usir
a family in which the particle passes through the slit system in a delocalized ste
corresponding to unitary time evolution, the analog of (13.25), one can show th
the probability of detection is the same as the probability of the particle arrivin
at the corresponding region in space in the absence of a detector. There is als
family, the analog of (13.27), in which the particle passes througHiaitiesilit,
and later on the detector is described by an MQS state, the counterpart of one of
states defined in (13.28). There is no way obllapsing”these MQS states into
pointer states of the detecter this is the lesson to be drawn from the inconsistent
family (13.29)— as long as one insists upon assigning fanie slit to the particle.

This example shows that it is possible to construct families of histories usin
events at earlier times which dreormal” (hon-MQS), but which have the conse-
guence that at later times one“f®rced” to employ MQS states. If one does not
want to use MQS states at a later time, it is necessary to change the events in
histories at earlier times, or alter the initial states. Note that consistency deper
uponall the events which occur in a history, because the chain operator deper
upon all the events, so one cannot say that inconsisteficaised’by a particular
event in the history, unless one has decided that other events shallfibiyiale
not share in the blame.
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13.4 Detector in internal arm of interferometer

Let us see what happens if a detector is placed irctham inside the toy inter-
ferometer. (A detector could also be placed in ¢harm, but this would not lead
to anything new, since if the particle is not detected indla@m one can conclude
that it passed through thet arm.) The detector states af) “ready and|1E)
“triggered. The unitary time operator is

T=SR. (13.31)

where§ is ddined in (13.5), andR; is the identity on the spack! ® C of particle
and detector, except for

R:]2c, n€) = |2¢c, (1 — n)E). (13.32)
In particular,
T|2c, 0¢) = €%|3c, 18), T|2d, 08) = €%¢|3d, 0¢), (13.33)

so the detector is triggered as the particle hops frono 3c when passing through
thec arm, but is not triggered if the particle passes throughdthem.
Consider the unitary time development,

|Py) = T'®o), | Do) = |0a, OC), (13.34)

of an initial state in which the particle is in tleechannel, and the channel detector
is in its ready state. At = 4 we have

|a) = 3(e%|de, 16) — €%¢|4e, OC) + €%¢|41, 1¢) + €%|4f,0¢)),  (13.35)

where all four states in the sum on the right side are mutually orthogonal.

One can use (13.35) as a pre-probability to compute the probabilities of tw
time histories beginning with the initial staf®o) att = 0, and with the particle
in either thee or the f channel at = 4. Thus consider a family in which the four
histories with nonzero weight are of the fodp © [¢;], where|¢;) is one of the
four kets on the right side of (13.35). Each will occur with probabiligg,land
thus

Pr(4€ls) = 1/4+ 1/4=1/2 = Pr([4f]s). (13.36)

Upon comparing these with (13.8) when no detector is present, one sees that
serting a detector in one arm of the interferometer has a drastic effect: there is
longer any dependence of these probabilities upon the phase diffes@ncehus

a measurement of which arm the particle passes through wipes out all the interf
ence effects which would otherwise be apparent in the output intensities followir
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the second beam splitter. Note the analogy with Feynsnaistussion of the dou-
ble slit: determining which slit the electron goes through, by scattering light off o
it, destroys the interference pattern in the diffraction zone.

Now let us consider various possible histories describing what the particle do
while it is inside the interferometer, assumipg= 0 = ¢4 in order to simplify the
discussion. Straightforward unitary time evolution will result in a family in which
every [@&] fort > 3 is a toy MQS state involving botid€) and the triggered state
|1€) of the detector. In order to obtain a consistent family without MQS states
we can let unitary time development continue up until the measurement occu
and then have a split (or collapse) to produce the analog of (12.33) in the previo
chapter: a family whose support consists of the two histories

V¢ =[0a, 0c] © [1a, 0¢] © [2a, 0C] © [3c, 1] © [4C, 1] © - - -,

N . o (13.37)
V4 = [0a, 0¢] © [1a, 0] © [2a, 0¢] © [3d, 0] © [4d, 0] © - - - ,

with statesmc) and|md) defined in (13.18). One can equally well put the split at
an earlier time, by using histories

Z°¢ =[0a, 0¢] ® [1c, 0] ® [2c, 06] © [3c, 16] © [4C, 161 © - - - ,
Z9 = [0a, 0¢] ® [1d, 0&] ® [2d, 0¢] ® [3d, 0¢] ® [4d, 0¢] ® - - - ,

which resemble those in (13.17) in that the particle is indbein thed arm from
the moment it leaves tHerst beam splitter.

One can also introduce a second split at the second beam splitter, to produc
family with support

Z°" =[0a, 0¢] © [1c, 0¢] © [2¢,0¢] ® [3c, 18] © [4f, 1] o [6f, 1] O - - -,
Z% = [0a, 0¢] & [1d, 0¢] © [2d, 0] ® [3d, O] © [4e, 0¢] © [5e, 06] © - - - ,
Z9" = [0a, 0] © [1d, 0¢] © [2d, 0] © [3d, 0¢] © [4f,06] © [5f, 0] © - - - .
(13.39)
This family is consistent, in contrast to (13.19), because the projectors of the di
ferent histories at somignal time ¢ are mutually orthogonal: the orthogoriaial
states of the detector prevent the inconsistency which would arise, as in (13.20)
one only had particle states. In addition, one could place another detector in o
of the output channels. However, when used with a family analogous to (13.3
this detector would simply cdimm the arrival of the particle in the corresponding
channel with the same probability as if the detector had been absent, so one wo
learn nothing new.

Inserting a detector into the arm of the interferometer provides an instance
of what is often callediecoherence. The statésa) and|mb) defined in (13.4)

(13.38)
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are coherentsuperpositions of the statésicy and|md) in which the patrticle is
localized in one or the other arm of the interferometer, and the relative phases
the superposition are of physical sifinance, since in the absence of a detector one
of these superpositions will result in the particle emerging in theéhannel, and
the other in its emerging ie. However, when something like a cosmic ray interacts
with the particle in a sdiciently different way in thec and thed arm, it destroys
the coherence (thefimence of the relative phase), and thus produces decoherenc
The scattering of light in Feynmé&nversion of the double-slit experiment is
an example of decoherence in this sense, and it results in interference effects
ing washed out. However, decoherence is usually ndtadinor nothing affair.
The weakly-coupled detectors discussed in Sec. 13.5 provide an exanpae of
tial decoherenceAs well as washing out interference effects, decoherence can e;
pand the range of possibilities for constructing consistent families. Thus the fami
based on (13.19) in which the particle is in didige arm inside the interferometer
and emerges from the interferometer in &igiée channel is inconsistent, whereas
its counterpart in (13.39), with decoherence taking place inside the interferomet
is consistent. Some additional discussion of decoherence will be found in Ch. 2¢

13.5 Weak detectors in internal arms

As noted in Sec. 13.1, Feynman in his discussion of double-slit interference tel
us that as the intensity of the light behind the double slits is reduced, ongénalill
that those electrons which do not scatter a photon will, when they arrive in tr
diffraction zone, exhibit the same interference pattern as when the light is off. Lt
us try to understand this effect by placingakly-couplear weakdetectors in the

c andd arms of the toy MackhZehnder interferometer.

A simple toy weak detector has two orthogonal stateg) “ready and |1€)

“triggered, and the weak coupling is arranged by replacing the unitary transfol

mation R in (13.32) withR}, which is the identity except for
'12¢, OC) = «|2c, OE) + B|2c, 16),
Rfl A) of A) Bl A) (13.40)
R.12c, 1C) = y|2c, OC) + §|2c, 1C),

wherea, 8, y, andé are (in general complex) numbers forming a unitary 2

matrix
a B
(y 8)' (13.41)

The “strongly-couplet or “strondg detector used previously is a special case in
whichg = 1=y, a = § = 0. Making|8| small results in a weak coupling, since
the probability that the detector will be triggered by the presence of a particle at si
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2cis |B]%. (One can also modify the time-elapse detector of Sec. 12.3 to make it
weakly-coupled detector, by modifying (12.40) in a manner analogous to (13.4C
but we will not need it for the present discussion.) It is convenient for purposes «
exposition to assume a symmetrical arrangement in which there is a second det
tor, with ready and triggered stat@sl) and|1d), in thed arm of the interferometer,
with its coupling to the particle governed by a unitary transformaigrequal to
the identity except for

R;|2d, 0d) = «|2d, 0d) + B|2d, 1d),

R R R (13.42)
R}12d, 1d) = y|2d, 0d) + 8|2d, 1d),

where the numerical cogfientsa, 8, ¥, ands are the same as in (13.40).
The overall unitary time development of the entire sysfeh®C ® D consisting
of the particle and the two detectors is determined by the operator

T = SRR, = SRR, (13.43)

where§ (rather than§) means the phase shiffg andgq are 0. The unitary time
evolution,

1) = T Q0), [R0) = |0a, O¢, 0d), (13.44)

of an initial statd ©2q) in which the particle is at [8] and both detectors are in their
ready states results in

1Q4) = « |4, 0¢, 0d)
+ 18(|4e 1¢, 0d) + |41, 1€, 0d) — |4e O¢, 1d) + |4f, O¢, 1d)) (13.45)

att = 4, for any later timg,) is given by the same expression with 4 replaced by
t.

Consider a family of two-time histories with initial stg,) att = 0, and at =
4 a decomposition of the identity in which each detector is in a pointer state (rea
or triggered) and the particle emerges in eitherdbethe f channel. Consistency
follows from the fact that there are only two times, and the probabilities can b
computed using (13.45) as a pre-probability. Theréfisite probability|«|? that at
t = 4 neither detector has detected the particle, and in this case it always emer
in the f channel. On the other hand, if the particle has been detected ly the
detector, it will emerge with equal probability in either ther the f channel, and
the same is true if it has been detected bydtuetector.

All of this agrees with Feynmas'discussion of electrons passing through a dou-
ble slit and illuminated by a weak light source. Emerging in thehannel rather
than thee channel is what happens when no detectors are present inside the
terferometer, and represents an interference effect. By contrast, detection of |
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particle in either arm washes out the interference effect, and the particle emer
with equal probability in either the or the f channel. Note that the probability
is zero thabothdetectors will detect the particle. This is what one would expect
since the particle cannot be baththec arm andn thed arm of the interferometer;
guantum particles are never in two different places at the same time.

Additional complications arise when there is a weakly-coupled detector in onl
one arm, or when the numerical cbiefents in (13.42) are different from those in
(13.40). Sorting them out is best done usihg= SRR, or T = SR in place
of (13.43), and thinking about what happens when the phase ghiétsd¢y are
allowed to vary. Exploring this is left to the reader.

When weakly-coupled detectors are present, what can we say about the parti
while it is inside the interferomet@rAgain assume, for simplicity, that andgg
are zero. There are many possible frameworks, and we shall only consider c
example, a consistent family whose support consists divhehistories

[Q0] © [1c, 0¢, 0d] ® [2c, 08, 0d] © [3c, 1¢, 0d] © [4e, 1¢, 0Od],
[S0] © [1c, 08, 0d] © [2c, 0¢, 0d] ©® [3c, 1€, 0d] © [4f, 1€, 0d],
[Q0] © [1d, 0¢, 0d] ® [2d, 0¢, 0d] ® [3d, 0¢, 1d] © [4e, 0¢, 1d],  (13.46)
[Q0] ® [1d, 0¢, 0d] ® [2d, 0¢, 0d] © [3d, 0¢, 1d] © [4 f, 0¢, 1d],
[Q0] © [14, 0¢, 0d] © [2a, 0¢, 0d] © [34, 0¢, 0d] © [4 f, 0¢, Od].

(Consistency follows from the orthogonality of tHiemal projectors, Sec. 11.3.)
Using this family one can conclude that iftat 4 the€ detector has been triggered,
the particle was earliett (= 1, 2, or 3) in thec arm; if thed detector has been
triggered, the particle was earlier in thearm; and if neither detector has been
triggered, the particle was earlier in a superposition g&te The corresponding
statements for Feynmandouble slit with a weak light source would be that if a
photon scatters off an electron which has just passed through the slit system, tt
the electron previously passed through the slit indicated by the scattered phot:
whereas if no photon scatters off the electron, it passed through the slit system i
coherent superposition.

While these results are not unreasonable, there is nonetheless something &
odd going on. The projector & 0¢, 0d] at timet = 1 in the last history in (13.46)
does not commute with the projectorstat 1 in the other histories, even though
the projectors for the histories themselves (on the history spgoo commute
with each other, since their products are 0. This means that the Boolean algel
associated with (13.46) does not contain the projectal;[for the particle to be
in a coherent superposition state at the time 1, nor does it contain [d; or
[1d]:. Thus the events d@t= 1, and also at = 2 andt = 3, in these histories
are dependenbr contextualin the sense employed in Sec. 6.6 when discussing
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(6.55). Within the framework represented by (13.46), they only make sense wh
discussed together with certain later events; they depend on the later outcome:
the weak measurements in a sense which will be discussed in Ch. 14.
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Dependent (contextual) events

14.1 An example

Consider two spin-half particlea and b, and suppose that the corresponding
Boolean algebr# of properties on the tensor product spate B is generated by
a sample space of four projectors,

[Z]1®[z], [Z]1®[z] [Z]1ex] [zZ]1e] (14.1)
which sum to the identity operatdr® |. Let A = [z}] be the property that
S, = +1/2 for particlea, and its negatiolA = | — A = [z;] the property that
Sz = —1/2. Likewise, letB = [zf]andB = | — B = [z,] be the properties

S = +1/2 andS,; = —1/2 for particleb. Together with the projectoraB and
AB, thefirst two items in (14.1), the Boolean algelfalso contains their sum

A= AB+ AB (14.2)

and its negatiorA. On the other hand doesnot contain the projectoB or its
negationB, as is obvious from the fact that these operators do not commute wit
the last two projectors in (14.1). Thus when using the framewlaske can discuss
whetherS,; is +1/2 or —1/2 without making any reference to the spin of particle
b. But it only makes sense to discuss whetgris +1/2 or —1/2 when one
knows thatS,; = +1/2. That is, one cannot ascribe a valuestpin anabsolute
sense without making any reference to the spin of paréicle

If it makes sense to talk about a propeByvhen a system possesses the property
A but not otherwise, we shall say thBtis acontextualproperty: it is meaningful
only within a certain context. Also we shall say titlepends on Aand thatA is
the baseof B. (One might also callA the supportof B.) A slightly more restric-
tive definition is given in Sec. 14.3, and generalized to contextual events which
not have a base. It is important to notice that contextuality and the correspondi
dependence is very much a function of the Boolean algébeanployed for con-
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structing a quantum description. For example, the Boolean alg&bganerated
by

[Z1elz] [Z]1e®lz] [Zlelz]l [z]elz] (14.3)

contains bothA = [z}] and B = [7'], and thus in this algebrB does not depend
uponA. And in the algebral” generated by

[Z1®[z] [zZ]1®(zx] X1zl XlIelzl (14.4)

the propertyA is contextual and depends &n

Since quantum theory does not prescribe a sihgterect” Boolean algebra of
properties to use in describing a quantum system, whether or not some prope
is contextual or dependent on another property is a consequence of the ptsysici
choice to describe a quantum system in a particular way and not in some other w
In particular, wherB depends on A the sense we are discussing, one should no
think of B as beingcaused by Aas if the two properties were linked by a physical
cause. The dependence is logical, not physical, and has to do with what ot
properties are or are not allowed as part of the description based upon a partict
Boolean algebra.

14.2 Classical analogy

It is possible to construct an analogy for quantum contextual properties based
purely classical ideas. The analogy is somewhafieidl, but even its arficial
character will help us understand better why dependency is to be expected in qu
tum theory, when it normally does not show up in classical physics. xLatd

y be real numbers which can take on any values between 0 and 1, so that pe
(X, y) are points in the unit square, Fig. 14.1. In classical statistical mechanics o
sometimes divides up the phase space into nonoverlapping cells (Sec. 5.1), an
a similar way we shall divide up the unit square into cell$inite area, and regard
each cell as an element of the sample space of a probabilistic theory. The sam
space corresponding to the cells in Fig. 14.1(a) consists of four mutually-exclusi
properties:

{0=<x<1/2,0=<y<1/2}, {0=x<1/2,1/2<y<1},

(14.5)
{1/2=x<1,0<y<1/2}, {1/2<x<1,1/2<y<1}.

Let A be the property G6< x < 1/2, so its complemerAis 1/2 < x < 1, and let
B be the property G< y < 1/2, soBis 1/2 < y < 1. Then the four sets in (14.5)
correspond to the propertigsA B, AA B, AA B, AA B. Itis then obvious that
the Boolean algebra of properties generated by (14.5) containsfattd B, so
(14.5) is analogous in this respect to the quantum sample space (14.3).
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Y A Y A Y A

A A A
@) (b) (©)

Fig. 14.1. Unit square in thg, y plane: (a) shows the set of cells in (14.5), (b) the set
of cells in (14.6), and (c) the cells in a commorfinement (see text). Proper# is
represented by the vertical rectangular cell on the left,Buhg the horizontal rectangular
cell (not present in (b)) on the bottom. The gray region represems.

An alternative choice for cells is shown in Fig. 14.1(b), where the four mutually
exclusive properties are

{0=x<1/2,0=y<1/2), {0=x<1/2,1/2=<y<=<1],

(14.6)
{1/2=x=<1,0=<y<2/3}, {1/2=x=<12/3<y=<1}.

If A andB are déined in the same way as before, the new algebra of propertie
generated by (14.6) contailsand A A B, but doeshot containB. In this respect

it is analogous to (14.1) in the quantum case, 8nid a contextual or dependent
property: it only makes sense to ask whether the system has or does not have
property B when the propertyA is true, that is, when is between 0 and /R, but

the same question does not make sense whstetween 12 and 1, that is, when
Alis false.

Isn't this just some sort of formal nitpicking? Why not simplyire the sample
space of Fig. 14.1(b) by using the larger collection of cells shown in Fig. 14.1(c)
The corresponding Boolean algebra of properties includes all those in (14.6),
we have not lost the ability to describe whatever we would like to describe, an
now B as well asA is part of the algebra of properties, so dependency is no longe
of any concern. Such afiraement of the sample space can always be employed i
classical statistical mechanics. However, a similar type foheenent may or may
not be possible in quantum mechanics. There is no wayfitoer¢he sample space
in (14.1), for the four projectors in that list already project onto one-dimensione
subspaces, which is as far as a quantuiimeenent can go. The move from (b) to
(c) in Fig. 14.1, which conveniently gets rid of contextual properties in a classice
context, will not work in the case of (14.1); the latter is an example afraducible
contextuality.

To be more speftic, the rdinement in Fig. 14.1(c) is obtained by forming the
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products of the indicators foB, B, B/, and B’ with one another and with and

A, whereB' is the property 0< y < 2/3. The analogous process for (14.1) would
require taking products of projectors such zs][and [x.], but since they do not
commute with each other, their product is not a projector. That noncommutativit
of the projectors is at the heart of the contextuality associated with (14.1) can al
be seen by considering twdassicalspinning objects andb with angular mo-
mental ; andLy, and interpreting£!] and [z;] in (14.1) asLa, > O andL,, < O,

etc. In the classical case there is ndidiilty refining the sample space of (14.1)
to get rid of dependency, fogf][x;] is the propertyL,, > 0 A Lpx > O, which
makes perfectly good (classical) sense. But its quantum counterpart for a spin-h
particle has no physical meaning.

14.3 Contextual properties and conditional probabilities

If AandB are elements of a Boolean algeldféor which a probability distribution
is defined, then

Pr(B| A) = Pr(AB)/ Pr(A) (24.7)

is defined provided PA) is greater than 0. If, howeveR is not an element of,
then Pr@) is not defined and, as a consequencéAPB) is also not déned. In
view of these remarks it makes sense tfirteeB as a contextual property which
depends upor, A is the base oB, provided P¢B | A) is positive (which implies
Pr(AB) > 0), whereas RB) is unddined. This definition is stricter than the one in
Sec. 14.1, but the cases it eliminateghose with P¢(B | A) = 0— are in practice
rather uninteresting. In addition, one is usually interested in situations where tl
dependence is irreducible, that is, it cannot be eliminated by appropriafieliynge
the sample space, unlike the classical example in Sec. 14.2.

One can extend this faition to events which depend on other contextual events
For example, letA, B, andC be commuting projectors, and supposeAB, and
ABC belong to the Boolean algebra, ditandC do not. Then as long as

Pr(C| AB) = Pr(ABC)/ Pr(AB) (14.8)

is positive, we shall say th& depends orB (or on AB), and B depends orA.
Note that if (14.8) is positive, so is P&B), and thus P | A), (14.7), is also
positive.

There are situations in which the propertieandB, represented by commuting
projectors, are contextual even though neither can be said to depend upon or be
base of the other. That i®\B belongs to the Boolean algebfaand has positive
probability, but neitherA nor B belongs toL. In this case neither PA| B) nor
Pr(B | A) is defined, so one cannot say tiBatlepends o or A on B, though one
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might refer to them aScodependefit As an example, lel andB be two Hilbert
spaces of dimension 2 and 3, respectively, with orthonormal Bg3ses |1a)} and
{|0b), |1b), |2b)}. In addition, déine

[+b) = (10b) + |1b))/+/2,  |—b) = (|0b) — |1b))/+/2, (14.9)
and|+a) and|—a) in a similar way. Then the six kets

|0a) ® |0b), |la) ® |[+b), |+a)® |2b),

(14.10)
[0a) ® [1b), |la) ® [—b), [-a)® |2b),

form an orthonormal basis fod ® 5, and the corresponding projectors generate
a Boolean algebrd. If A=[0a] ® | andB = | ® [0Ob], then L containsAB,
corresponding to théirst ket in (14.10), but neitheA nor B belongs toZ, since
[0a] does not commute with+fa], and [(b] does not commute with+fb]. More
complicated cases ditodependencyare also possible, as whehcontains the
productABC of three commuting projectors, but none of the six projectars,

C, AB, BC, andAC belong toL.

14.4 Dependent events in histories

In precisely the same way that quantum properties can be dependent upon ot
guantum properties of a system at a single time, a quantum everroperty of a
guantum system at a particular time can be dependent upon a quantum event a
some different time. That is, in the family of consistent histories used to descrik
the time development of a quantum system, it may be the case that the projec
B for an event at a particular time does not occur by itself in the Boolean algeb
L of histories, but is only present if some other evénat some different time is
present in the same history. Th&wdepends om, or A is the base oB, using
the terminology introduced earlier. And there are situations in which a third evel
C at still another time depends dd, so that it only makes sense to discGss
part of a history in which bot®\ andB occur. Sometimes this contextuality can be
removed by réning the history sample space, but in other cases it is irreducible
either because afieaement is prevented by noncommuting projectors, or becaus
it would result in a violation of consistency conditions.

Families of histories often contain contextual events that depend upon a be
that occurs at ararlier time. Such a family is said to shdtbbranch dependente
A particular case is a family of histories with a single initial stég If one uses
the Boolean algebra suggested for that case in Sec. 11.5alhine later events
in all the histories of interest are (ultimately) dependent upon the initial ekgnt
This is because the only history in which the negadlen= | — ¥, of the initial
event occurs is the histoZ in (11.14), and in that history only the identity occurs
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Fig. 14.2. Upper and lower beams emerging from a St8erlach magneEG. An atom

in the lower beam passes through an additional region of uniform magdiedtioV. The
square boxes indicate regions in space, and the time when the atom will pass throug
given region is indicated at the bottom of thgure.

at later times. It may or may not be possible téime such a family in order to
remove some or all of the dependence uggn

An example of branch dependence involving something other than the initi:
state is shown in Fig. 14.2. A spin-half particle passes through a-$iertach
magnet (Sec. 17.2) and emerges moving at an upwards an§le=f +1/2, or
a downwards angle i§, = —1/2. LetE andF be projectors on two regions in
space which include the upward- and downward-moving wave packets at;fime
assuming a statelg) (space-and-spin wave function of the particle) at timdn
the interval betweety andt, the downward-moving wave packet passes througf
a regionM of uniform magnetidield which causes the spin state to rotate by 90
from S, = —-1/21t0S, = +1/2. This situation can be described using a consisten
family whose support is the two histories

lIJO © E © [Z+]?
14.11
Yo F 0 [x], (14.11)
which can also be written in the form
Eolz"],
U, 14.12
00 {F ol (14.12)

where the initial element common to both histories is indicated only once. Cor
sistency follows from the fact that the spatial wave functions affitin timet,
have negligible overlap, even though they are not explicitly referred to in (14.12
Whatever may be the zero-weight histories, it is at once evident that neither of tl
two histories

Yool ©[z], Yoo ! O[xT] (14.13)

can occur in the Boolean algebra, since the projector fofithehistory in (14.13)
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does not commute with that for the second history in (14.12), and the second h
tory in (14.13) is incompatible with thirst history in (14.12). Consequently, in
the consistent family (14.12k{] att, depends upok att;, and k*] att, depends
uponF att;. Furthermore, as the necessity for this dependency can be traced
noncommuting projectors, the dependency is irreducible: one cannot get rid of
by refining the consistent family.

An alternative way of thinking about the same gedanken experiment is to no
that att, the wave packets do not overlap, so we ¢iawdl mutually orthogonal
projectorsE and F on nonoverlapping regions of space, Fig. 14.2, which include
the upward- and downward-moving parts of the wave packet at this time. Consid
the consistent family whose support is the two histories

W0 | 0 {[Z]E, [X"1F}, (14.14)

where the notation is a variant of that in (14.12): the two events inside the cur
brackets are both at the tintg so one history ends with the projectarE, the
other with the projecton{*]F. Once again, thénal spin stateszf'] and [x*] are
dependent events, but now'] depends uporE and [x*] upon F, so the bases
occur at the same time as the contextual events which depend on them. This
a situation which resembles (14.1), wikhand F playing the roles of£;] and
[z;], respectively, while the spin projectors in (14.14) correspond to those &f the
particle in (14.1). One could also move the regi@andF further to the right in
Fig. 14.2, and obtain a family of histories

[z"] O E,
[x"TOF,

for the timesty < t; < t» < t3, in which [z] and [x] are dependent on tHater
eventsE andF.

Dependence on later events also arises, for certain families of histories, in t
next example we shall consider, which is a variant of the toy model discusst
in Sec. 13.5. Figure 14.3 shows a device which is like a M@ehnder interfero-
meter, but the second beam splitter has been replaced by a weakly-coupled mea
ing deviceM, with initial (“ready) state|/M). The relevant unitary transformations
are

oo { (14.15)

|Wo) = |0a) ® M) > (|1c) + |1d))/v2 ® [M) (14.16)

for the time intervatg to t;, and
|10) ® M) = [2f) @ (IM) + IM®))/v/2,
|1d) ® [M) > [28) @ (IM) + M%) /v/2

fort; tot,. Here|Oa) is a wave packet approaching the beam splitter in chanatl

(14.17)
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to, |1C) is a wave packet in thearm at timet;, and so forth. The timg is chosen

so that the particle is inside the device, somewhere between the initial beam split
and the detectoM, whereas at, it has emerged ie or f. The statesM), |M®),

and [MY) of the detector are mutually orthogonal and normalized. Combining
(14.16) and (14.17) yields a unitary time development

|Wo) > (126) @ IMY) +12) ® M) + /2|29 |M)) /2 (14.18)
from tg to t, where
125) = (12&) + 12))/v/2 (14.19)

is a superposition state of tfi@al particle wave packets.

Fig. 14.3. MachkZehnder interferometer with the second beam splitter replaced by a me:
suring deviceM.

Consider the consistent family fdg < t; < t, whose support is the three
histories

Yol of2g@ My, [2f1® M, [2s]® M}. (14.20)

Since the projector [Jgloes not commute with the projectors [2end [2f], it is
clear that [2§ [2 f], and [2] are dependent upon the detector staiés M€, and
M at the (same) tim&, and one has conditional probabilities

Pr(2e| M%) = Pr(2f | M) = Pr(2s| M) = 1. (14.21)

On the other hand, IPI\:/I;j | 2e), Pr(M3 | 2f), and P(M, | 2s) are not defined. (Fol-
lowing our usual practicelg is not shown explicitly as one of the conditions.) One
could also say thate?and 2f are both dependent upon the stitewith projector
M¢ + MY, corresponding to the fact that the detector has detected something.
Some understanding of the physical sfgrance of this dependency can be ob-
tained by supposing that later experiments are carried out tiireo(iL4.21). One
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can check that the particle emerging frdvinis in thee channel if the detector state
is MY, orin f if the detector is ifVI®, by placing detectors in treeand f channels.
One could also verify that the particle emerges in the superposition stata
case in which it isrot detected (the detector is still in stekatt,) by the strategy
of adding two more mirrors to bring theand f channels back together again at
a beam splitter which is followed by detectors. Of course, this last measureme
cannot be carried out if there are already detectors i toed f channels, ridect-
ing the fact that the propertys2s incompatible with 2 and 2f . (A similar pair of
incompatible measurements is discussed in Sec. 18.4, see Fig. 18.3.)

An alternative consistent family fag < t; < t, has support

[1c] © M€,
Uy O 1 [1d] © MY, (14.22)
[Ir] oM,
where
|11r) = (I1c) + |1d))/+/2 (14.23)

iS a superposition state of the particle before it readles-rom the fact that [f]
does not commute with {1 or [1d], it is obvious that the particle states at the
intermediate timd; in (14.22) must depend upon the later detector stateg: [1
uponM¢, [1d] uponM¢, and [T ] upon M. Indeed,

Pr(1c| MS) = Pr(1d | MY) = Pr(r | Mp) = 1, (14.24)

whereas RiM3 | 1c), Pr(Méj | 1d) and PtM; | 1r), the conditional probabilities
with their arguments in reverse order, are ndirted. A very similar dependence
upon later events occurs in the family (13.46) associated with weak measureme
in the arms of a MackZehnder interferometer, Sec. 13.5.

It may seem odd that earlier contextual events can depend on later events. D
this mean that the future is somehowiliencing the past? As already noted in
Sec. 14.1, it is important not to confuse the tetepends onused to character-
ize the logical relationship among events in a consistent family, with a notion c
physical irfluenceor causality The following analogy may be helpful. Think
of a historian writing a history of the French revolution. He will not limit him-
self to the events of the revolution itself, but will try and show that these event
were preceded by others which, while their sfggsince may not have been evident
at the time, can in retrospect be seen as useful for understanding what happe
later. In selecting the type of prior events which enter his account, the historic
will use his knowledge of what happened later. It is not a question of later even
somehow causing the earlier events, at least as causality is ordinarily understooc
Instead, those earlier events are introduced into the account which are useful
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understanding the later events. While classical histories cannot provide a perf
analogy with quantum histories, this example may help in understanding how tt
earlier particle states in (14.22) can be saiddepend on'the later states oM
without being‘ caused by'them.

To be sure, one often encounters quantum descriptions in which earlier ever
such as the initial state, are the bases of later dependent events, and it is rai
natural in such cases to think of (at least some of) the later events as actually cau
by the earlier events. This may be why later contextual events that depend on ear
events somehow seem more intuitively reasonable than the reverse. Nonethel
the ideas of causation and contextuality are quite distinct, and confusing the tv
can lead to paradoxes.
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Density matrices

15.1 Introduction

Density matrices are employed in quantum mechanics to gparéal descrip-
tion of a quantum system, one from which certain details have been omitted. F
example, in the case of a composite quantum system consisting of two or mc
subsystems, one mdind it useful to construct a quantum description of just one
of these subsystems, either at a single time or as a function of time, while ignc
ing the other subsystem(s). Or it may be the case that the exact initial state o
guantum system is not known, and one wants to use a probability distribution
pre-probability as an initial state.

Probability distributions are used in classical statistical mechanics in order
construct partial descriptions, and density matrices play a somewhat similar role
guantum statistical mechanics, a subject which lies outside the scope of this bo
In this chapter we shall mention a few of the ways in which density matrices ai
used in quantum theory, and discuss their physical significance.

Positive operators and density matrices weffengel in Sec. 3.9. To recapitulate,
a positive operator is a Hermitian operator whose eigenvalues are nonnegative,
a density matrix is a positive operator whose trace (the sum of its eigenvalues) |
1. If Ris a positive operator but not the zero operator, its trace is greater than
and one can define a corresponding density matrix by means of the formula

p = R/Tr(R). (15.1)

The eigenvalues of a density matgxmust lie between 0 and 1. If one of the eigen-
values is 1, the rest must be 0, and= p? is a projector onto a one-dimensional
subspace of the Hilbert space. Such a density matrix is calpeoteastate. Other-
wise there must be at least two nonzero eigenvalues, and the density matrix is cal
amixed state.

202
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Density matrices very often function as pre-probabilities which can be used
generate probability distributions in different bases, and averages of different o
servables. This is discussed in Sec. 15.2. Density matrices arise rather natur:
when one is trying to describe a subsystetrof a larger systemd ® B, and
Secs. 15.3-15.5 are devoted to this topic. The use of a density matrix to descri
an isolated system is considered in Sec. 15.6. Section 15.7 on conditional den:
matrices discusses a more advanced topic related to correlations between sub
tems.

15.2 Density matrix as a pre-probability

Recall that in some circumstances a quantum wave function dr/keteed not
denote an actual physical property][of the quantum system; instead it can serve
as apre-probability, a mathematical device which allows one to calculate variou
probabilities. See the discussion in Sec. 9.4, and various examples in Sec. 12.1
Ch. 13. In most cases (see the latter part of Sec. 15.6 for one of the exceptions
density matrix is best thought of as a pre-probability. Thus while it provides useft
information about a quantum system, one should not think of it as correspondir
to an actual physical property; it does not represeptantum reality”. For this
reason, referring to a density matrix as thetate” of a quantum system can be
misleading. However, in classical statistical mechanics it is customary to refe
to probability distributions a$states”, even though a probability distribution is
obviously not a physical property, and hence it is not unreasonable to use the sa
term for a density matrix functioning as a quantum pre-probability.

A density matrix which is a pre-probability can be used to generate a prob:
bility distribution in the following way. Given a sample space corresponding to :
decomposition of the identity

| =) Pl (15.2)
j

into orthogonal projectors, the probability of the propertyis
p; = Tr(PpPl) = Tr(pP)), (15.3)

where the traces are equal because of cyclic permutation, Sec. 3.8. The oper:
PipPl is positive— use the criterion (3.86)- and therefore its trace, the sum
of its eigenvalues, cannot be negative. Thus (15.8nde a set of probabilities:
nonnegative real numbers whose sum, in view of (15.2), is equal to 1, the trace
p. In particular, if for eachj the projectorP! = [j] is onto a state belonging to an
orthonormal basi§| j)}, then

pi = Tr(pli)(il) = (iloli) (15.4)
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is the jth diagonal element gé in this basis. Hence the diagonal elementg @i
an orthonormal basis form a probability distribution when this basis is used as tl
quantum sample space. As a special case, the probabilities given by the Born rt
Secs. 9.3 and 9.4, are of the form (15.4) whes |y1) (1| and|j) = |¢{) in the
notation used in (9.35).

From (15.3) it is evident that the averaf)é), see (5.42), of an observable

V=VT=3 P (15.5)
j

can be written in a very compact form using the density matrix:

(V) =) pjvj =Tr(pV). (15.6)
j

If pisa pure stat@/) (1], then{V) is (¥1|V 1), asin (9.38). Itis worth empha-
sizing that while the trace in (15.6) can be carried out using any basis, interpretil
(V) as the average of a physical variable requires at least an implicit reference
a basis (or decomposition of the identity) in whighis diagonal. Thus if two ob-
servabled/ andW do not commute with each other, the two avera@€&sand(W)
cannot be thought of as pertaining to a single (stochastic) description of a quantt
system, for they necessarily involve incompatible quantum sample spaces, and t
different probability distributions. The comments made about averages in Ch.
while discussing the Born rule, towards the end of Sec. 9.3 and in connection wi
(9.38), also apply to averages calculated using density matrices.

15.3 Reduced density matrix for subsystem

Suppose we are interested in a compaosite system (Ch. 6) with a Hilbert4gage
For example, A might be the Hilbert space of a particle, aidhat of some system
(possibly another particle) with which it interacts. #tlet |¥,) be a normalized
state of the combined system which evolves, by 8dimgeis equation, to a state
|W,) at timet;. Assume that we are interested in histories for two tineandt;,
of the formWy © (Al ® |), wherew, stands for the projectoly] = |Wo) (Wo| and
the Al form a decomposition of the identity of the subsystdm

4 = Z Al (15.7)
i
The probability that systend will have the propertyAl att; can be calculated
using the generalization of the Born rule found in (10.34):
PrAl) = (W3] Al @ | W) = Tr[w1 (Al @ )] (15.8)

The trace on the right side of (15.8) can be carried out in two steps, see Sec. €
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first a partial trace ovd$ to yield an operator o, followed by a trace oved. In
thefirst step the operatofki, since it acts o rather thans3, can be taken out of
the trace, so that

Tra[Wi(Al @ )] = pAl, (15.9)
where
p = Tr(¥y) (15.10)

is called thereduced density matrjppbecause it is used to describe the subsysten
A rather than the whole systesi ® 5. Sincep is the partial trace of a positive
operator, it is itself a positive operator: apply the test in (3.86). In addition, th
trace ofp is

Tra(p) = Tr(¥y) = (V1]¥) = 1, (15.11)

S0 p is a density matrix. Upon taking the trace of both sides of (15.9) gyeme
obtains, see (15.8), the expression

Pr(Al) = Tra (0 AY) (15.12)

for the probability of the property\/, in agreement with (15.3). Note thpb),

the counterpart ofiy1) in the discussion of the Born rule in Sec. 9.4, functions as &
pre-probability, not as a physical property, and its partial traaéso functions as a
pre-probability, which can be used to calculate probabilities for any sample spa
of the form (15.7). In the same way one can define the reduced density matrix

o = Tra(¥y) (15.13)

for system and use it to calculate probabilities of various properties of sygtem
Let us consider a simple example. LétandB be the spin spaces for two spin-
half particlesa andb, and let

W) = alz]) ®17,) + Blz) ® 1), (15.14)
where the subscripts identify the particles, and thefodehts satisfy
la|®+ |B8)% =1, (15.15)
so that|\W;) is normalized. The corresponding projector is
Wy = W) (W] = laP1Z5)(ZE] @ 12,) (27, | + 1B17122)(Z | ® 1Z5)(Z5 |
+aB* 12| ® 12,)(Zy | + «*B1Z3)(Z5 | ® 1Z,)(Z, |
The partial trace in (15.10) is easily evaluated by noting that

(15.16)

Trs (1z,)(zt ) = (z1z;) =0, (15.17)
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etc.; thus
p = lal[Z] +181%[z,]. (15.18)

This is a positive operator, since its eigenvalues|af@and|A|?, and its trace is
equal to 1, (15.15). If bothr andB are nonzerop is a mixed state.

Employing either (15.8) or (15.12), one can show that if the decompositidn [
[z ], the S;; framework, is used as a sample space, the corresponding probabiliti
are|a|? and|B|?, whereas if one usegf], [x; ], the Sy« framework, the probability
of each is 2. Of course it makes no sense to suppose that these two sets
probabilities refer simultaneously to the same particle, as the two sample spac
are incompatible. Using either tf&y or the S, framework precludes treating;
att; as a physical property whenandg are both nonzero, since as a projector it
does not commute withu[] for any directionw. ThusW; and its partial trace
should be thought of as pre-probabilities.

Except wherjee|? = | 8| there is a unique basik), |z;), in which p is diago-
nal. Howeverp can be used to assign a probability distribution for any basis, an
thus there is nothing special about the basis in which it is diagonal. In this respe
p differs from operators that represent physical variables, such as the Hamiltonie
for which the eigenfunctions do have a particular physical fiicgmce.

The expression on the right side of (15.14) is an example of the Schmidt form

W) = > 4j14)) ® [by) (15.19)
j

introduced in (6.18), wherga; )} and{|by)} are special choices of orthonormal
bases fotd andB. The reduced density matricesandp’ for A andB are easily
calculated from the Schmidt form using (15.10) and (15.13), andiads:

p=>Y ilPl&l, o= 11Pbl. (15.20)

J J

One can check that in (15.18) is, indeed, given by this expression.

Relative to the physical state of the subsystérat timet;, p contains the same
amount of information a¥;. However, relative to the total systed® B, p is
much less informative. Suppose that

5= B (15.21)
k

is some decomposition of the identity for subsystBmand we are interested in
histories of the formly © (Al ® BX). Then the joint probability distribution

Pr(Al A B¥) = Tr[ W1 (Al ® BY] (15.22)
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can be calculated using;, whereas fronp we can obtain only the marginal dis-
tribution

Pr(Al) = > "Pr(Al A B). (15.23)
k

The other marginal distribution, FB), can be obtained using the reduced density
matrix o’ for subsysten8. However, from a knowledge of boghandp’, one still
cannot calculate the correlations between the two subsystems. For instance, in
two-spin example of (15.14), if we use a framework in whighand S,, are both
defined aty, ¥; implies thatS,; = —§,;, a result which is not contained jmor

o’. This illustrates the fact, pointed out in the introduction, that density matrice
typically provide partial descriptions of quantum systems, descriptions from whic
certain features are omitted.

Rather than a projector on a one-dimensional subspégesould itself be a
density matrix ond ® B. For example, if the total quantum system with Hilbert
spaceA ® B ® C consists of three subsystems B, andC, and unitary time
evolution beginning with a normalized initial stgtky) atty results in a stated;)
with projector®; att;, then

Yy = Tre(dq) (1524)

is a density matrix. The partial traces ¥, (15.10) and (15.13), again filee
density matricep andp’ appropriate for calculating probabilities of properties of
A or B, since, for example,

p = Trp(¥y) = Trpe(P1) (15.25)

can be obtained frond’; or directly from ®;. Even when4 ® B is not part of
a larger system it can be described by means of a density matrix as discussec
Sec. 15.6.

15.4 Time dependence of reduced density matrix

There is, of course, nothing very special about the timesed in the discussion in
Sec. 15.3. fiy,) is a solution to the Schdinger equation as a function of tinhe
for the composite systetd ® B, andV¥; the corresponding projector, then one can
define a density matrix

pr = Tre(¥y) (15.26)

for subsystem4 at any timet, and use it to calculate the probability of a history
of the formW¥, © Al based on the two times 0 andwhere Al is a projector on
A. One should not think of; as some sort of physical property which develops
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in time. Instead, it is somewhat analogous to the classical single-time probabili
distribution p;(s) at timet for a particle undergoing a random walk, arr) for
a Brownian particle, discussed in Sec. 9.2. In particidaprovides no informa-
tion about correlations of quantum properties at successive times. To discuss Sl
correlations requires the use of quantum histories, see Sec. 15.5.

In general p; as a function of time does not satisfy a simple differential equation
An exception is the case in whichis itself an isolated subsystem, so that the time
development operator fod ® B factors,

T, t) =Tat,t) @ Ta(t', t), (15.27)
or, equivalently, the Hamiltonian is of the form
H=Hs®!|+1®H;z (15.28)

during the times which are of interest. This would, for example, be the case
A and B were particles (or larger systemiéying away from each other after a
collision. Using the fact that

W = W) (Wi | = T(t, O)WeT (O, 1), (15.29)

one can show (e.g., by writingg as a sum of product operators of the fof® Q)
that whenT (t, 0) factors, (15.27),

pr = Ta(t,0)p0T4(0,1). (15.30)
Upon differentiating this equation one obtains
. d
m% = [Ha, o, (15.31)

since for an isolated systemy (t, 0) satidies (7.45) and (7.46) withl 4 in place of
H. Note that (15.31) is also valid whet, depends on time. IIH 4 is independent
of time and diagonal in the orthonormal bafis,)},

Ha=)_ Enlen)(enl, (15.32)
n
one can use (7.48) to rewrite (15.30) in the form
or = e_itHA/h,OoeitH‘A/h, (1533)

or the equivalent in terms of matrix elements:

{€mlptl€n) = (€mlpol€n) €XP[—i (Em — En)t/h]. (15.34)

There are situations in which (15.28) is only true ifirat approximation, and
there is an additional weak interaction betweérand 3, so thatA is not truly
isolated. Under such circumstances it may still be possible, given a suitable syst
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B, to write an approximate differential equation farin which additional terms
appear on the right side. A discussion of open systems of this type lies outside t
scope of this book.

15.5 Reduced density matrix as initial condition

Let Wq be a projector representing an initial pure state at tiyfer the composite
systemA ® B, and assume that fdr > ty the subsyster is isolated froms,

so that the time development operator factors, (15.27). We shall be interested
histories of the form

Z* =¥, 0 Y, (15.35)
where
Y = AP0 ARG - A} (15.36)

is a history of A at the timest; < t;, < ---tf, with t; > ty, and each of the
projectorsA‘;’J at timet; comes from a decomposition of the identity

la=)_ A} (15.37)
@j

of subsystemA. A history of the formZ* says nothing at all about what is going
on in BB after the initial timety, even though there might be nontrivial correlations
between4 and5.

The Heisenberg chain operator 6, Sec. 11.4, using a reference titpe= to,
can be written in the form

K(Z%) = [Ka(Y") ® | W, (15.38)
where
Ka(Y®) = AT ... Az AT (15.39)

is the Heisenberg chain operator f¢t, considered as a history gf, with
Al = Tato. t) Al Tat), to) (15.40)

the Heisenberg counterpart of the Sidfinger operatoATj , see (11.7).

By first taking a partial trace ové?, one can write the operator inner products
needed to check consistency and calculate weights for the histories in (15.35)
the form

(R(Z), R(2%) = Tr [ WoR (YR 4 (Y")]

=Tra [ pRE(ORAD | = (Ra(r"), Ra(¥),,  (15.41)



210 Density matrices

where the operator inner produg,, is defined for any pair of operator& and A
on A by

(A, A), :=Tra(pATA), (15.42)
using the reduced density matrix
o = Tra(W). (15.43)

The ddinition (15.42) yields an inner product with all of the usual properties, in-
cluding (A, A), > 0, except that it might be possible (dependingdifor (A, A),
to vanish wherA is not zero.

The consistency conditions for the histories in (15.35) take the form

(K4(Y?), K4(Y®), = 0fora +#a, (15.44)
and the probability of occurrence @f* or, equivalentlyy® is given by
Pr(Z%) = Pr(Y®) = (K4(Y?), K4(Y®)),. (15.45)

Thus as long as we are only interested in histories of the form (15.35) that ma
no reference at all t#8 (aside from the initial stat@), the consistency conditions
and weights can be evaluated with formulas which only invollvand make no
reference td. They are of the same form employed in Ch. 10, except for replacin
the operator inner produ¢t) defined in (10.12) by, ), defined in (15.42). Itis
also possible to write (15.44) and (15.45) using the &dimger chain operators

K (Y®) in place of the Heisenberg operatd¢gY®), and this alternative form is
employed in (15.48) and (15.50).

If Ais a small system an8 is large, the second trace in (15.41) will be much
easier to evaluate than tliest. Thus using a density matrix can simplify what
might otherwise be a rather complicated problem. To be sure, calculafirggn
Yy using (15.43) may be a nontrivial task. However, it is often the caselthat
is not known, so what one does is to assume thaas some form involving ad-
justable parameters, which might, for example, be chosen on the basis of expe
ment. Thus even if one does not know its precise form, the very facptbaists
can assist in analyzing a problem.

In the special casé = 1 in which the historie¥“ involve only a single time,
and the consistency conditions (15.44) are automaticallyfisatjghe probability
(15.45) can be written in the form (15.3),

Pr(Al, t) = Tra(o AD), (15.46)

wherep; is a solution of (15.31), or given by (15.33) in the case in whith is
independent of time. In this equatign is functioning as a time-dependent pre-
probability; see the comments at the beginning of Sec. 15.4.
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15.6 Density matrix for isolated system

It is also possible to use a density matgix thought of as a pre-probability, as
the initial state of an isolated system which is not regarded as part of a large
composite system. In such a cags@mbodies whatever information is available
about the system, and this information does not have to be in the form of a particul
property represented by a projector, or a probability distribution associated wi
some decomposition of the identity. As an example, the canonical density matri

p = e /K TreH/ky, (15.47)

wherek is Boltzmanns constant andH the time-independent Hamiltonian, is used
in quantum statistical mechanics to describe a system in thermal equilibrium at
absolute temperatute While one often pictures such a system as being in contac
with a thermal reservoir, and thus part of a larger, composite system, the dens
matrix (15.47) makes perfectly good sense for an isolated system, and a systen
macroscopic size can constitute its own thermal reservoir.

The formulas employed in Sec. 15.5 can be used, with some obvioudimodi
cations, to check consistency and assign probabilities to histories of an isolat
system for whicho is the initial pre-probability at the timg. Thus for a family
of histories of the form (15.36) at the timés < t, < ---tf, with t; > tg, the
consistency condition takes the form

(K(Y*), K(Y®), = Tr[pKT(Y*)K (Y*)] = O fore # @, (15.48)
where the (Sclirdinger) chain operator is defined by
KY®) = AT T (s, tro1) - - - AT (to, t) AP T (t, to), (15.49)

and the inner produgt ), is the same as in (15.42), except for omitting the sub-
script on Tr. If the consistency conditions are d&id, the probability of occur-
rence of a historyy* is equal to its weight:

W(Y?) = (K(Y?), K(Y*)), = Tr[pKT(Y*)K(Y")]. (15.50)

One could equally well use Heisenberg chain operafois (15.48) and (15.50),
as in the analogous formulas (15.44) and (15.45) in Sec. 15.5. Note that (15.4
and (15.50) are essentially the same as the corresponding formulas (10.20) «
(10.11) in Ch. 10, aside from the presence of the density matiiside the trace
defining the operator inner produgh ,.

In the special case of histories involving onlgiagletimet > ty and a decom-
position of the identityl = > Al at this time, consistency is automatic, and the
corresponding probabilities take the form

Pr(Al,t) = Tr(p AD), (15.51)
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or (jleclj) whenAl = |j)(j| is a projector on a pure state, whexeis a solution
to the Schiddinger equation (15.31) with the subscripptomitted fromH, or of
the form (15.33) when the Hamiltoniad is independent of time. One should,
however, not make the mistake of thinking thatas a function of time represents
anything like a complete description of the time development of a quantum systel
see the remarks at the beginning of Sec. 15.4. In order to discuss correlations i
necessary to employ histories with two or more times followiggFor these the
consistency conditions (15.48) are not automatic, and probabilities must be work
out using (15.50). Both of these formulas require more information about tim
development than is containedspn

There are also situations in which information about the initial state of an isc
lated system is given in the form of a probability distribution on a set of initial
states, and an initial density matrix is generated from this probability distributior
The basic idea can be understood by considering a family of histories

[Vl © [#X (15.52)

involving two timesty andt;, where{h/;é)} and{|¢>‘1‘)} are orthonormal bases, and
the initial condition is that%] occurs with probabilityp;. The probability that
[¢X] occurs at timd; is given by

Prgf) = Y Prek | ) by, (15.53)
j
where the conditional probabilities come from the Born formula
Pr(@¥ | ¥d) = [(9XIT (ta. to) |9 I (15.54)
An alternative method for calculating (@) is to ddine a density matrix
po= Y pi[ve] (15.55)
i

at tp using the initial probability distribution. Since each summand is a positive
operator, the sum is positive, Sec.3.9, and the tragg i:n‘zj pj = 1. Unlike the
situations discussed previously, the eigenvalues@re of direct physical signif-
icance, since they are the probabilities of the initial distribution, and the eigenve
tors are the physical properties of the systeitg &r this family of histories. Next,

let

p1 = T(t1,t9)poT (to, t1) (15.56)

be the result of integrating Sartingets equation, (15.31) withl in place ofH 4,
from to to t;. Then the probabilities (15.53) can be written as

Pr($¥) = Tr(pa[¢X]). (15.57)
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In this expression the density matrpg, in contrast topg, functions as a pre-
probability, and its eigenvalues and eigenvectors have no particular physical s
nificance.

The expression (15.57) is more compact than (15.53), as it does not involve t
collection of conditional probabilities in (15.54). On the other hand, the descriptio
of the quantum system provided by is also less detailed. For example, one
cannot use it to calculate correlations between the various initidiaalstates, or
conditional probabilities such as

Pr(yg | ¢%). (15.58)

To be sure, a less detailed description is often more useful than one that is mc
detailed, especially when one is not interested in the details. The point is th
a density matrix provides a partial description, and it is in principle possible t
construct a more detailed description if one is interested in doing so.

15.7 Conditional density matrices

Suppose that at timig a particleA has interacted with a devide and is moving
away from it, so that the two no longer interact, and assume that the projéBtors
in the decomposition of the identity (15.21) Brepresent some states of physical
significance. Given thas is in the stateBX at timeto, what can one say about the
future behavior of4? For example3 might be a device which emits a spin-half
particle with a spin polarizatios, = +1/2, where the directiom depends on
some setting of the device indicated by the indet B.

The question of interest to us can be addressed using a family of histories of t
form

Zk = BK @ Yk, (15.59)

defined for the time§ < t; < ---, where theY*® are histories of4 of the sort
defined in (15.36), except that they are labeled Wwits well as withy to allow for

the possibility that the decomposition of the identity in (15.7) could depend upo
k. (One could also employ a set of timigs< t; < - - - that depend oR.)

Assume that the combined systedn® B is described at timé by an initial
density matrix¥g, which functions as a pre-probability. For example, could
result from unitary time evolution of an initial statefdeed at a still earlier time.
Let

P = Tr(WoBY) (15.60)

be the probability of the evefig®. If py is greater than 0, thHeth conditional density
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matrixis an operator otd defined by the partial trace

P = (1/po Trs(WoBY). (15.61)
Each conditional density matrix gives rise to an inner product

(A, Ay = Tra(pkATA) (15.62)

of the form (15.42).
Using the same sort of analysis as in Sec. 15.5, one can show that the family
histories (15.59) is consistent provided

(K (Yk), K (Y¥)) =0 fora # & (15.63)

is satidied for everyk with p, > 0, where the Heisenberg chain operatidrér®)

are déined as in (15.39), but with the addition of a supersdkifdr each projector
on the right side. Sclkidinger chain operators could also be used, as in Sec. 15.
Note that one does not have to chéckoss termsinvolving chain operators of
histories with different values &. If the consistency conditions are séitsl, the
behavior of A given that is in the stateB* att, is described by the conditional
probabilities

PreY* | B) = (K (YKY), K (YX)),. (15.64)

The physical interpretation of the conditional density matrix is essentially thi
same as that of the simple density matsibdiscussed in Sec. 15.5. Indeed, the
latter can be thought of as a special case in which the decomposition of the ident
of B in (15.21) consists of nothing but the identity itself. Note in particular that the
eigenvalues and eigenvectorsfplay no (direct) role in its physical interpreta-
tion, sincep® functions as a pre-probability.

Time-dependent conditional density matrices can Wimdd in the obviousway,

pE = TA(t, 1) P Ta(to, 1), (15.65)

as solutions of the Schdinger equation (15.31). One can ysgeto calculate the
probability of an evenfA in A at timet conditional uponBy, but not correlations
between events il at several different times. The comments abputt the
beginning of Sec. 15.4 also apply .

The simple ofunconditiondl density matrix of4 at timeto,

p = Trp(Wo), (15.66)
is an average of the conditional density matrices:

p=) mk. (15.67)
k
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While p can be used to check consistency and calculate probabilities of histories
A which make no reference 1, for these purposes there is no need to introduce
the refined family (15.59) in place of the coarser (15.35). To put it somewh:e
differently, the context in which the average (15.67) might be of interest is one i
which p is not the appropriate mathematical tool for addressing the questions ol
is likely to be interested in.

Let us consider the particular case in whigh = | W) (V| and the projectors

BX = |b¥) (bK| (15.68)
are pure states. Then one can exppbg) in terms of thegb®) in the form

|Wo) = Z VPrleX) ® |bY), (15.69)

where py was déined in (15.60). Inserting the cdiglient ,/py in (15.69) means
that the{|«¥)} are normalized{a¥|o) = 1, but there is no reason to expéet)
and|o') to be orthogonal fok # |. The conditional density matrices are now pure
states represented by the dyads

P = 1) (], (15.70)
and (15.67) takes the form
p=> ek =" plerk]. (15.71)
k k

The expression (15.71) is sometimes interpreted to mean that the sysiem
in the statda*) with probability p, at timety. However, this is a bit misleading,
because in general the®) are not mutually orthogonal, and if two quantum states
are not orthogonal to each other, it does not make sense to ask whether a sys
is in one or the other, as they do not represent mutually-exclusive possibilitie
see Sec. 4.6. Instead, one should assign a probabpiligt timet, to the state
la¥) ® |b¥) of the combined systemd ® B. Such states are mutually orthogonal
because th¢b*) are mutually orthogonal. In generad*) is an evendependent
on |bY) in the sense discussed in Ch. 14, so it does not make sense to speak
[«X] as a property of4 by itself without making at least implicit reference to the
state|b¥) of B. If one wants to ascribe a probability @) ® |b*), this ket or the
corresponding projector must be an element of an appropriate sample space. °
projector does not appear in (15.59), but one can insert it by repld&ing [bX]
with [«X] ® [b¥]. The resulting collection of histories then forms the support of
what is, at least technically, a different consistent family of histories. Howevel
the consistency conditions and the probabilities in the new family are the same
those in the original family (15.59), so the distinction is of no great importance.
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Quantum reasoning

16.1 Some general principles

There are some important differences between quantum and classical reasor
which reflect the different mathematical structure of the two theories. The mo
precise classical description of a mechanical system is provided by a point in t
classical phase space, while the most precise quantum description is a ray or o
dimensional subspace of the Hilbert space. This in itself is not an important di
ference. What is more sidigant is the fact that two distinct points in a classical
phase space represent mutually exclusive properties of the physical system: if ¢
is a true description of the sytem, the other must be false. In quantum theory, on't
other hand, properties are mutually exclusive in this sense only if the correspor
ing projectors are mutually orthogonal. Distinct rays in the Hilbert space need n
be orthogonal to each other, and when they are not orthogonal, they do not cor
spond to mutually exclusive properties. As explained in Sec. 4.6, if the projecto
corresponding to the two properties do not commute with one another, and &
thus not orthogonal, the properties are (mutually) incompatible. The relationsh
of incompatibility means that the properties cannot be logically compared, a sit
ation which does not arise in classical physics. The existence of this nonclassi
relationship of incompatibility is a direct consequence of assuming (following vol
Neumann) that the negation of a property corresponds to the orthogonal comp
ment of the corresponding subspace of the Hilbert space; see the discussior
Sec. 4.6.

Quantum reasoning is (at least formally) identical to classical reasoning whe
using a single quanturinamework, and for this reason it is important to be aware
of the framework which is being used to construct a quantum description or car
out quantum reasoning. A framework is a Boolean algebra of commuting proje
tors based upon a suitable sample space, Sec. 5.2. The sample space is a cc
tion of mutually orthogonal projectors which sum to the identity, and thus form :

216
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decomposition of the identity. A sample space of histories must also satisfy tt
consistency conditions discussed in Ch. 10.

In quantum theory there are always many possible frameworks which can |
used to describe a given quantum system. While this situation can also arise
classical physics, as when one considers alternative coarse grainings of the ph
space, it does not occur very often, and in any case classical frameworks are alw
mutually compatible, in the sense that they possess a comrfinarreent. For rea-
sons discussed in Sec. 16.4, compatible frameworks do not give rise to concept
difficulties. By contrast, different quantum frameworks are generally incompat
ble, which means that the corresponding descriptions cannot be combined. A
consequence, when constructing a quantum description of a physical system i
necessary to restrict oneself to a single framework, or at least not mix results frc
incompatible frameworks. Thiingle-framework rul®r single-family rulehas no
counterpart in classical physics. Alternatively, one can say that in classical physi
the single-framework rule is always séitesl, for reasons indicated in Sec. 26.6, so
one never needs to worry about it.

Quantum dynamics differs from classical Hamiltonian dynamics in that the lat
ter is deterministic: given a point in phase space at some time, there is a unig
trajectory in phase space representing the states of the system at earlier or I:
times. In the quantum case, the dynamics is stochastic: even given a precise s
of the system at one time, various alternatives can occur at other times, and f
theory only provides probabilities for these alternatives. (Only in the exception:
case of unitary histories, see Secs. 8.7 and 10.3, is there a unique (probability
possibility at each time, and thus a deterministic dynamics.) Stochastic dynami
requires both the spdigation of an appropriate sample space or family of histories
as discussed in Ch. 8, and also a rule for assigning probabilities to histories. T
latter, see Chs. 9 and 10, involves calculating weights for the histories using tl
unitary time development operatofgt’, t), equivalent to solving Schdingers
equation, and then combining these with contingent data, typically an initial cor
dition. Consequently, the reasoning process involved in applying the laws of qua
tum dynamics is somewhat different from that used for a deterministic classic
system.

Probabilities can be consistently assigned to a family of histories of an isolate
guantum system using the laws of quantum dynamics only if the family is repre
sented by a Boolean algebra of projectors satisfyingtmsistency conditiordis-
cussed in Ch. 10. A family which sdfiiss these conditions is known as@nsistent
family or framework. Each framework has its own sample space, and the singl
framework rule says that the probabilities which apply to one framework cannc
be used for a different framework, even for events or histories which are repr
sented in both frameworks. It is, however, often possible to assign probabilities
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elements of two or more distinct frameworks using the same initial data, as di
cussed below.

The laws of logic allow one to draw correct conclusions from some initial propo
sitions, or“datd, assuming the latter are correc{Following the rules does not
by itself always lead to the right answer; the principlé garbage in, garbage dut
was known to ancient logicians, though no doubt they worded it differently.) Thisi
the sort of quantum reasoning with which we are concerned in this chapter. Givi
some facts or features of a quantum system ithidal datd’, what else can we say
about it? What conclusions can we draw by applying the principles of quantul
theory? For example, an atom is in its ground state and a fast muon passes b
nm away: Will the atom be ionized? THaitial datd may simply be the initial
state of the quantum system, but could also include information about what ha
pens later, as in the spéiciexample discussed in Sec. 16.2. Thimtial” refers
to what is given at the beginning of the logical argument, not necessarily son
property of the quantum system which occurred before something else that one
interested in.

The first step in drawing conclusions from initial data consists in expressin
the latter in proper quantum mechanical terms. In a typical situation the data &
embedded in a sample space of mutually-exclusive possibilities by assigning prc
abilities to the elements of this space. This includes the case in which the initi
data identify a unique element of the sample space that is assigned a probability
1, while all other elements have probability 0. If the initial data include informatior
about the system at different times, the Hilbert space must, of course, be the Hilb
space of histories, and the sample space will consist of histories. See the exan
in Sec. 16.2. Initial data can also be expressed using a density matrix thought of
a pre-probability, see Sec. 15.6. Initial data which cannot be expressed in app
priate quantum terms cannot be used to initiate a quantum reasoning process, €
if they make good classical sense.

Once the initial data have been embedded in a sample space, and probal
ties have been assigned in accordance with quantum therseasoning process
follows the usual rules of probability theoryhis means that, in general, the con-
clusion of the reasoning process will be a set of probabilities, rather thaimstele
result. However, if a consequence can be inferred with probability 1, we call
“true’, while if some event or history has probability 0, it'fals€’, always assum-
ing that the initial data arétrug’.

It is worth emphasizing once again that the peculiarities of quantum theory ¢
not manifest themselves as long as one is ussigglesample space and the corre-
sponding event algebra. Instead, they come about because therargrelifferent
sample spaces in which one can embed the initial data. Hence the conclusions |
can draw from those data depend upon which sample space is being used. T
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multiplicity of sample spaces poses some special problems for quantum reas
ing, and these will be discussed in Secs. 16.3 and 16.4, after consideringfecspec
example in the next section.

There are many other sorts of reasoning which go on when quantum thec
is applied to a particular problem; e.g., the correct choice of boundary cond
tions for solving a differential equation, the appropriate approximation to be en
ployed for calculating the time development, the use of symmetries, etc. The
are not included in the present discussion because they are the same as in clas
physics.

16.2 Example: Toy beam splitter

Consider the toy beam splitter with a detector in theutput channel shown in
Fig. 12.2 on page 166 and discussed in Sec. 12.2. Suppose that the initial stat
t = 0is|0a, OC): the particle in thea entrance channel to the beam splitter, and
the detector in its ©“ready” state. Also suppose thattat= 3 the detector is in its

1€ state indicating that the particle has been detected. These pieces of informat
about the system dt= 0 and t = 3 constitute the initial data as that term was
defined in Sec. 16.1. We shall also make use of a certain amolbackground”
information: the structure of the toy model and its unitary time transformation, a
found in Sec. 12.2.

In order to draw conclusions from the initial data, they must be embedded in ¢
appropriate sample space. A useful approach is to begin with a relatively coar
sample space, and then refine it in different ways depending upon the sorts
guestions one is interested in. One choice for the initial, coarse sample space is
set of histories

X* =[0a,08) © 1 © 1 ®[16],
X° =1[0a,08 © 1 © 1 ©[0d], (16.1)
X2= R 0ololo |

for the times = 0,1, 2, 3, whereR = | — [Oa, O€]. Here the superscript stands
for the triggered and for the ready state of the detectortat= 3. The sum of
these projectors is the history identify and it is easy to see that the consistency
conditions are satiied in view of the orthogonality of the initial arfthal states,
Sec. 11.3. SincX* is the only member of (16.1) consistent with the initial data, it
is assigned probability 1, and the others are assigned probability O.
Where was the particle at= 1? The histories in (16.1) tell us nothing about

any property of the system ait= 1, since the identity is uninformative. Thus in
order to answer this question we need tome the sample space. This can be done
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by replacingX* with the three history projectors
X*¢ =[0a, 0¢] © [1c] © | ©[1€],
X*d =[0a, 06] © [1d] © | ©[1€], (16.2)
X*P =[0a,0] © P oI ©[1d],
whose sum is<*, where
P=1—[1c] — [1d] (16.3)

is the projector for the particle to be someplace other than sidew 1d. The
weights of X*4 and X*P are 0, given the dynamics as sdeai in Sec. 12.2. The
history X° can be réined in a similar way, and the weights ¥f°¢ and X°P are 0.
(We shall not bother to fane X%, though this could also be done if one wanted to.)
Consistency is easily checked.

When one rnes a sample space, the probability associated with each of tt
elements of the original space is divided up among their replacements in proporti
to their weights, as explained in Sec. 9.1. Consequently, in tieede sample
space, X*¢ has probability 1, and all the other histories have probability 0. Note
that while X*@ and X*P are consistent with the initial data, the fact that they have
zero weight (are dynamically impossible) means that they have zero probabilit
From this we conclude that the initial data imply that the particle has the proper
[1c], meaning that it is at the siteclatt = 1. Thatis, [I] att = 1 is true if one
assumes the initial data are true.

Given the same initial data, one can ask a different question:=Atl, was the
particle in one or the other of the two states

118) = (11c) + |11d))/~v/2,  |1b) = (—|1c) + |1d))/v/2 (16.4)

resulting from the unitary evolution ¢ba) and|0b) (see (12.2))? To answer this
guestion, we use an alternativdinement of the sample space (16.1), in whi¢h
is replaced with the three histories

X*a =[0a, 06l ©[1a] © | ©[1€],
X*® =[0a, 06] © [1b] © | O [1€], (16.5)
X*P =[0a,0]© P oI ©[1¢],

with P again given by (16.3). (Note that]l+ [1b] is the same as [ + [1d].) A
similar rdinement can be carried out f°. Both X*® and X*P have zero weight,
so the initial data imply that the histo¢*@ has probability 1. Consequently, we
can conclude that the patrticle is in the superposition staipvith probability 1
att = 1. Thatis, [B] att = 1 is true if one assumes the initial data are true.
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However, the family which includes (16.5) is incompatible with the one which
includes (16.2), as is obvious from the fact thatf][And [1a] do not commute with
each other. Hence the probability 1 (true) conclusion obtained using one fami
cannot be combined with the probability 1 conclusion obtained using the othe
family. We cannot deduce from the initial data that at 1 the particle was in
the state [&] and also in the state fl, for this is quantum nonsense. Putting
together results from two incompatible frameworks in this way violates the single
framework rule. So which is theorrectfamily to use in order to work out theeal
state of the particle a@ = 1: should one employ (16.2) or (16.5)? This is not a
meaningful question in the context of quantum theory, for reasons which will b
discussed in Sec. 16.4.

Now let us ask a third question based on the same initial data used previous
Where was the particle &t= 2: was it at 2 or at 2d? The answer is obvious. All
we need to do is to replace (16.2) with a different refinement

X*¢ = [0a,0¢] © | © [2¢] O [1¢€],
x*d" = [0a, 06] © | ®[2d] © [1€], (16.6)
X*? =[0a,06] ©1 ® P ©[1d],

with P’ = | — [2c] — [2d]. Since X*¢ has probability 1, it is certain, given the
initial data, that the particle was at act = 2.

The same answer can be obtained starting with the sample space which inclu
the histories in (16.2), and refining it to include the history

X*¢¢ = [0a, 06] © [1¢] © [2c] © [1€], (16.7)

which has probability 1, along with additional histories with probability 0. In the
same way, one could start with the sample space which includes the histories
(16.5), and refine it so that it contains

X*a¢ = [0a, 0¢] © [13] © [2c] © [1€], (16.8)

whose probability (conditional upon the initial data) is 1, plus others whose prok
ability is 0. It is obvious that the sample space containing (16.7) is incompatibl
with that containing (16.8), since these two history projectors do not commute wit
each other. Nonetheless, either family can be used to answer the qu&gtiene

is the particle at = 2?”, and both give precisely the same answer: the initial dat:
imply that it is at 2¢ and not someplace else.
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16.3 Internal consistency of quantum reasoning

The example in Sec. 16.2 illustrates the principles of quantum reasoning intr
duced in Sec. 16.1. It also exhibits some important ways in which reasoning abc
guantum systems differs from what one is accustomed to in classical physics.
deterministic classical mechanics one is used to starting from some initial state &
integrating the equations of motion to produce a trajectory in which at each tinr
the system is described by a single point in its phase space. Given this trajectt
one can answer any question of physical interest such as, for example, the ti
dependence of the kinetic energy.

In quantum theory one typically (unitary histories are an exception) uses a rath
different strategy. Instead of starting with a single weltided temporal develop-
ment which can answer all questions, one has to start with the physical questic
themselves and use these questions to generate an appropriate framework in wi
they make sense. Once this framework is djped;j the principles of stochastic
guantum dynamics can be brought to bear in order to supply answers, usually
the form of probabilities, to the questions one is interested in.

One cannot use a single framework to answer all possible questions abou
guantum system, because answering one question will require the use of a frar
work that is incompatible with another framework needed to address some otf
guestion. But even a particular question can often be answered using more than
framework, as illustrated by the third (last) question in Sec. 16.2. This multiplicity
of frameworks, along with the rule which requires that a quantum description,
the reasoning from initial data to a conclusion, use orgjngle frameworkraises
two somewhat different issues. TIliest issue is that of internal consistency: if
many frameworks are available, will one get the same answer to the same quest
if one works it out in different frameworks? We shall show that this is, indeed, th
case. The second issue, discussed in the next section, is the intuitiecaigre
of the fact that alternative incompatible frameworks can be employed for one ar
the same quantum system.

The internal consistency of quantum reasoning can be shown in the followir
way. Assume thatfi, F, ... F, are different consistent families of histories,
which may be incompatible with one another, each of which contains the initic
data and the other events, or histories, that are needed to answer a particular ph
cal question. Each framework is a set of projectors which forms a Boolean algeb
and one can dime F to be their set-theoretic intersection:

F=FNFn - Fn (16.9)

That is, a projectol is in F if and only if it is also in eacl#;j, for1 < j < n.
It is straightforward to show thaf is a Boolean algebra of commuting history
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projectors: It contains the history identity if it contains a projectoly, then it
also contains its negation— Y; and if it containsY andY’, then it also contains
YY = Y'Y. These assertions follow at once from the fact that they are true of eac
of the ;. Furthermore, the fact that eadf) is a consistent family means that

is consistent; one can use the criterion in (10.21).

Since eacl¥; contains the projectors needed to represent the initial data, alor
with those needed to express the conclusions one is interested in, the same is tru
F. Consequently, the task of assigning probabilities using the initial data togeth
with the dynamical weights of the histories, and then using probabilistic argumen
to reach certain conclusions, can be carried oufinBut since it can be done in
F, itcan also be done in an identical fashion in any of:yeas the latter contains
all the projectors ofF. Furthermore, any history iff will be assigned the same
weightinF and in anyF;, since the weightV(Y) is defined directly in terms of the
history projectofy using a formula, (10.11), that makes no reference to the family
which contains the projector. Consequently, the conclusions one draws from initi
data about physical properties or histories will be identical in all frameworks whicl
contain the appropriate projectors.

This internal consistency is illustrated by the discussion of the third (last) que:
tion in Sec. 16.2F is the family based on the sample space containing (16.6), an
F1 and F, are two mutually incompatible refinements containing the histories i
(16.7) and (16.8), respectively. One can use eiffieor F» to answer the question
“Where is the particle at= 2?”, and the answer is the same.

As well as providing a proof of consistency, the preceding remarks suggest
certain strategy for carrying out quantum reasoning of the type we are concern
with: Use the smallest, or coarsest framework which contains both the initial da
and the additional properties of interest in order to analyze the problem. Any oth
framework which can be used for the same purpose will befiaenment of the
coarsest one, and will give the same answers, so there is no point in going to ex
effort. If one has some spdid initial data in mind, but wants to consider a variety
of possible conclusions, some of which are incompatible with others, then start ¢
with the coarsest framewo& which contains all the initial data, and refine it in
the different ways needed to draw different conclusions.

This was the strategy employed in Sec. 16.2, except that the coarsest sam
space that contains the initial dat4 consists of the two projectodé* and| — X*,
whereas we used a sample space (16.1) containing three histories rather than
two. One reason for using® and X in this case is that each has a straightforward
physical interpretation, unlike their suin— X*. The argument for consistency
given above shows that there is no harm in using a mdiaa@ sample space
as a starting point for further refinements, as long as it allows one to answer t
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guestions one is interested in, for in the end one will always get precisely the sal
answer to any particular question.

16.4 Interpretation of multiple frameworks

The example of Sec. 16.2 illustrates a situation which arises rather often in re
soning about quantum systems. The initial d&taan be used in various different
frameworksFy, F», ... , to yield different conclusiongy, C,, .... The question
then arises as to the relationship among these different conclusions. In particul
can one say that they all apply simultaneously to the same physical system? G
erally the conclusions are expressed in terms of probabilities that are greater tt
0 and less than 1, and thus involve some uncertainty. But sometimes, and we
liberately focused on this situation in the example in Sec. 16.2, one concludes tt
an event (or history) has probability 1, in which case it is natural to interpret thi
as meaning that the event actually occurs, or‘igae’ consequence of the initial
data. Similarly, probability O can be interpreted to mean that the event does r
occur, or is‘falsée’.

If two or more frameworks areompatible there is nothing problematical in
supposing that the corresponding conclusions apply simultaneously to the sa
physical system. The reason is that compatibility implies the existence of a cor
mon rdinement, a framewor¥ which contains the projectors necessary to describe
the initial data and all of the conclusions. The consistency of quantum reasonir
Sec. 16.3, means that the conclusiépsvill be identical inF; and inG. Conse-
guently one can think afF;, 7, ... as representing alternativeiews’ or “per-
spectives of the same physical system, much as one can view an object, such a
teacup, from various different angles. Certain details are visible from one perspe
tive and others from a different perspective, but there is no problem in supposi
that they all form part of a single correct description, or that they are all simultane
ously true, for the object in question.

In the example considered in Sec. 167, could be the framework based on
(16.2), which allows one to describe the position of the particlie=atl, but not
for any othert > 0, andF, the one based on (16.6), which provides a descriptior
of the position of the particle at= 2, but not at = 1. Their common ritnement
provides a description of the position of the particlé at 1 andt = 2, and#; and
F» can be thought of as supplying complementary parts of this description.

Conceptual dficulties arise, however, when two or more frameworksrazem-
patible Again with reference to the example in Sec. 16.2Agbe the framework
based on (16.5). It is incompatible with;, becausex*¢ in (16.2) andX*2 in
(16.5) do not commute with each other, since the projectaisqdd [15] att = 1
do not commute. From the initial data one can conclude uginthat the particle



16.4 Interpretation of multiple frameworks 225

possesses the propertyc[ht t = 1 with probability 1. UsingF, and the same ini-
tial data, one concludes that the particle has the propealydtlt = 1, again with
probability 1. But even though [l@nd [13a] are both“true” (probability 1) con-
sequences of the initial data, one cannot think of them as representing propert
of the particle which are simultaneously true in the same sense one is accuston
to when thinking about classical systems, for there is no property correspondil
to [1c] AND [13], just as there is no property corresponding3o= +1/2 AND

S« = +1/2 for a spin-half particle.

The conceptual difculty goes away if one supposes that the two incompatible
frameworks are being used to describe two distinct physical systems that are «
scribed by the same initial data, or the same system during two different runs
an experiment. In the case of two separate but identical systems, each with Hilb
spaceH, the combination is described by a tensor prodiicd 7, and employing
JF for thefirst and.F; for the second is formally the same as a single consisten
family for the combination. This is analogous to the fact that wisile= +1/2
AND S, = +1/2 for a spin-half particle is quantum nonsense, there is no probler
with the statement th&8, = +1/2 for one particle an& = +1/2 for a different
particle. In the same way, different experimental runs for a single system must o
cur during different intervals of time, and the tensor prodﬁi@ H of two history
Hilbert spaces plays the same rolefas H for two distinct systems.

Incompatible frameworks do give rise to conceptual problems when one tries
apply them to thesamesystem during thsametime interval. To be sure, there
iS never any harm in constructing as many alternative descriptions of a quantt
system as one wants to, and writing them down on the same sheet of paper. T
difficulty comes about when one wants to think of the results obtained using incor
patible frameworks as all referring simultaneously to the same physical system,
tries to combine the results of reasoning based upon incompatible frameworks.
is this which is forbidden by the single-framework rule of quantum reasoning.

Note, by the way, that in view of the internal consistency of quantum reasonin
discussed in Sec. 16.3, it is never possible, even using incompatible framewor!
to derivecontradictoryresults starting from the same initial data. Thus for the
example in Sec. 16.2, the fact that there is a framework in which one can conclu
with certainty that the particle is at the site &t = 1 means there cannot be
another framework in which one can conclude that the particle is someplace else
t = 1, or that it can be at site Mgith some probability less than 1. Any framework
which contains both the initial data and the possibility of discussing whether th
particle is or is not at the siteclatt = 1 will lead to precisely the same conclusion
asF;. This does not contradict the fact thatm the particle is predicted to be
in a state [&] att = 1: F3 does not contain [J¢cand thus in this framework one
cannot address the question of whether the particle is at the sitig e 1.



226 Quantum reasoning

Even though the single-framework rule tells us that the resa]tffbm frame-
work F; and the result [d] from F3 cannot be combined or compared, this state of
affairs is intuitively rather troubling, for the following reason. In classical physics
whenever one can draw the conclusion through one line of reasoning that a syst
has a property?, and through a different line of reasoning that it has the propert
Q, then it is correct to conclude that the system possesses both properties simu
neously. Thus ifP is true (assuming the truth of some initial data) ads also
true (using the same data), then it is always the caseRh&ND Q is true. By
contrast, in the case we have been discussing,ifltrue (a correct conclusion
from the data) inF1, [13] is true if we useFs, while the combination [d@ AND
[13] is not even meaningful as a quantum property, much less true!

When viewed from the perspective of quantum theory, see Ch. 26, classic
physics is an approximation to quantum theory in certain circumstances in whi
the corresponding quantum description requires only a single framework (or, whi
amounts to the same thing, a collectiorcompatibleframeworks). Thus the prob-
lem of developing rules for correct reasoning when one is confronted with a mu
tiplicity of incompatibleframeworks never arises in classical physics, or in our
everyday'macroscopit experience which classical physics describes so well. Bu
this is precisely why the rules of reasoning which are perfectly adequate and qu
successful in classical physics cannot be depended upon to provide reliable c
ceptual tools for thinking about the quantum domain. However deep-seated m
be our intuitions about the meaning tfue’ and“fals€’ in the classical realm,
these cannot be uncritically extended into quantum theory.

As probabilities can only be fi@ed once a sample space has been 8pdci
probabilistic reasoning in quantum theory necessarily depends upon the sam
space and its associated framework. As a consequentiud is to be iden-
tified with “probability I, then the notion oftruth” in quantum theory, in the
sense of deriving true conclusions from initial data that are assumed to be trt
must necessarily depend upon the framework which one employs. This featt
of quantum reasoning is sometimes regarded as unacceptable because it is |
to reconcile with an intuition based upon classical physics and ordinary everyd:
experience. But classical physics cannot be the arbiter for the rules of quantt
reasoning. Instead, these rules must conform to the mathematical structure uj
which quantum theory is based, and as has been pointed out repeatedly in pre
ous chapters, this structure is sificantly different from that of a classical phase
space. To acquire a goddiuantum intuitiol, one needs to work through vari-
ous quantum examples in which a system can be studied using different inco
patible frameworks. Several examples have been considered in previous chapt
and there are some more in later chapters. | myself have found the example
a beam splitter insider a box, Fig. 18.3 on page 253, particularly helpful. Fc
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additional comments on multiple incompatible frameworks, see Secs. 18.4 al
27.3.
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Measurements |

17.1 Introduction

| place a tape measure with one end onfllber next to a table, read the height
of the table from the tape, and record the result in a notebook. What are tl
essential features of thimeasurement process? The key point is the establish
ment of acorrelation between ghysical propertythe height) of aneasured sys-
tem (the table) and a suitablkecord (in the notebook), which is itself a physical
property of some other system. It will be convenient in what follows to think
of this record as part of the measuring apparatus, which consists of everythi
essential to the measuring process apart from the measured system. Human
ings are not essential to the measuring process. The height of a table could
measured by a robot. In the modern laboratory, measurements are often cari
out by automated equipment, and the results stored in a computer memory or
magnetic tape, etc. While sciefiti progress requires that human beings pay atten
tion to the resulting data, this may occur a long time after the measurements «
completed.

In this and the next chapter we consider measurements as physical proces
in which apropertyof some quantum system, which we shall usually think of as
some sort of particle”, becomes correlated with thetcomeof the measurement,
itself a property of another quantum system, thpparatus”. Both the measured
system and the apparatus which carries out the measurement are to be thougt
as parts of a single closed quantum mechanical system. This makes it possible
apply the principles of quantum theory developed in earlier chapters. There &
no special principles which apply to measurements in contrast to other quantt
processes. We need an appropriate Hilbert space for the measured system |
apparatus, some sort of initial state, unitary time development operators, anc
suitable framework or consistent family of histories. There are, as always, mai

228
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possible frameworks. A correct quantum description of the measuring proce
must employ asingle framework mixing results from incompatible frameworks
will only cause confusion.

In practice it is necessary to make a number of idealizations and approximatio
in order to discuss measurements as quantum mechanical processes. This sh
not be surprising, for the same is true of classical physics. For example, the m
tion of the planets in the solar system can be described to quite high precision
treating them as point masses subject to gravitational forces, but of course this
not an exact description. The usual procedure followed by a physicistfissto
work out an approximate description of some situation in order to get an idea
the various magnitudes involved, and then see howfitss approximation can
be improved, if greater precision is needed, by including effects which have be«
ignored. We shall follow this approach in this and the following chapter, some
times pointing out how a particular approximation can be improved upon, at lea
in principle. The aim is physical insight, not a precise formalism which will cover
all cases.

Quantum measurements can be divided into two broad categories: nondestr
tive and destructive. Imondestructive measuremenédso called nondemolition
measurements, the measured property is preserved, so the particle has the s
or almost the same property after the measurement is completed as it had |
fore the measurement. While it is easy to make nondestructive measurements
macroscopic objects, such as tables, nondestructive measurements of microsc
guantum systems are much mordidiilt. Even when a quantum measurement is
nondestructive for a particular property, it will be destructive for many other prop
erties, so that the term nondestructive can only Hendd relative to some prop-
erty or properties, and does not refer to all conceivable properties of the quantt
system.

In destructive measuremeritse property of interest is altered during the mea-
surement process, often in an uncontrolled fashion, so that after the measurerr
the patrticle no longer has this property. For example, the kinetic energy of an e
ergetic particle can be measured by bringing it to rest in a scintillatoffiaddhg
the amount of light produced. This tells one what the energy of the particle we
before it entered the scintillator, whereas at the end of the measurement proc
the kinetic energy of the particle is zero. In this and other examples of destructiy
measurements it is clear that the correlation of interest is between a property 1
particle hacbeforethe measurement took place, and the state of the appaiféeus
the measurement, and thus involves properties atifferenttimes. The absence
of a systematic way of treating correlations involving different times, except i
very special cases, is the basic reason why the theory of measurement develo
by von Neumann, Sec. 18.2, is not very satisfactory.
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17.2 Microscopic measurement

The measurement of the spin of a spin-half particle illustrates many of the princ
ples of the quantum theory of measurement, so we begin with this simple case,
ing a certain number of approximations to keep the discussion from becoming t
complicated. Consider a neutral spin-half particle, e.g., a silver atom in its grour
state, moving through the inhomogeneous magriietid of a SterrGerlach appa-
ratus, shown schematically in Fig. 17.1. We shall assume the magjeédics such
that if thez-component, of the spinist+1/2, there is an upwards force on the par-
ticle, and it emerges from the magnet moving upwards, wheregasif—1/2, the
force is in the opposite direction, and the particle moves downward as it leaves t
magnet.

=G

Fig. 17.1. Spin-half particle passing through a St&arlach magnet.

This can be described in quantum mechanical terms as follows. The spin sta
of the particle corresponding 8, = +1/2 are|z") and|z~) in the notation of
Sec. 4.2. Lety andt; be two successive times preceding the moment at whicl
the particle enters the magnetield, see Fig. 17.1, antd a later time after it has
emerged from the magnefii@ld. Assume that the unitary time development from
to toty toty is given by

+ +\p +yp o+
IZ_>Iw> = |Z_>Iw> = |Z_>|w_>, 17.1)
1Z7) @) = |Z7)|) > |27) ™),
where|w), |@'), ™), |o~) are wave packets for the partitdecenter of mass, at
the locations indicated in Fig. 17.1. (One could also write these(Bs etc.)

One can think of the center of mass of the particle as“tqgparatus The
two possible outcomes of the measurement are that the particle emerges from
magnet in one of the two spatial wave packets) or | ~). It is important that the
outcome wave packets be orthogonal,

(@'w™) =0, (17.2)

as otherwise we cannot speak of them as mutually-exclusive possibilities. Tt
condition will be fufilled if the wave packets have negligible overlap, as suggeste
by the sketch in Fig. 17.1.
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In calculating the unitary time development in (17.1) we assume that the Hami
tonian for the particle includes an interaction with the magrfedid, and thidield
is assumed to beclassical”; that is, it provides a potential for the partglmo-
tion, but does not itself need to be described using an approfiiédetheoretical
Hilbert space. Similarly, we have omitted from our quantum description the ator
of the magnet which actually produce this magngé&td. Theséinert” parts of the
apparatus could, in principle, be included in the sort of quantum description di:
cussed in Sec. 17.3, but this is an unnecessary complication, since their esser
role is included in the unitary time developmentin (17.1).

The process shown in Fig. 17.1 can be thought of as a measurement beca
the value ofS, before the measurement, the property being measured, is correlat
with the spatial wave packet of the particle after the measurement, which forms t
output of the measurement. It is also the case $dtefore the measurement is
correlated with its value after the measurement, and this means the measureme
nondestructive for the properti& = +1/2. One can easily imagine a destructive
version of the same measurement by supposing that the wave packets emerc
from thefield gradient of the main magnet pass through some regions of unifori
magneticfield, which do not affect the center of mass motion, but do cause a pr
cession of the spin. Consequently, at the end the process the location of the w:
packet for the center of mass will still serve to indicate the valug,dfefore the
measurement began, even thoughfthal value ofS, need not be the same as the
initial value.

Suppose that the initial spin state is not one of the possibilBies +1/2, but
instead

x*) = (12%) + 127))/+/2 (17.3)

corresponding t&, = +1/2. What happens during the measuring process? Th
unitary time development of the initial state

o) = IxH)|o) = (127 |w) + 127)|w))/v/2 (17.4)
is obtained by taking a linear combination of the two cases in (17.1):
o) > XD ) > (1Z5)]wh) +[27)w))/V2. (17.5)

The unitary history in (17.5) cannot be used to describe the measuring proce
because the measurement outcomes) and|w ™), are clearly incompatible with
thefinal state in (17.5). A guantum mechanical description of a measurement wi
particular outcomes must, obviously, employ a framework in which these outcom
are represented by appropriate projectors, as in the consistent family whose supj
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consists of the two histories

1 ot
ol @ [x*I[w] © |2 1) (176
[z ][7].

The notation, see (14.12), indicates that the two histories are identical at the tim
top andty, but contain different events gt While this family contains the measure-
ment outcomesdt] and [w~], it is still not satisfactory for discussing the process
in Fig. 17.1 as aneasuremenbecause it does not allow us to relate these outcome
to the spin stateszf] and [z7] of the particlebeforethe measurement took place.
Since the propertieS, = +1/2 are incompatible with a spin state']] atty, (17.6)
does not allow us to say anything ab&tbefore the particle enters the magnetic
field gradient. It is true tha, att; is correlated with the measurement outcome if
we use (17.6). But this would also be true if the apparatus had somehow produc
a particle in a certain spin state without any reference to its previous propertie
and calling that &measuremehitwould be rather odd.

A more satisfactory description of the process in Fig. 17.1 as a measurement
obtained by using an alternative consistent family whose support is the two hist
ries

][] © [z ][],

17.7
Wl O 1wt 0 [ 1101, (ar.7)

As both histories have positive weights, one sees that

Pr(zf |wy) =1=Prz] |w;),

17.8
Prw; |Z{) = 1= Pr(w, |Z]), ( )

where we follow our usual convention that square brackets can be omitted a
subscripts refer to times: e.g; is the same aszf]; and meanss, = +1/2 at

t;. (In addition, the initial state/y could be included among the conditions, but, as
usual, we omit it.) These conditional probabilities tell us that if the measuremel
outcome isw™ att,, we can be certain that the particle h§d= +1/2 att;, and
vice versa, likewisep™ att, implies S, = —1/2 att;. (For an initial spin state
|zt) the conditional probabilities involving~ andw™ are undéned, and those
involving zt andw™ are undéned for an initial|z™).)

It is (17.8) which tells us that what we have been referring to mgasurement
processactually deserves that name, for it shows that the result of this process is
correlation between spdic outcomes and appropriate properties of the measure
system before the measurement took place. If these probabilities were slightly le
than 1, it would still be possible to speak of approximate measuremernd in
practice all measurements are to some degree approximate.
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In conclusion it is worth emphasizing that in order to describe a quantum prc
cess as a measurement it is necessary to employ a framework which inohides
the measurement outcomes (pointer positi@ms)the properties of the measured
system before the measurement took place, by means of suitable projectors. Th
requirements are safisd by (17.7), whereas (17.6), even though it is an improve-
ment over a unitary family, cannot be used to derive the correlations (17.8) that &
characteristic of a measurement.

17.3 Macroscopic measuremenfjrst version

If the results are to be of use to scientists, measurements of the properties of |
croscopic quantum systems must eventually produce macroscopic results visible
the eye or at least accessible to the computer. This requires devices that amp
microscopic signals and produce some sort of macroscopic record. These p
cesses are thermodynamically irreversible, and this irreversibility contributes to t
permanence of the resulting records. Thus even though the production of cert
correlations, which is the central feature of the measuring process, can occur o
microscopic scale, as discussed in the previous section, macroscopic systems r
be taken into account when quantum theory is used to describe practical meast
ments. A full and detailed quantum mechanical description of the processes goi
on in a macroscopic piece of apparatus containing particles is obviously not
possible. Nonetheless, by making a certain number of plausible assumptions i
possible to explore what such a description might contain, and this is what we sh
do in this and the next section, for a macroscopic version of the measurement
the spin of a spin-half particle.

Once again, assume that the particle passes through a mafigletigradient,
Fig. 17.1, which splits the center of mass wave packet into two pieces which a
eventually separated by a macroscopic distance. The macroscopic measureme
then completed by adding particle detectors to determine whether the particle is
the upper or lower beam as it leaves the magrfetid. One could, for example,
suppose that light from a laser ionizes a silver atom as it travels along one of tl
paths emerging from the apparatus, and the resulting electron is accelerated ir
electricfield and made to produce a macroscopic current by a cascade proce
Detection of single atoms in this fashion is technically feasible, though it is nc
easy. Of course, one must expect that in such a measurement process the
direction of the atom will not be preserved; indeed, the atom itself is broken up b
the ionization process. Hence such a measurement is destructive.

Let us assume once again that three titages;, andt, are used in a quantum
description of the measurement process. The tignasdt; precede the entry of
the particle into the magneticeld, Fig. 17.1, whereas is long enough after the
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particle has emerged from the magnédtedd to allow its detection, and the result
indicating the channel in which it emerged to be recorded in some macroscopic
vice, say a pointer easily visible to the naked eye. Assume that before the meast
ment takes place the pointer points in a horizontal direction, and at the completi
of the measurement it either points upwards, indicating that the particle emerg
in the upper channel correspondingSo= +1/2, or downwards, indicating that
the particle emerged in th§ = —1/2 channel. Of course, no one would build
an apparatus in this fashion nowadays, but when discussing conceptual questi
there is an advantage in using something easily visualized, rather than the direct
of magnetization in some region on a magnetic tape or disk. The principles are
any case the same.

As afirst attempt at a quantum description of such a macroscopic measureme
assume that d§ the apparatus plus the center of mass of the particle whose spin
to be measured is in a quantum stg®. Then we might expect that the unitary
time development of the apparatus plus particle would be similar to (17.1), that i
of the form

1Z5)1Q) = 1Z7)192) = 1Q7),

B o B (17.9)
1Z7)[€2) = |27)[2) — |R7),

where|Q*) is some state of the apparatus in which the pointer points upward:
and|Q2™) a state in which the pointer points downwards. The difference betwee
|2) and |2') reflects both the fact that the position of the center of mass of the
particle changes betwegépandt;, and that the apparatus itself is evolving in time.
The only assumption we have made is that this time evolution is riateimced
by the direction of the spin of the particle, which seems plausible. In contrast 1
(17.1), the particle spin does not appear at tigria (17.9). This is because we are
dealing with a destructive measurement, and the value of the pastsgm at, is
irrelevant. Indeed, the concept may not even be wdihéd. ThugQ™*) and|Q27)
are déined on a slightly different Hilbert space thgn) and|2').

The counterpart of (17.2) is

(Q*Q7) =0, (17.10)

a consequence of unitary time development: since the two states in (17.9) at tii
to are orthogonal to each other, those,anust also be orthogonal. But (17.10) is
also what one would expect on physical grounds for guantum states correspond
to distinct macroscopic situations, in this case different orientations of the pointe
The orthogonality in (17.2) was jufittd by assuming that the two emerging wave
packets in Fig. 17.1 have negligible overlap. Two distinct pointer positions wil
mean that there are an enormous number of atoms whose wave packets have |
ligible overlap, and thus (17.10) will be sdtedd to an excellent approximation.
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It follows from (17.9) and our assumption about the way in whiet) and| Q)
are related to the pointer position that if the particle starts off \8jith= +1/2 at
to, the pointer will be pointing upwards #t, while if the particle starts off with
S = —1/2, the pointer will later point downwards. But what will happen if the
initial spin state is not an eigenstate®f Let us assume a spin staxe'), (17.3),
attp corresponding t& = +1/2. The unitary time development of the initial state

[Wo) = |xT)|Q) = (1Z)12) + 127)12))/v2, (17.11)
the macroscopic counterpart of (17.4), is given by
[Wo) > X)) > Q) = (IQF) +127)) /2. (17.12)

The state|2) on the right side is a macroscopic quantum superposition (MQS
of states representing distinct macroscopic situations: a pointer pointing up anc
pointer pointing down. It is incompatible with the measurement outcanteand
Q™ in the same way as the right side of (17.5) is incompatible withandw™,
so it cannot be used for describing the possible outcomes of the measurement.
the discussion in Sec. 9.6.

The measurement outcomes can be discussed using a family resembling (17
with support

[©27],

17.13
. (17.13)

[Wo] © [xT][2] © {
However, as pointed out in connection with (17.6), the presencedfip the
histories in this family at times preceding the measurement makes it impossible
discussS,. Thus one cannot employ (17.13) to obtain a correlation between th
measurement outcomes and the valu§diefore the measurement took place.
Hence we are led to consider yet another family, the counterpart of (17.7), who
support is the two histories:

[z ][QT o [Q@7],

[Wo] © , (17.14)
[Z7][RTolR7].
From it we can deduce the conditional probabilities
Przt | QD) =1="Priz |Q;),
@ 193) @ 19) (17.15)

Pr( |z]) = 1=Pr(&; | z7),
which are the analogs of (17.8). The initial stdigcan be thought of as one of the
conditions, though it is not shown explicitly.

However, (17.15), while technically correct, does not really provide the sort c
result one wants from a macroscopic theory of measurement. What one would li
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to say is:" Given the initial state and the fact that the pointer points up at the tim
t>, S, must have had the valugl/2 att;.” While the stateQ™) is, indeed, a state
of the apparatus for which the pointer is up, it does not mean the same thing
“the pointer points up There are an enormous number of quantum states of th
apparatus consistent witkthe pointer points up and|Q2*) is just one of these, so it
contains a lot of information in addition to the direction of the pointer. It provides
a very precise description of the state of the apparatus, whereas what we wo
like to have is a conditional probability whose condition involves only a relatively
coarse'macroscopit description of the apparatus. One can also fault the use ¢
the family (17.14) on the grounds th@aky) is itself a very precise description of
the initial state of the apparatus. In practice it is impossible to set up an apparat
in such a way that one can be sure itis in such a precise initial state.

What we need are conditional probabilities which lead to the same conclusio
as (17.15), but with conditions which involve a much less detailed description «
the apparatus dp andt,. Such coarse-grained descriptions in classical physic:
are provided by statistical mechanics. While quantum statistical mechanics li
outside the scope of this book, the histories formalism developed earlier provid
tools which are adequate for the task at hand, and we shall use them in the n
section to provide an improved version of macroscopic measurements.

17.4 Macroscopic measurement, second version

Physical properties in quantum theory are associated with subspaces of the Hilk
space, or the corresponding projectors. Often these are projectors on relativ
small subspaces. However, it is also possible to consider projectors which cor
spond to macroscopic properties of a piece of apparatus, sudegsointer points
upwards. We shall call such projectofsnacro projectory since they single out
regions of the Hilbert space corresponding to macroscopic properties.

Let Z be a macro projector onto the initial state of the apparatus ready to car
out a measurement of the spin of the particle. It projects onto an enormous st
spaceZ of the Hilbert space, one with a dimension, 4}] which is of the order
of e¥k, whereSis the (absolute) thermodynamic entropy of the apparatuskand
is Boltzmanrs constant. Thus TH] could be 10 raised to the power 20 Such
a macro projector is not uniquely fileed, but the ambiguity is not important for
the argument which follows. It is convenient to includedrthe information about
the center of mass of the particletat but not its spin. Similarly, the apparatus
after the measurement can be described by the macro proj&ctommojecting on
a subspace&* for which the pointer points up, and~, projecting on a subspace
Z~ for which the pointer points down. For reasons indicated in Sec. 17.3, any stz
in which the pointer is directed upwards will surely be orthogonal to any state i
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which it is directed downwards, and thus
ZtzZ- =0. (17.16)

Let {|Qj)}, ] = 1,2,... be an orthonormal basis faf. We assume that the
unitary time evolution fromg to t; to t, takes the form

129)19)) = 125)19)) - 12),

_ ey _ (17.17)
29)12) = 12)12)) = 127),
for j =1,2,...,and that for every,
zhef) =19f). Z719)) =19)). (17.18)

That is to say, whatever may be the precise initial state of the apparatysfat
S = +1/2 at this time, then &} the apparatus pointer will be directed upwards,
whereas ifS, = —1/2 at b, the pointer will later be pointing downwards. Note
that combining (17.16) with (17.18) tells us that for evéry

ZHQ)) =0=Z271Q]). (17.19)

Since the{lQ]?“)} are mutually orthogonal- (17.17) represents a unitary time
development— they span a subspace of the Hilbert space having the same dime
sion, Tr[Z], as Z. Hence (17.18) can only be true if the subspaceonto which
Z* projects has a dimension T[] at least as large as |, and the same com-
ment applies t&£~. We expect the process which results in moving the pointer tc
a particular position to be irreversible in the thermodynamic sense: the entropy
the apparatus will increase during this process. Since, as noted earlier, the trace
a macro projector is on the order et'¥, whereS s the thermodynamic entropy;,
even a modest (macroscopic) increase in entropy is enough to make] Tgnd
likewise Tr[Z~]) enormously larger than the already very largeZIr[ the ratio
Tr[Z*)/Tr[ Z] will be 10 raised to a large power. There is thus ndidifity in sup-
posing that (17.18) is safied, as there is plenty of room ifit and Z~ to hold
all the states which evolve unitarily froif, and in this respect the unitary time
development assumed in (17.17) is physically plausible.

Now let us consider various families of histories based upon an initial state re|
resented by the projector

dp=[xT]® Z, (17.20)

which in physical terms means that the particle Bas= +1/2 and the apparatus
is ready to carry out the measurement. Note thgtin contrast to the pure state
Wy used in Sec. 17.3, is a projector on a very large subspace, and thus a relativ
imprecise description of the initial state of the apparatus.
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Consideffirst the case of unitary time evolution starting with atty and leading
to a state

@, = T(tz, ) PoT (to, o) = Z 125)(Qj1, (17.21)
j
att,, where

Q) = <|sz+ +l9; )/f (17.22)

is an MQS state. None of the terms in the sum in (17.21) commutesAnitand
Z~, and it is easy to show that the same is true of the sum itself (that is, there &
no cancellations). Sinc®, does not commute witZ+ and Z~, a history using
unitary time evolution precludes any discussion of measurement outcomes. A
other way of stating this is that whatever the initial apparatus state, unitary tirr
evolution will inevitably lead to an MQS state in which the pointer positions have
no meaning. Hence it is essential to employ a nonunitary history in order to di
cuss the measurement process; using macro projectors does not change our e
conclusion in this respect.

Likewise the counterpart of the family (17.13), in which one can discuss mez
surement outcomes but not the valueSpfatt;, is unsatisfactory as a description
of a measurement process for the same reason indicated earlier. Thus we are le
consider a family analogous to that in (17.14), whose support consists of the tv
histories

Do O z']o 2z, (17.23)
[z7]oZ
involving events at the timds, t;, t,. Note that (in contrast to (17.14)) no mention
is made of an apparatus staté;aind of course no mention is made of a spin state
att,. The historiesby ©[z7] © Zt and®q © [z7] ® Z~ have zero weight in view
of (17.19).
As both histories in (17.23) have positive weight, it is clear that

Prz | Z3) =1=Prz | Z;),

17.24
Pl(ZS|zf) =1=PnZ, |z)), ( )

where the initial stat&g can be thought of as one of the conditions, even though i
is not shown explicitly. Thus if the pointer is directed upwards ahenS, had the

value+1/2 att;, while a pointer directed downwardstaimeans thag, was—1/2

att;. These results are formally the same as those in (17.15), but (17.24) is mc
satisfactory from a physical point of view in that the conditions (including the im-
plicit ®¢) only involve“macroscopitinformation about the measuring apparatus.
Note that (17.14) is not misleading, even though its physical interpretation is le
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satisfactory than (17.24), and the former is somewhat easier to derive. It is oft
the case that one can model a macroscopic measurement process in somewhat
plistic terms, and nonetheless obtain a plausible answer. Of course, if there are
doubts about this procedure, it is a good idea to check it using macro projectors,

An alternative to the preceding discussion is an approach based upon statisti
mechanics, which in its simplest form consists in choosing an appropriate ba:
{I€2;)} for the subspace corresponding to the initial state of the apparatus (the sps
on which Z projects), and assigning a probabiliy to the statg<$2;). Assuming
the correctness of (17.17) and (17.18), one can use the consistent family suppol
by the (enormous) collection of histories of the form

+ _ + +

XTI ®[2)]6 [27] © Z,’ (17.25)
xeRjlolz]oz,

with j = 1,2, ... ,toobtain (17.24). Note that consistency is ensured by ~ =

0 along with the fact that the initial states for histories ending inare mutually
orthogonal, and likewise those ending4r.

Yet another approach to the same problem is to describe the measuring appatr:
atty by means of a density matrixthought of as a pre-probability, as discussed in
Sec. 15.6. Since describes an apparatus in an initial ready state, the probability
computed fronmp, that the apparatus witlot be in this state must be zero:

Trlp(l — Z)] = 0. (17.26)

Since bothp and| — Z are positive operators, (17.26) implies, see (3.92), thal
ol —2Z2)=0,or

Zp =p, (17.27)

which means that the support pf(Sec. 3.9) falls in the subspaéton whichZ
projects. Consequently, may be written in the diagonal form

p= Pl (17.28)
j

where{|2;)} is an orthonormal basis &f. To be sure, this could be a different
basis of Z from the one introduced earlier, but since the vectors in any basis ce
be expressed as linear combinations of vectors in the other, it follows that (17.1
and (17.18) will still be true.

Givenp in the form (17.28), the measurement process can be analyzed using t
procedures of Sec. 15.6, including (15.48) for consistency conditions and (15.5
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for weights. Using these one can show that the two histories

[x*1 o ']z, (17.29)
[z]1oZ”
form the support of a consistent family. This family resembles (17.23), excef
that the initial state '] at ty contains no reference to the apparatus, since the
initial state of the apparatus is represented by a density matrix. The weights of t
histories in (17.29) are the same as for their counterparts in (17.23), and once ag
lead to the conditional probabilities in (17.24).

17.5 General destructive measurements

The preceding discussion of the measuremeng,ofor a spin-half particle can
be easily extended to a schematic description of an idealized measuring proc
for a more complicated systefwhich interacts with a measuring apparatuts
The measured properties will correspond to some orthonormal 4asis k =
1,2,...nof S, and we shall assume that the measurement process correspond:
a unitary time development frog to t; to t, of the form

S“) ® [Mo) > [$*) ® [My) > [NK), (17.30)

where|Mp) and|M;) are states of the apparatus@andt; before it interacts with
S, and the{|N¥)} are orthonormal states afi ® M for which a measurement
pointer indicates a dimite outcome of the measurement. (Ti)} are apointer
basisin the notation introduced at the end of Sec. 9.5.)

Assume that atly the initial state ofS ® M is

[Wo) = |So) ® |[Mo), (17.31)
where

Is0) = ) cls¥), (17.32)
k

with Y, [ck|? = 1, is an arbitrary superposition of the basis state§.ofnitary
time evolution will then result in a state

Wa) = T(tz, to) | Wo) = ) _ cIN¥) (17.33)
k

att,. Using the two-time family

Voo | ©{NY N2 ...}, (17.34)
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where square brackets have been omitted frbifi,[and regardingW,) as a pre-
probability, onefinds

Pr(N%) = |of? (17.35)

for the probability of thekth outcome of the measurement at the time
One can refine (17.34) to a consistent family with support
[s"] © N,
Yo O [0 N%, (17.36)
[s"] © N",
and from it derive the conditional probabilities
Pr(g | NS = 8j = Pr(Ng | s, (17.37)

assuming Prm;‘) > 0. That is, given the measurement outcoNteatt,, S was in
the statés®) before the measurement took place. Thus the measurement interact
results in an appropriate correlation between the later apparatus output and
earlier state of the measured system.

The preceding analysis can be generalized to a measurement of properties wt
are not necessarily pure states, but form a decomposition of the identity

ls =) & (17.38)
k

for systemsS, where some of the projectors are onto subspaces of dimension grea
than 1. This might arise if one were interested in the measurement of a physic
variable of the form

V=) "ys (17.39)

k

see (5.24), some of whose eigenvalues are degenerate.
Let us assume that the subspace onto wiStiprojects is spanned by an or-
thonormal collectior{|s¥),| = 1,2, ...}, so that

S=) 1)), (17.40)
|

Assume that the counterpart of (17.30) is a unitary time development
1S ® [Mo) = [84) ® [My) > [NX), (17.41)

where{|N*)} is an orthonormal collection of states 6n® M labeled by botrk
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andl, and
NK =" INK)H(NM| (17.42)
[

represents a property ¢# corresponding to thkth measurement outcome.
The counterpart of (17.36) is the consistent family

Sto N1,
wolSON (17.43)
S'G N",
where|Wy) is given by (17.31), with
IS0 = %cmskw (17.44)

the obvious counterpart of (17.32). Corresponding to (17.37) one has
PI(S] | N¥) = 8j = Pr(N% | S)), (17.45)

with the physical interpretation that a measurement outchifhat t, implies that
S had the property* att;, and vice versa.

The measurement schemes discussed in this section can be extended to a
uinely macroscopic description of the measuring apparatus in a straightforwa
manner using either of the approaches discussed in Sec. 17.4.
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Measurements I

18.1 Beam splitter and successive measurements

Sometimes a quantum system, hereafter referred toesrticle” , is destroyed dur-
ing a measurement process, but in other cases it continues to exist in afatnti
form after interacting with the measuring apparatus, with some of its propertie
unchanged or related in a nontrivial way to properties which it possessed befc
this interaction. In such a case it is interesting to ask what will happen if a secor
measurement is carried out on the particle: how will the outcome of the secor
measurement be related to the outcome ofitts measurement, and to properties
of the particle between the two measurements?

Let us consider a spditt example in which a particle (photon or neutron) passes
through a beam splittd8 and is then subjected to a measurement by nondestructiv
detectors located in theandd output channels as shown in Fig. 18.1. Assume
that the unitary time development of the particle in the absence of any measuri
devices is given by

08) - (|1¢) + 11d))/v2 - (120) + 12d)) /vV2 > - (18.1)

as time progresses frotmtot; tot, . ... Here the kets denote wave packets whose
approximate locations are shown by the circles in Fig. 18.1, and the labels a
similar to those used for the toy model in Ch. 12.

The detectors are assumed to register the passage of the particle while havir
negligible influence on the time development of its wave packet. Toy detectors wi
this property were introduced earlier, in Secs. 7.4 and 12.3. To actually constrt
such a device in the laboratory is much mordidifit, but, at least for some types
of particle, not out of the question. We assume that the interaction of the partic
with the detectolC in Fig. 18.1 leads to a unitary time development during the

243
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1c

Fig. 18.1. Beam splitter followed by nondestructive measuring devices. The circles inc
cate the locations of wave packets corresponding to different kets.

interval fromt; to t, of the form
|1¢)|C°) = [2¢)|C*),

) . (18.2)
|1d)|C°) = |2d)|C"),

where|C°) denotes théready or “untriggered state of the detector, an@*) the
“triggered state orthogonal tiC°). (The tensor product symbol, as|iit) ® |C°),
has been omitted.) The behavior of the other dete@andD is similar, and thus
an initial state

|Wo) = |0a)|C*)|C°)|D°) (18.3)
develops unitarily to
1W1) = (11c) + |1d))|C*)|C°)D°)/V2, (18.4)
1W,) = (12¢)|C*)|C%)|D°) + |2d)|C°)|C°)|D%)) /2, (18.5)
|W3) = (I3c)|C*)|C*)|D°) + |3d)|C°)|C°)|D*))/~/2 (18.6)

at the timeg;,, t, ts.

We shall be interested in families of histories based on the initial Bige The
simplest one to understand in physical terms is a fathiip which at the timeg;,
to, andts every detector is either ready or triggered, and the particle is represent
by a wave packet in one of the two output channels. The suppdftainsists of
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the two histories

Y® = Wy 0 [1c]C°C°D° 6 [2¢]C*C°De © [3c]C*C*De, 187
Y? = Wy [1d]C°C°D° ¢ [2d]C°C°D° ¢ [3d]C°C°D*, (18.7)
where square brackets have been omitted frdg},[[ C°], etc., so that the formula
remains valid if one employs macro projectors, as in Sec. 17.%° lthe particle
moves out along channeland triggers the detecto@andC as it passes through
them, while inY? the particle moves along chanrmkand triggersD.

The situation described by these histories is essentially the same as it would b
aclassicalparticle were scattered at random by the beam splitter into eitherahe
thed channel, and then traveled out along the channel triggering the correspondi
detector(s). Thus i€ is triggered at time, the particle is surely in the channel,
and will later triggerC, whereas ifC is still in its ready state ab, this means the
particle is in thed channel, and will later triggeD. That these assertions are in-
deed correct for a quantum particle can be seen by working out various conditior
probabilities, e.g.

Pr((1d: | C}) = 1= Pr(id): | C3), (18.8)
Pr((2d| C}) = 1 = Pr(2d); | C3), (18.9)
Pr([3ds | C3) = 1="Pr([3d]s | C3). (18.10)

where the subscripts indicate the timéspr t, or t3, at which the events occur.
Thus the location of the particle either before or afteccan be inferred from
whether it has or has not been detectedChat t,. There are, in addition, cor-
relations between the outcomes of the different measurements:

PrC;|CsH =1, PrD5|Cs =0, (18.11)
PrCs|Cs) =1, Pr(D;|Cs) = 1. (18.12)

Thus whethe€ or D will later detect the particle is determined by whether it was
or was not detected earlier I3

The conditional probabilities in (18.8)—(18.12) are straightforward consequenct
of the fact that all histories itF except for the two in (18.7) have zero probabil-
ity. Since these conditional probabilities, with the exception of (18.9), involve
more than two times— note that the initialg is implicit in the condition— they
cannot be obtained by using the Born rule, and are therefore inaccessible to ol
approaches to quantum theory which lack the formalism of Ch. 10. These old
approaches employ a notion tifvave function collapsein order to get results
comparable to (18.9)«18.12), and this is the subject of the next section.
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18.2 Wave function collapse

Quantum measurements have often been analyzed using the following idea, wh
goes back to von Neumann. Consider an isolated systeamd suppose that its
wave function evolves unitarily, so that itjis;) at a timet;. At this time, or very
shortly thereaftex$ interacts with a measuring apparatusdesigned to determine
whetherS is in one of the states of a collectidis®)} forming an orthonormal
basis of the Hilbert space &. The measurement will have an outcokvith
probability| (s;|s¥)|?, and if the outcome ik the effect of the measurement will be
to “collapsé or “reducé |s;) to |sX).

This collapse picture of a measurement proceeds in the following way &hen
is the particle and\ the detectoC in Fig. 18.1. The particle undergoes unitary
time evolution until it encounters the measuring apparatus, and thug & in a
state

11a) = (J1c) + |1d))/~/2. (18.13)

The detector at tim& is either still in its ready statgC°), or else in its triggered
state|C*) indicating that it has detected the particle. If the particle has been de
tected, its wave function will have collapsed from its earlier delocalized ktate
into the|2c) wave packet localized in thechannel and moving towards deteofr
which will later detect the particle. If, on the other hand, the particlenuabeen
detected byC, its wave function will have collapsed into the packad) localized

in thed channel and moving towards ti detector, which will later register the
passage of the particle. Consequer@lyatt, results inC* atts, whereasC® at

t, implies D* atts, in agreement with the conditional probabilities in (18.11) and
(18.12).

This “collapsé picture has long been regarded by many quantum physicists ¢
rather unsatisfactory for a variety of reasons, among them the following. Firs
it seems somewhat arbitrary to abandon the gt obtained by unitary time
evolution, (18.5), without providing some better reason than the fact that a me
surement occurs; after all, what is special about a quantum measurement? £
real measurement apparatus is constructed out of aggregates of particles to wi
the laws of quantum mechanics apply, so the apparatus ought to be described
those laws, and not used to provide an excuse for their breakdown. Second, wt
it might seem plausible that an interactionfatiént to trigger a measuring appara-
tus could somehow localize a particle wave packet somewhere in the vicinity of tf
apparatus, itis much harder to understand how the same apparatoiieyecting
the particle manages to localize it in some region which is very far away.

This second, nonlocal aspect of the collapse picture is particularly troublesorr
and has given rise to an extensive discussidhirdéraction-free measuremehta
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which some property of a quantum system can be inferred from the fact that it d
notinteract with a measuring device. (We shall return to this subject in Sec. 21.E
Since one can imagine the gedanken experiment in Fig. 18.1 set up in outer sp;
with the wave packet2c) and|2d) an enormous distance apart, there is also the
problem that if wave function collapse takes place instantaneously it wiflicon
with the principle of special relativity according to which ndluence can travel
faster than the speed of light.

By contrast, the analysis given in Sec. 18.1 based upon the fafil{18.7),
shows no signs of any nonlocal effectsClhas not detected the particle at titag
this is because the particle is moving out thehannel, not the channel. In the
case of a classical particle such“amteraction free measuremerfthe channel in
which it is moving gives rise to no conceptualfditilties or conflicts with relativity
theory. As pointed out in Sec. 18.1, the famifyprovides a quantum description
which resembles that of a classical particle, and thus by using this family one avoi
the nonlocality dificulties of wave function collapse.

Another way to avoid these difulties is to think of wave function collapse
not as gphysical effecproduced by the measuring apparatus, but amthemat-
ical procedurefor calculating statistical correlations of the type shown in (18.9)
(18.12). That is; collapse”is something which takes place in the thedsistote-
book, rather than the experimentakskaboratory. In particular, if the wave func-
tion is thought of as a pre-probability (Sec. 9.4), then it is perfectly reasonable
collapse it to a different pre-probability in the middle of a calculation.

With reference to the arrangement in Fig. 18.1, the idea of wave function co
lapse corresponds fairly closely to a consistent faivilyith support

[2c]C*C°D° @ [3c]C*C*De,

Y 7 ~ ~ A
0O ®LON dceGe B0 o [3d]CCe B,

(18.14)
These two histories represent unitary time evolution of the initial state, so the
are identical up to the timg, before the particle interacts (or fails to interact)
with C, but are thereafter distinct. As a consequence of the internal consistency
guantum reasoning, Sec. 16.3, this family gives the same results for the conditiol
probabilities in (18.9)—(18.12) as dogs (Those in (18.8) are not defined ¥h)

In particular, either family can be used to predict the outcomes of Gitand D
measurements based upon the outcome of the e@rleeasurement.

One can imagine constructing the framewdthkn successive steps as follows.
Use unitary time development uptg but think of|\W;) in (18.5) as a pre-probab-
ility (rather than as representing an MQS property) useful for assigning probabil
ties to the two histories

Wo O W1 @ {C*, C}, (18.15)
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which form the support of a consistent family whose projectort, aepresent
the two possible measurement outcomes. This is the minimumficabn of
a unitary family which can exhibit these outcomes. NeXine this family by
including the corresponding particle properties,along with the ready states of
the other detectors:

[2c]C*CeDe,

\\J |\ A
00O bdjcede B,

(18.16)
Finally, use unitary extensions of these histories, Sec. 11.7, to obtain the fam
V of (18.14). In a more general situation the step from (18.15) to (18.16) ca
be more complicated: one may need to use conditional density matrices ratt
than projectors onto particle properties, as discussed in Sec. 15.7. But the gent
idea is still the same: information from the outcome of a measurement is used
construct a new initial state of the particle, which is then employed for calculatin
results at still later times. Wave function collapse is, in essence, an algorithm f
constructing this new initial state given the outcome of the measurement.

Wave function collapse is in certain respects analogous tddbiapsé of a
classical probability distribution when it is conditioned on the basis of new infor
mation. Once again think of a classical particle randomly scattered by the bee
splitter into thec or d channel. Before the particle (possibly) passes thrdbgh
it is delocalized in the sense that the probability j2 for it to be in either thes
or thed channel. But when the probability for the location of the particle is con-
ditioned on the measurement outcome it collapses in the sense that the particls
either in thec channel, giverC*, or thed channel, giverC°. This collapse of
the classical probability distribution is obviously not a physical effect, and only ir
some metaphorical sense can it be said todaaised by the measurement. This
becomes particularly clear when one notes that conditioning on the measurem
outcome collapses the probability distribution at a tibeforethe measurement
occurs in the same way that it collapses itatr t; after the measurement occurs.
Thinking of the collapse as being caused by the measurement would lead to an ¢
situation in which an effect precedes its cause.

Precisely the same comment applies to the collapse of a quantum wave functit
A quantum description conditioned on a particular outcome of a measurement w
generally provide more detail, and thus appear td dmlapsed, in comparison
with one constructed without this information. But since the outcome of a quantu
measurement can also tell one something about the properties of the meast
particle prior to the measurement process (assuming a framework in which the
properties can be discussed) one should not think of the collapse as some sor
physical effect with a physical cause. To be sure, in the family (18.14) it is nc
possible to discuss the locatioa @r d) of the particle before the measurement,
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because in this particular framework the location does not make sense. The impli
use of this type of family for discussions of quantum measurements is probably o
reason why wave function collapse has often been confused with a physical effe
The availability of other families, such &sin (18.7), helps one avoid this mistake.

In summary, when quantum mechanics is formulated in a consistent way, wa
function collapse is not needed in order to describe the interaction between a p
ticle (or some other quantum system) and a measuring device. One can us
notion of collapse as a method of constructing a particular type of consistent far
ily, as indicated in the steps leading from (18.15) to (18.16) to (18.14), or els
as a picturesque way of thinking about correlations that in the more sober la
guage of ordinary probability theory are written as conditional probabilities, as il
(18.9)«18.12). However, for neither of these purposes is it actually essential; al
result that can be obtained by collapsing a wave function can also be obtained i
straightforward way by adopting an appropriate family of histories. The approac
using histories is moréexible, and allows one to describe the measurement pro
cess in a natural way as one in which the properties of the particle before as w
as after the measurement are correlated to the measurement outcomes.

While its picturesque language may have some use for pedagogical purpose:s
for constructing mnemonics, the concept of wave function collapse has given ri
to so much confusion and misunderstanding that it would, in my opinion, be bett
to abandon it altogether, and instead use conditional states, such as the conditic
density matrices discussed in Sec. 15.7 and in Sec. 18.5, and conditional probalt
ties. These are quite adequate for constructing quantum descriptions, and are m
less confusing.

18.3 Nondestructive Stern—Gerlach measurements

The Stern—Gerlach apparatus for measuring one component of spin angular n
mentum of a spin-half atom was described in Ch. 17. Here we shall consider
modified version which, although it would be extremelfidiflt to construct in
the laboratory, does not violate any principles of quantum mechanics, and is use
for understanding why quantum measurements that are nondestructive for cert
properties will be destructive for other properties. Figure 18.2 shows thdiembdi
apparatus, which consists of several parts. First, a magnet with an appréiptcate
gradient like the one in Fig. 17.1 separates the incoming beam into two divergir
beams depending upon the valueSf with the S, = +1/2 beam going upwards
and theS, = —1/2 beam going downwards. There are then two additional mag
nets, withfield gradients in a direction opposite to the gradient irnfittet magnet,

to bend the separated beams in such a way that they are traveling parallel to e
other. These beams pass through detedigrand Dy, of the nondestructive sort
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employed in Fig. 18.1. We assume not only that these detectors produce a ne
gible perturbation of the spatial wave packets in each beam, but also that they
not perturb thez component of spin. (A detector in one beam and not the othe
would actually be stifcient, but using two emphasizes the symmetry of the situa
tion.) The detectors are followed by a series of magnets which reverse the proct
produced by thdirst set of magnets and bring the two beams back together agait
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Fig. 18.2. Modiied SterrGerlach apparatus for nondestructive measuremerfis of

The net result is that an atom with eitifgr= +1/2 or S, = —1/2 will traverse
the apparatus and emerge in the same beam at the other end. The only differe
is in the detector which is triggered while the atom is inside the apparatus. Tl
unitary time evolution corresponding to the measurement process is

1Z9)Z°) = 1ZD)Z7),  1Z2)I1Z°) = 12)I27), (18.17)

where|z*) are spin states correspondingSo= +1/2, | Z°) is the initial state of
the apparatus, and@*) and|Z~) are mutually orthogonal apparatus states corre-
sponding to detection by the upper or by the lower detector in Fig. 18.2. One cou
equally well use macro projectors for the apparatus states, as in Sec. 17.4, and
this reason we will employ ° and Z* without square brackets as symbols for the
corresponding projectors. In addition, the coordinate representing the center
mass of the atom is not shown in (18.17); omitting it will cause no confusion, an
including it would merely clutter the notation. We shall assume that there are r
magneticfields outside the apparatus which could affect the &@pin, and that
the apparatus stateg°) and|Z*) do not change with time except when interacting
with the atom, (18.17). The latter assumption is convenient, but not essential.

It is obvious that the same type of apparatus can be used to measure other ct
ponents of spin by using a different direction for the magnitild gradient. For
example, if the atom is thought of as moving alongytaxis, then by simply rotat-
ing the apparatus about this axis it can be used to me&ui@ w any direction
in the x, z plane. Alternatively, one could arrange for the atom to pass throug
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regions of uniform magnetitteld before entering and after leaving the apparatus
sketched in Fig. 18.2, in order to cause a precession of an atonByyith +1/2
into one withS, = +1/2, and then back again after the measurement is over.

We will consider various histories based upon an initial state

|Wo) = [u™)|Z°), (18.18)
at the timety, where the kets

lu™) = +cos(¥/2)E") +sin(@/2)k7),

_ . - (18.19)
lu™) = —sin(®@/2)z") + cos(¥/2)¢ "),

see (4.14), correspond & = +1/2 and —1/2 for a direction in the x, z plane
at an angley to the+z axis, so that§, is equal toS, when® = 0, andS; when
v =m/2.
Consider the consistent family with support
r4l foWaNolv4l
Yoo [zZF] o 2t o[z, (18.20)
[z10Z” o[z],
where the projectors refer to an initial timg a timet; before the atom enters the

apparatus, a time when it has left the apparatus, and a still later timeThe
conditional probabilities

Pr(z'11|1Z5) =1=Pr(z 11| Z;) (18.21)

show that the properti€§ = +1/2 before the measurement are correlated with the
measurement outcomes, so that the apparatus does indeed carry out a measurel
In addition, the probabilities

Pr(z"1s|[z]y) = 1=Pr(z 13| [z ]o).
Pr(z 15|[z"]) = 0=Pr(z"]5|[z 10

show that the measurement process carried out by this apparatus is hondestruc
for the properties4*] and [z”]: they have the same values after the measuremer
as before.

Next consider a different family whose support consists of the four histories

(18.22)

N Z+T o {[u*], [u7]},
Yoo [u] o {z— g (18.23)

Despite the fact that the fodimal projectors at; are not all orthogonal to one
another, the orthogonality &* andZ~ ensures consistency. It is straightforward
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to work out the weights associated with the different histories in (18.23) using th
method of chain kets, Sec. 11.6. One result is

Prut]s | [ut]y) = [(ut |zt (z ju™) 2 + [(ut |z )z jut)?
= (cog/2))* + (sin(®/2))* = (1+ cog v)/2. (18.24)

Except for = 0 or 7, the probability of i*] at t3 is less than 1, meaning that
the propertyS, = +1/2 has a certain probability of being altered when the atom
interacts with the apparatus designed to meaSur€he disturbance is a maximum
for 9 = /2, which corresponds t§, = S;: indeed, the value d§, after the atom
has passed through the device is completely random, independent of its ear
value.

18.4 Measurements and incompatible families

As noted in Sec. 16.4, the relationship of incompatibility between quantum frame
works does not have a good classical analog, and thus it has to be understoot
guantum mechanical terms and illustrated through quantum examples. Quant
measurements can provide useful examples, and in this section we consider t
one uses a beam splitter as in Sec. 18.1, the other employs nondestructive Ste
Gerlach devices of the type described in Sec. 18.3.

Think of a beam splitter, Fig. 18.3(a), similar to that in Fig. 18.1 except tha
there are no measuring devices in the output charreatsld. There is a consistent
family whose support consists of the pair of histories

[0a] © {[1c], [1d]} (18.25)

at the timedgy andt;, where the notation is the same as in Sec. 18.1. The unitar
time development in (18.1) implies that each history has a probabilityaf 1

The closed box surrounding the apparatus in Fig. 18.3(a) means that we ¢
thinking of it as an isolated quantum system. Because it is isolated, there is no |
rect way to check the probabilities associated with the family in (18.25). Howeve
there is a strategy which can provide indirect evidence. Suppose that at some ti
later thant; and just before the particle would collide with one of the walls of the
box, two holes are opened, as shown in Fig. 18.3(b), allowing the particle to esca
and be detected by one of the two detectorand D. If the particle is detected by
C, it seems plausible that it was earlier traveling outwards througb &nel not the
d channel; similarly, detection bl indicates that it was earlier in thiechannel.
Data obtained by repeating the experiment a large number of times can be uset
check that each history in (18.25) has a probability (2.1

Could it be that opening the box along with the subsequent measurements p
turbs the particle in such a way as to invalidate the preceding analysis? This
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Fig. 18.3. Beam splitter inside closed box (a), with two possibilities (b) and (c) for ¢
measurement if the particle is allowed to emerge through holes in the sides of the box.

a perfectly legitimate question, one which could also come up when one opens
“classical’box in order to determine what is going on inside it: think of a box
containing unexposed photograpffilcn, or a compressed gas. While there is no
way of addressing the classical box-opening problem in a manner fully accer
able to sceptical philosophers, physicists will be content if they are able to achie
some reasonable understanding of what is likely to be going on during the ope
ing process. This may require auxiliary experiments, mathematical modeling, al
a certain amount of theoretical reasoning. On the basis of these physicists mi
be reasonably confident when inferring something about the state of affairs i
side a box before it is opened, using information from observations carried ol
afterwards.
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Given the internal consistency of quantum reasoning, and the fact that quantt
principles have been védied time and time again in innumerable experiments, it is
not unreasonable to use quantum theory itself in order to examine what will happ
if holes are opened in the box in Fig. 18.3, and whether the detection of the partic
by C is a good reason to suppose that it was indbkannel at;. Carrying out such
an analysis is not difcult if one assumes, as is plausible, that a timely opening o
the holes has no effect upon the unitary time evolution of the padialave packet
other than to allow it to propagate as it would have in the complete absence of a
walls. The rest of the analysis is the same as in Sec. 18.1, and shows that
conditional probabilities (18.8) also apply to the present situation: if the particle |
later detected b, it was in thec channel inside the box &t.

An alternative consistent family has for its support the single unitary history

[0a] O [14], (18.26)

where |18) is the superposition state filged in (18.13). This family is clearly
incompatible with the one in (18.25) becausa][tloes not commute with either
[1c] or [1d]. Nonetheless, (18.26) is just as good a quantum description of th
particle moving inside the closed box as is the pair of possibilities in (18.25). A
experimental test which will cdirm that the history (18.26) does, indeed, occur
is shown in Fig. 18.3(c), and is only slightly more complicated than the one use
earlier. Once again, holes are opened in the walls of the box just before the arri
of the particle, but now there are mirrors outside the holes and a second be:
splitter, so one has a MaeBehnder interferometer. Let the path lengths be suck
that a particle in the stat@a) at timet; will emerge from the second beam splitter
in the f channel and trigger the detectbr whereas a particle in the orthogonal
state

11b) = (—|1c) + |1d))/~/2 (18.27)

will emerge in channet and triggerE. The experiment needs to be repeated many
times in order to get a statistically sidjmiant result, and if in every, or almost every,
run the particle is detected i rather tharE, one can infer that it was in the state
[1a] at the earlier timé;. That this is a plausible inference follows once again from
the fact that quantum mechanics is a consistent theory abundanfiynced by a
variety of experimental tests.

It is obviously impossible to carry out the two types of measurements indicate
in (b) and (c) of Fig. 18.3 on the same system during the same experimental rt
and this is not surprising given the fact that while both (18.25) and (18.26) are val
guantum descriptions, they are mutually incompatible, so they cannot be appli
to the same system at the same time. Télassical macroscopic incompatibility
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of the two experimental arrangements, in the sense that setting up one of them .
vents setting up the other, mirrors the quantum incompatibility of the microscopi
events which are measured in the two cases. Thus an analysis using measurem
can assist one in gaining an intuitive understanding of the incompatibility of quar
tum events and frameworks.

It has sometimes been suggested that certain conceptfiatliiés associated
with incompatible quantum frameworks could be resolved if there were a law c
nature which spefied the framework which had to be employed in any particular
circumstance. That such an idea is not likely to work can be seen from the fa
that either of the experiments indicated in Fig. 18.3 could in principle be carrie
out a large distance away and thus a long time after the particle emerges frc
the box, long enough to allow a choice to be made between the two experimen
arrangements (see the discussion of delayed choice in Ch. 20). Thus were th
such a law of nature, it would need to either determine the choice of the lat
experiment, or allow that later choice tdflimence the particle while it was still
inside the box. Neither of these seems very satisfactory.

A second example in which measurements are useful for understanding quant
incompatibility is shown in Fig. 18.4(a), in which a spin-half atom moving parallel
to they axis passes successively through two nondestructive Stern—-Gerlach ¢
vices, represented schematically by squares, of the form shown in Fig. 18.2. Att
timesty, t1, andt, the atom is (approximately) at the positions indicated by the dot:
in thefigure. Thdirst device measures, and its unitary time development during
the interval fromty to t; is given by (18.17). The second device meas@gand
its unitary time development from to t, is given by

IXTYX) = X F)XT),  IXTHXT) = X)X, (18.28)

where|X°), | X*) and|X~) are the initial state of the device and the states repre
senting possible outcomes of the measurement.

@ ——e——-7Z °® X —eo—
to 11 o

by ——e—4 7Z|———e{W X —eo—
to 151 to

Fig. 18.4. Spin-half atom passing through successive nondestructive—Seztach
devices.



256 Measurements Il
Given the starting state
|Wo) = [X)1Z°)|X%) (18.29)

atto, and that at, the detectors are in the stafés andX*, what can one say about
the spin of the atom at the timie when it is midway between the two devices? A
relatively coarse family whose support is the four histories

Yoo | ©{ZTXt, ZtX~, ZXT, Z7 X"} (18.30)

is useful for representing the initial data (see Sec. 16.Wydtto andZ*™ X att.
The consistent family (18.30) can bdireed in various ways. One possibility is
to include information abous, att;:

+ Z+HX+ ZTX-
oo |Z1eO1ZTX b (18.31)
[z710{Z X*t, Z- X"}
Using this family one sees that
Pr((z"]1| Z5 X3) =1, (18.32)

so that the initial data imply the®, = +1/2 att;. A different rdinement includes
information aboutS, att;:

+ Z+X+t 7Z-X+
[xTTO{ : }, (18.33)
[X 1O {ZX", Z-X"}.
Using it onefinds that

so that in this framework the initial data imply th&¢ = +1/2 att;. Since ] and
[x*] do not commute, the frameworks (18.31) and (18.33) are incompatible, ar
the results (18.32) and (18.34) cannot be combined, even though each is correc
its own framework.

There is, of course, no experimental arrangement by means of which eith
(18.32) or (18.34) can be checked directly at the precise tim&he closest one
can come is to insert another deviéé as shown in Fig. 18.4(b), which carries
out a nondestructive Stet®erlach measurement &, for some directionw at a
time shortly aftett;. First consider the case = z, so that thaV apparatus repeats
the measurement of the initidl apparatus. One can shew the reader can easily
work out the details— that withw = z, the Z andW devices have identical out-
comes:ZTW* or Z~W~. Thus if att,, when the atom has passed through all three
devicesZ is in the stateZ*, W will be in the stateN*. This is precisely what one
would have anticipated on the basis of (18.32): the prop®&rty +1/2 att; was
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confirmed by theN measurement a short time later. In this senseWhdevice
with w = z confirms the correctness of a conclusion reached on the basis of tl
consistent family in (18.31). On the other handyit= x, so that theV apparatus
measuress,, a similar analysis shows that tieandW devices must have identi-
cal outcomes. In particular, if & X is in the stateX™, W will be in the statenV T,

and this cofirms the correctness of (18.34). Since the deVitmust have itsield
gradient (the gradient in tHerst magnet in Fig. 18.2) in a particular direction, it is
obvious that in a particular experimental runis either in thex or in thez direc-
tion, and cannot be in both directions simultaneously. The situation is thus simil;
to what we found in the previous example: a classical macroscopic incompatibili
of the two measurement possibilitiedleets the quantum incompatibility of the
two frameworks (18.31) and (18.33).

How can we know that at timi the atom had the property revealed a bit later by
the spin measurement carried outWW\? The answer to this question is the same as
for its analog in the previous example. Quantum theory itself provides a consiste
description of the situation, including the relevant connection between a proper
of the atom before a measurement takes place and the outcome of the measuren
One must, of course, employ an appropriate framework for this connection to |
evident. For example, in the cage= x one should use a consistent family with
[x*] and [x~] at timety, for a family with [z"] and [z™] at t; cannot, obviously, be
used to discuss the value 8f.

There is, however, another concern which did not arise in the previous examy
using the beam splitter. The deviv® in Fig. 18.4(b) is located where it might
conceivably disturb the lateg, measurement carried out . Can we say that
the outcome of the latte)X* or X, is the same as it would have been, for this
particular experimental run, had the apparatibeen absent, as in Fig. 18.4(a)?
This is acounterfactuafjuestion: given a situation in whidl is in fact present, it
asks whatvouldhave happeneifl contrary to factW had been absent. Answering
counterfactual questions requires a further development, found in Sec. 19.4, of 1
principles of quantum reasoning discussed in Ch. 16. By using it one can arg
that both for the case = x and also for the case = z, hadW been absent the
X measurement outcome would have been the same.

18.5 General nondestructive measurements

In Sec. 17.5 we discussed a fairly general scheme for measurements, in general
structive, of the properties of a quantum systgieorresponding to an orthonormal
basis{|s)}, by a measuring apparatug initially in the state|Mp). To construct

a corresponding description of nondestructive measurements, suppose that the
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tary time development fror to t; to t, corresponding to (17.30) is of the form
1$) ® [Mo) = [85) ® |My) — [$) ® [MK), (18.35)

where the interaction betweghand M takes place during the time interval from
t; to tp, and{|MK)} is an orthonormal collection of states 6f corresponding to
the different measurement outcomes.

Given some initial statésp) which is a linear combination of thigs¥)}, (17.32),
one can set up a consistent family analogous to (17.36) with support

[s'1o[s']® MY,

w0 |[ETOTOM, (18.36)

[s"To[s"] @ M,

where|Wy) is the statdsy)|Mo). Using this family one can show thatk att,
impliess* att; — (17.37) is valid withN* replaced byMk — and, in addition,

PI(s} | M) = 8jx = Pr(s} | s§). (18.37)

Thefirst equality tells us that if & the measurement outcomeN&, the system
S at this time is in the statgs), whereas the second shows that this measuremer
is nondestructive for the propertigs']}.

ProvidedS and M do not interact fot > t,, the later time development of
S (e.g., what will happen if it interacts with a second measuring appaveti)s
can be discussed using the method of conditional density matrices described
Sec. 15.7, with appropriate changes in notatign:4, and’5 of Sec. 15.7 become
t,, S, and M. Given a measurement outcorve, the corresponding conditional
density matrix, see (15.61), is

o =154, (18.38)

and this can be used (typically as a pre-probability) as an initial state for the furth
time development of syste®. (If there is a second measuring apparatd§ one
must, of course, also specify its initial state.)

One can also formulate a nondestructive counterpart to the measurement c
general decomposition of the identity = >, ¥, (17.38), discussed in Sec. 17.5.
Let the orthonormal basigs')} be chosen so tha8¢ = >,[s"], (17.40), and
assume a unitary time development

1S ® M) > [$K) @ [My) > sy @ [MK), (18.39)

where the apparatus stgtd*) corresponding to thkth outcome is assumetbt
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to depend upon.IThe counterpart of (17.43) is a consistent family with support

Sto Ste ML,

FoFR M2,
750! ©s® (18.40)

SO M,
and it yields conditional probabilities
Pr(S} | M%) = 8jx = Pr(S} | S) (18.41)

that are the obvious counterpart of (18.37). In addition, the outchMet t,
implies the property* att;: (17.45) holds withN* replaced byMk.
It is possible to refine (18.40) to give a more precise descriptign Bfine

= Sso) = Y _ cals"), (18.42)
|
using the expression (17.44) fiss). Then the unitary time development in (18.39)

implies that

T (t2. to) (IS0) ® [Mo)) Z %) ® [MK) (18.43)

As a consequence, the historigs © S O (I — [¢X]) ® M¥ have zero weight, and

Stooll @ MY,
SZ 2 MZ’
wo | olle (18.44)

SOc"le@M"

is again the support of a consistent family. Indeed, one can produce afimsen
family by replacing eacl$* att; with the corresponding [¢.

In order to describe the later time developmenSphssuming no further inter-
action with M fort > t,, one can again employ the method of conditional density
matrices of Sec. 15.7, with

=[o" (18.45)

at timet, corresponding to the measurement outcdvite If S is described by a
density matrixog atto, the corresponding result

X = SFpoS/ Tr(S peS) (18.46)

is known as thd.uiders rule. Note that the validity of both (18.41) and (18.42)
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depends on some fairly sp&ciassumptions. If, for example, one were to suppose
that

$) ® [Mo) = [$') ® [My) > [$) ® [MY), (18.47)
with the {{MX)} for differentk andl an orthonormal collection, and filee
M¥ = "[M¥] (18.48)
|

as the projector corresponding to th measurement outcome, (18.41) would still
be valid, but neither (18.45) nor (18.46) would (in general) be correct.

The results in this section, like those in Sec. 17.5, can be generalized to the c:
of a macroscopic measuring apparatus using the approaches discussed in Sec.
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Coins and counterfactuals

19.1 Quantum paradoxes

The next few chapters are devoted to resolving a number of quantum paradoxe:
the sense of giving a reasonable explanation of a seemingly paradoxical result
terms of the principles of quantum theory discussed earlier in this book. None «
these paradoxes indicates a defect in quantum theory. Instead, when they have &
properly understood, they show us that the quantum world is rather different fro
the world of our everyday experience and of classical physics, in a way somewt
analogous to that in which relativity theory has shown us that the laws appropria
for describing the behavior of objects moving at high speed differ in fsogmit
ways from those of pre-relativistic physics.

An inadequate theory of quantum measurements is at the root of several quant
paradoxes. In particular, the notion that wave function collapse is a physical effe
produced by a measurement, rather than a method of calculation, see Sec. 18.2,
givenrise to a certain amount of confusion. Smuggling rules for classical reasonil
into the quantum domain where they do not belong and where they give rise
logical inconsistencies is another common source of confusion. In particular, ma
paradoxes involve mixing the results from incompatible quantum frameworks.

Certain quantum paradoxes have given rise to the idea that the quantum wo
is permeated by mysterioudiinences that propagate faster than the speed of light
in conflict with the theory of relativity. They are mysterious in that they cannot be
used to transmit signals, which means that they are, at least in any direct sense,
perimentally unobservable. While relativistic quantum theory is outside the scoj
of this book, an analysis of nonrelativistic versions of some of the paradoxes whic
are supposed to show the presence of superlumifiaieimces indicates that the
real source of such ghostly effects is the need to correct logical errors arising frc
the assumption that the quantum world is behaving in some respects in a classi
way. When the situation is studied using consistent quantum principles, the gho
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disappear, and with them the correspondin§jaifty in reconciling quantum me-
chanics with relativity theory. The reason why ghostlffuences cannot be used
to transmit signals faster than the speed of light is then obvious: there are no st
influences.

Some quantum paradoxes are stated in a way that involves a free choice on
part of a human observer: e.g., whether to measure @neéhez component of spin
angular momentum of some patrticle. Since the principles of quantum theory
treated in this book apply todosed systenwith all parts of it subject to quantum
laws, a complete discussion of such paradoxes would require including the hum
observer as part of the quantum system, and using a quantum model of consci
human choice. This would be ratherfdifilt to do given the current primitive state
of scientfic understanding of human consciousness. Fortunately, for most quantt
paradoxes it seems possible to evade the issue of human consciousness by le
the outcome of a quantum coin tdstecidé what will be measured. As discussed
in Sec. 19.2, the quantum coin is a purely physical device connected to a suital
servomechanism. By this means the stochastic nature of quantum mechanics
be used as a tool to model something which is indeterminate, which cannot |
known in advance.

Certain quantum paradoxes are stated in ternoahterfactuals whatwould
have happeneifl some state of affairs had been different from what it actually was
Other paradoxes have both a counterfactual as well as fo@inary form. In
order to discuss counterfactual quantum paradoxes, one needs a quantum ver
of counterfactual reasoning. Unfortunately, philosophers and logicians have y
to reach agreement on what constitutes valid counterfactual reasoning in the cl
sical domain. Our strategy will be to avoid thefditilt problems which perplex
the philosophers, such asVould a kangaroo topple if it had no tdil?and focus
on a rather select group of counterfactual questions which arise in a probabilis
context. These are of the general forhtWhat would have happened if the coin
flip had resulted in heads rather than tdil$hey are considerefiirst from a classi-
cal (or everyday world) perspective in Sec. 19.3, and then translated into quantt
terms in Sec. 19.4.

19.2 Quantum coins

In a world governed by classical determinism there are no truly random even
But quantum mechanics allows for events which are irreducibly probabilistic. Fc
example, a photon is sent into a beam splitter and detected by one of two det
tors situated on the two output channels. Quantum theory allows us to assigr
probability that one detector or the other will detect the photon, but provides n
deterministic prediction of which detector will do so in any particular realizatior
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of the experiment. This system generates a random output in the same way
tossing a coin, which is why it is reasonable to call it a quantum coin. One ca
arrange things so that the probabilities for the two outcomes are not the same,
so that there are three or even more random outcomes, with equal or unequal pr
abilities. We shall use the terfmuantum cointo refer to any such device, and
“quantum coin tossto refer to the corresponding stochastic process. There is n
reason in principle why various experiments involving statistical sampling (such &
drug trials) should not be carried out using tligenuine randomnessf quantum
coins.

To illustrate the sort of thing we have in mind, consider the gedanken experime
in Fig. 19.1, in which a patrticle, initially in a wave pacKkén), is approaching a
point P where a beam splitteB may or may not be located depending upon the
outcome of tossing a quantum co@ shortly before the particle arrives Bt If
the outcome of the toss 9’, the beam splitter is left in place &, whereas if it
is Q”, a servomechanism rapidly moves the beam splittd3"tout of the path of
the particle, which continues in a straight line.

Fig. 19.1. Particle paths approaching and leaving a beam splitter which is either left
place,B’, or moved out of the wayB”, before the arrival of the particle.

Let us describe this in quantum terms in the following way. Suppose@has
the initial state of the quantum coin and the attached servomechanism dg,time
and that betweety andt; there is a unitary time evolution

1Q) = (1Q) +1Q")/V2. (19.1)

Next, let|B’) and|B”) be states corresponding to the beam splitter being eithe
left in place or moved out of the path of the particle, and assume a unitary tinr
evolution

Q) IB) — [Q)[B'), 1Q"IB") = [Q")IB") (19.2)
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betweert; andt,. Finally, the motion of the particle froi to tz is governed by
|2a)|B) — (13c) +[3d))|B)/v/2, |2a)|B") — [3d)|B"), (19.3)

where|2a) is a wave packet on path for the particle at timd,, and a similar
notation is used for wave packets on pattadd in Fig. 19.1. The overall unitary
time evolution of the system consisting of the particle, the quantum coin, and tt
apparatus during the time interval fraguntil t; takes the form

|Wo) = |02) ® |Q)|B") > |1a) ® (IQ) + |Q"))IB')/+/2
> 12a) ® (1Q)IB") +1Q")|B"))/v?2
> (13c) +13d)) ® 1Q)|B')/2+13d) ® |Q")|B")/v2,  (19.4)

where® helps to set the particle off from the rest of the quantum state.

There are reasons, discussed in Sec. 17.4, why macroscopic objects are |
described not with individual kets but with macro projectors, or statistical distribu
tions or density matrices. The use of kets is not misleading, however, and it mak
the reasoning somewhat simpler. With a little effertagain, see Sec. 17-4 one
can reconstruct arguments of the sort we shall be considering so that macroscc
properties are represented by macro projectors. While we will continue to use t
simpler arguments, projectors representing macroscopic properties will be deno
by symbols without square brackets, as in (19.5), so that the formulas remain L
changed in a more sophisticated analysis.

Consider the consistent family for the timgs< t; < t; < t3 with support
consisting of the two histories

Q o B ©[33],
N7 19.5
0 @ Q// @ B// @ [3d], ( )
where
138) := (13c) + |3d))/+/2. (19.6)

It allows one to say that if the quantum coin outcom@isthen the particle is later

in the coherent superposition stéa), a state which could be detected by bringing
the beams back together again and passing them through a second beam spl
as in Fig. 18.3(c). On the other hand, if the outcom®fs then the particle will
later be in channead in a wave packel3d). As [33] and [3] do not commute with
each other, it is clear that thefieal states in (19.5) are dependent, in the sense
discussed in Ch. 14, either upon the earlier beam splitter locati®hsand |B”),

or the still earlier outcomeg)’) and|Q”) of the quantum coin toss.
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The expressions in (19.4) are a bit cumbersome, and the same effect can
achieved with a somewhat simpler notation in which (19.1) and (19.2) are replact
by the single expression

|Bo) > (IB') +1B"))/~/2, (19.7)

where|By) is the initial state of the entire apparatus, including the quantum coil
and the beam splitter, whergd®) and|B”) are apparatus states in which the beam
splitter is at the locationB’ and B” indicated in Fig. 19.1. The time development
of the particle in interaction with the beam splitter is given, as before, by (19.3).

19.3 Stochastic counterfactuals

A workman falls from a scaffolding, but is caught by a safety net, so he is nc
injured. Whatwould have happeneifl the safety net had not been present? This
is an example of @ounterfactualquestion, where one has to imagine something
different from what actually exists, and then draw some conclusion. Answering
involves counterfactual reasoning, which is employed all the time in the everyde
world, though it is still not entirely understood by philosophers and logicians. I
essence it involves comparing two or more possible states-of-affairs, often referr
to as“worlds”, which are similar in certain respects and differ in others. In the
example just considered, a world in which the safety net is present is compared
a world in which it is absent, while both worlds have in common the feature the
the workman falls from the scaffolding.

We begin our study of counterfactual reasoning by looking at a scheme whic
is able to address a limited class of counterfactual questionsciassical but
stochasticworld, that is, one in which there is a random element added to clas
sical dynamics. The world of everyday experience is such a world, since classic
physics gives deterministic answers to some questions, but there are others, ¢
“What will the weather be two weeks from ndiy?or which only probabilistic
answers are available.

Shall we play badminton or tennis this afternoon? Let us toss a ebifiteads)
for badminton,T (tails) for tennis. The coin turns up, so we play tennis. What
would have happeneifl the result of the coin toss had beki? It is useful to in-
troduce a diagrammatic way of representing the question and deriving an answ
Fig. 19.2. The node at the left at tinterepresents the situation before the coin
toss, and the two nodestatare the mutually-exclusive possibilities resulting from
that toss. The lower branch represents what actually occurred: the toss resultec
T and a game of tennis. To answer the question of what would have happenec
the coin had turned up the other way, we start from the node representing what :
tually happened, go backwards in time to the node preceding the coin toss, whi
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we shall call thepivot, and then forwards along the alternative branch to arrive
at the badminton game. This type of counterfactual reasoning can be thought
as comparing histories in twbworlds’ which are identical at all times up to and
including the pivot point; at which the coin is tossed. After that, one of these
worlds contains the outcomid and the consequences whitthw from this, in-
cluding a game of badminton, while the other world contains the outcbrard

its consequences.

Badminton

T
Tennis

11 o 13

Fig. 19.2. Diagram for counterfactual analysis of a coin toss.

It is instructive to embed the preceding example in a slightly more complicate
situation. Let us suppose that the choice between tennis or badminton was prece
by another: should we go visit the museum, or get some exercise? Once agze
imagine the decision being made by tossing a coin at tyneith H leading to
exercise and to a museum visit. At the museum a choice between visiting on
of two exhibits can also be carried out by tossing a coin. The set of possibilities
shown in Fig. 19.3. Suppose that the actual sequence of the two coindWas
leading to tennis. If thdirst coin toss had resulted ify rather thanH;, what
would have happened? Start from the tennis node in Fig. 19.3, go back to the pi\
node Py atty preceding thdirst coin toss, and then forwards on the alternafive,
branch. This time there is not a unique possibility, for the second coin toss cou
have been eithdt, or T,. Thus the appropriate answer would be: Hadfiist coin
toss resulted ifT;, we would have gone to one or the other of the two exhibits af
the museum, each possibility having probabiliiz 1 That counterfactual questions
have probabilistic answers is just what one would expect if the dynamics describil
the situation is stochastic, rather than deterministic. The answer is determinis
only in the limiting cases of probabilities equal to 1 or 0.

However, a somewhat surprising feature of stochastic counterfactual reasoni
comes to light if we ask the question, again assuming the afternoon was devotec
tennis,"What would have happened if tfiest coin had turned upl; (as it actually
did)?, and attempt to answer it using the diagram in Fig. 19.3. Let us call this
null counterfactualquestion, since it asks not what would have happened if the
world had been different in some way, but what would have happened if the wor
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Ho
Badminton
Hp
T
Tennis
Po Hy
I Exhibit 1
T
Exhibit 2

to 11 to 3

Fig. 19.3. Diagram for analyzing two successive coin tosses.

had been the same in this particular respect. The answer obtained by tracing fr
“tennis” backwards toP, in Fig. 19.3 and then forwards again along the upper,
or H; branch, is not tennis, but it is badminton or tennis, each with probability
1/2. We do not, in other words, reach the conclusion that what actually happen
would have happened had the world been the same in respect to the outcome
thefirst coin toss. Is it reasonable to have a stochastic answer, with probabili
less than 1, for a null counterfactual question? Yes, because to have a determini
answer would be to specify implicitly that the second coin toss turned out the we
it actually did. But in a world which is not deterministic there is no reason why
random events should not have turned out differently.

Counterfactual questions are sometimes ambiguous because there is more t
one possibility for a pivot. For exampléWwhat would we have done if we had not
played tennis this afternoohwill be answered in a different way depending upon
whetherH; or Py in Fig. 19.3 is used as the pivot. In order to make a counterfactue
guestion precise, one must specify both a framework of possibilities, as in Fig. 19.
and also a pivot, the point at which the actual and counterfactual worlds, identic
at earlier times| split apart”.

This method of reasoning is useful for answering some types of counterfactu
guestions but not others. Even to use it for the case of a workman whose fall
broken by a safety net requires an exercise in imagination. Let us suppose that
after the workman started to fall (the pivot), the safety net was swiftly removed, c
left in place, depending upon some rapid electronic coin toss, so that the situati
could be represented in a diagram similar to Fig. 19.2. Is this an adequate,
at least a useful, way of thinking about this counterfactual question? At least
represents a way to get started, and we shall employ the same idea for quant
counterfactuals.
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19.4 Quantum counterfactuals

Counterfactuals have played an important role in discussions of quantum meast
ments. Thus a perennial question in the foundations of quantum theory is whett
measurements reveal pre-existing properties of a measured system, or whether
somehow“creaté such properties. Suppose, to take an example, that a-Sterr
Gerlach measurement reveals the vaBie= 1/2 for a spin-half particle. Would
the particle have had the same valueSpfeven if the measurement had not been
made? An interpretation of quantum theory which givéyes' answer to this
counterfactual question can be said tadalisticin that it afirms the existence of
certain properties or events in the world independent of whether measurements
made. (For some comments on realism in quantum theory, see Ch. 27.) Anotl
similar counterfactual question is the following: Given that iemeasurement
outcome indicates, using an appropriate framework (see Ch. 17), that the value
S was+1/2 before the measurement, would this still have been the c&hid
been measured instead §f?

The system of quantum counterfactual reasoning presented here is designe
answer these and similar questions. It is quite similar to that introduced in tt
previous section for addressing classical counterfactual questions. It makes
of quantum coins of the sort discussed in Sec. 19.2, and diagrams like those
Figs. 19.2 and 19.3. The nodes in these diagrams represent events in a consis
family of quantum histories, and nodes connected by lines indicate the histori
with finite weight that form the support of the family. We require that the family
be consistent, and thatl the histories in the diagram belong to th&meconsis-
tent family. This is asingle-frameworkule for quantum counterfactual reasoning
comparable to the one discussed in Sec. 16.1 for ordinary quantum reasoning.

Let us see how this works in the case in whighis the component of spin
actually measured for a spin-half particle, and we are interested in what wou
have been the case 8, had been measured instead. Imagine a S@enlach
apparatus of the sort discussed in Sec. 17.2 or Sec. 18.3, arranged so that it ca
rotated about an axis (in the manner indicated in Sec. 18.3) to measureSeitrer
S,. When ready to measul®, its initial state is|X°), and its interaction with the
particle results in the unitary time development

XT) ® [X%) = [XT), IXT) @ X°) > |X7). (19.8)

Similarly, when oriented to measu& the initial state igZ°), and the correspond-
ing time development is

1z ®1Z°) = |Z7), |Z2)®1Z°) = |Z7). (19.9)

The symbolsX®, etc., without square brackets will be used to denote the corre
sponding projectors. Because they refer to macroscopically distinct states, all t
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Z projectors are orthogonal to all thé projectors:X*Z* = 0, etc. Without loss

of generality we can consider the quantum coin and the associated servomec
nism to be part of the SterGerlach apparatus, which is initially in the stafe,
with the coin toss corresponding to a unitary time development

|A) > (1X°) +12%)) /2. (19.10)

Assume that the spin-half particle is prepared in an initial gtate, where the
exact choice ofv is not important for the following discussion, provided it is not
+X, —X, +2, or —z. Suppose thaK* is observed: the quantum coin resulted in
the apparatus staté° appropriate for a measurement §f, and the outcome of
the measurement corresponds3o= +1/2. What would have happened if the
guantum coin toss had, instead, resulted in the apparatusZstatepropriate for
a measurement d§,? To address this question we must adopt some consistel
family and identify the event which serves as the pivot. As in other examples ¢
guantum reasoning, there is more than one possible family, and the answer gi\
to a counterfactual question can depend upon which family one uses. Let us bel
with a family whose support consists of the four histories

o X+’
ol

o Z+’
zo|Z"

Yol o (19.11)

at the timedy < t; < tp < t3, where|¥g) = |w™) ® |A) is the initial state. It is
represented in Fig. 19.4 in a diagram resembling those in Figs. 19.2 and 19.3. T
guantum coin toss (19.10) takes place betwgemdt,. The particle reaches the
Stern—Gerlach apparatus and the measurement occurs bepaeits, and atts
the outcome of the measurement is indicated by one of the four pointer states (e
of Sec. 9.5)X*, Z*. Notice that only thdirst branching in Fig. 19.4, betweén
andt,, corresponds to the alternative outcomes of the quantum coin toss, while t
later branching is due to other stochastic quantum processes.

SupposeS, was measured with the resit™. To answer the question of what
would have occurred i5, had been measured instead, start with ¥he vertex
in Fig. 19.4, trace the history back toatt; (or ¥, attg) as a pivot, and then go
forwards on the lower branch of the diagram through Zienode. The answer
is that one of the two outcomes"™ or Z~ would have occurred, each possibility
having a positive probability which dependswnwhich seems reasonable. Rather
than using the nodes in Fig. 19.4, one can equally well use the support of tl
consistent family written in the form (19.11), as there is an obvious corresponden
between the nodes in the former and positions of the projectors in the latter. Frc
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to t1 t2 t3

Fig. 19.4. Diagram for counterfactual analysis of the family (19.11).

now on we will base counterfactual reasoning on expressions of the form (19.1.:
interpreted as diagrams with nodes and lines in the fashion indicated in Fig. 19.-
Now ask a different question. Assuming, once again, Xtatvas the actual out-
come, what would have happened if the quantum coin had resulted (as it actue
did) in X° and thus a measurement®f? To answer this null counterfactual ques-
tion, we once again trace the actual history in (19.11) or Fig. 19.4 backwards fro
Xt attz to thel or the ¥y node, and then forwards again along the upper brancl
through theX° node att,, since we are imagining a world in which the quantum
coin toss had the same result as in the actual world. The answer to the questio
that eitherX* or X~ would have occurred, each possibility having some positive
probability. Since quantum dynamics is intrinsically stochastic in ways which ar
not limited to a quantum coin toss, there is no reason to suppose that what actuz
did occur, X", would necessarily have occurred, given only that we suppose th

same outcomeX® rather thanz®, for the coin toss.

Nevertheless, it is possible to obtain a moréimidve answer to this null coun-
terfactual question by using a different consistent family with support

X° O X*,

[X+] O] {Zo 0) U+,

_ X°0O X7,
xJo {zo oU-,
where the nodesxf] at t;, a time which precedes the quantum coin toss, cor-
respond to the spin stat& = +1/2, andU* andU~ are ddined in the next
paragraph. The history which results X1 can be traced back to the pivotT],
and then forwards again along the same (upper) branch, since we are assuming
the quantum coin toss in the alternative (counterfactual) world did result iKthe
apparatus state. The resultXs” with probability 1. That this is reasonable can
be seen in the following way. The actual measurement outc¥rmeashows that

Wo O (19.12)
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the particle hads, = +1/2 at timet; before the measurement took place, since
guantum measurements reveal pre-existing values if one employs a suitable frar
work. And by choosingX*] at t; as the pivot, one is assuming thgt had the
same value at this time in both the actual and the counterfactual world. Therefc
a later measurement & in the counterfactual world would necessarily result in
X,

However, wefind something odd if we use (19.12) to answer our earlier coun
terfactual question of what would have happene§,ihad been measured rather
thanS,. Tracing the actual history backwards frot to [x*] and then forwards
along the lower branch in the upper part of (19.12), throdghwe reachHJ+ atts
rather than the paiZ*, Z—, as in (19.11) or Fig. 19.4. Heké* is a projector on
the statgU ™) obtained byunitary time evolution of|x*)|Z°) using (19.9):

IXT)Z°) = (1Z5) + 12))I1Z°)/vV/2 = U+ = (1Z) +1Z27))/v/2.  (19.13)

Similarly, U~ in (19.12) projects on the state obtained by unitary time evolutior
of [x7)|Z°). BothU* andU~ are macroscopic quantum superposition (MQS)
states. The appearance of these MQS states in (19.12) reflects the need to cons
a family satisfying the consistency conditions, which would be violated were w
to use the pointer stat&s™ andZ~ atts following the Z° nodes at,. The fact that
consistency conditions sometimes require MQS states rather than pointer sta
is significant for analyzing certain quantum paradoxes, as we shall see in la
chapters.

The contrasting results obtained using the families in (19.11) and (19.12) illus
trate an important feature of quantum counterfactual reasoning of the type we ¢
discussing: the outcome depends upon the family of histories which is used, a
also upon the pivot. In order to employ the pivat'] rather thanl atty, it is nec-
essary to use a family in which the former occurs, and it cannot simply be added
the family (19.11) by a process offreement. To be sure, this dependence upon the
framework and pivot is not limited to the quantum case; it also arises for classic
stochastic counterfactual reasoning. However, in a classical situation the fran
work is a classical sample space with its associated event algebra, and framew
dependence is rather trivial. One can always, if necessdinyerihe sample space,
which corresponds to adding more nodes to a diagram such as Fig. 19.3, and th
is never a problem with incompatibility or MQS states.

Consider a somewhat different question. Suppose the actual measurement «
come corresponds t§ = +1/2. WouldS, have had the same value if no measure-
ment had been carried out? To address this question, we employ an obvious m
ification of the previous gedanken experiment, in which the quantum coin lea
either to a measurement &, as actually occurred, or to no measurement at all,
by swinging the apparatus out of the way before the arrival of the particle. Le
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IN) denote the state of the apparatus when it has been swung out of the way.
appropriate consistent family is one with support

N X° o X,
[x ]@{N o [x1.

_ X0 X7,
[x ]G{N o [x7].
It resembles (19.12), but witl° replaced byN, U™ by [x*], andU~ by [x7],
since if no measuring apparatus is present, the particle continues on its way in
same spin state.

We can use this family and the nodet] at timet; to answer the question of
what would have happened in a case in which the measurement resul was
+1/2 if, contrary to fact, no measurement had been made. Start witk theode
atts, trace it back tox*] att;, and then forwards in time through tienode at,.
The result isx*], so the particle would have been in the st8te= +1/2 att; and
at later times if no measurement had been made.

WO (19.14)
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Delayed choice paradox

20.1 Statement of the paradox

Consider the MackiZehnder interferometer shown in Fig. 20.1. The second bean
splitter can either be at its regular positi&}, where the beams from the two
mirrors intersect, as in (a), or moved out of the way to a posiBgn, as in (b).
When the beam splitter is in place, interference effects mean that a photon whi
enters the interferometer through charmalill always emerge in channdl to be
measured by a detectér. On the other hand, when the beam spilitter is out of the
way, the probability is 1/2 that the photon will be detected by detdef@nd /2
that it will be detected by detectér.

[ 1e [ 1e

e
Yt ] ]
f f
Bin F / F
Bout
c d c d
L sl
d Mgy d Mq

B1 B1
(@) (b)

Fig. 20.1. Mach—Zehnder interferometer with the second beam splitter (a) in place, (|
moved out of the way.

The paradox is constructed in the following way. Suppose that the beam spilitt
is out of the way, Fig. 20.1(b), and the photon is detecte&.inThen it seems

273
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plausible that the photon was earlier in tth@rm of the interferometer. For ex-
ample, were the mirroMy to be removed, no photons would arriveEt if the
length of the path in thd arm were doubled by using additional mirrors, the pho-
ton would arrive atE with a time delay, etc. On the other hand, when the bean
splitter is in place, we understand the fact that the photon always arrifeasatiue

to an interference effect arising from a coherent superposition state of photon we
packets in both armsandd. That this is the correct explanation can be supportec
by placing phase shifters in the two arms, Sec. 13.2, and observing that the ph.
differencemust be kept constant in order for the photon to always be detected
F. Similarly, removing either of the mirrors will spoil the interference effect.

Suppose, however, that the beam splitter is in place until just before the phot
reaches it, and is then suddenly moved out of the way. What will happen? Sin
the photon does not interact with the beam splitter, we conclude that the situati
is the same as if the beam splitter had been absent all along. If the photon arri
at E, then it was earlier in thd arm of the interferometer. But this seems strange,
because if the beam splitter had been left in place, the photon would surely ha
been detected bk, which requires, as noted above, that inside the interferomete
it is in a superposition state between the two arms. Hence it would seem thal
later event, the position or absence of the beam splitter as decided at the very |
moment before its arrival must somehowlirence the earlier state of the photon,
when it was in the interferometer far away from the beam splitter, and determir
whether it is in one of the individual arms or in a superposition state. How can th
be? Can the future fluence the past?

The reader may be concerned that given the dimensions of a typical labot
tory Mach-Zehnder interferometer and a photon moving with the speed of light, i
would be physically impossible to shift the beam splitter out of the way while the
photon is inside the interferometer. But we could imagine a very large interferc
meter constructed someplace out in space so as to allow time for the mechani
motion. Also, modied forms of the delayed choice experiment can be constructe
in the laboratory using tricks involving photon polarization and fast electroni
devices.

It is possible to state the paradox in counterfactual terms. Suppose the be
splitter is not in place and the photon is detectedhyndicating that it was earlier
in thed arm of the interferometer. Whatould have occurredf the beam splitter
had been in place? On the one hand, it seems reasonable to argue that the ph
would certainly have been detected Byafter all, it is always detected by when
the beam splitter is in place. On the other hand, experience shows that if a phot
arrives in thed channel and encounters the beam splitter, it has a probability2of 1
of emerging in either of the two exit channels. This second conclusion is hard
reconcile with thefirst.
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20.2 Unitary dynamics

Let |0a) be the photon state & when the photon is in channa] Fig. 20.1, just
before entering the interferometer through finst (immovable) beam splitter, and
let the unitary evolution up to a time be given by

0a) > |1a) := (|10) + |1d))/v/2, (20.1)

where|1lc) and|1d) are photon wave packets in tbeandd arms of the interfer-
ometer. These in turn evolve unitarily,

110) > [2¢), |1d) — |2d), (20.2)

to wave packet2c) and|2d) in thec andd arms at a time, just before the photon
reaches the second (movable) beam splitter.

What happens next depends upon whether this beam splitter is in or out. If it
in, then

Bin: [2¢) — |3€), |2d) > |3d), (20.3)
where
13€) := (13e) + 13))/v2, [3d) := (—I3e) +13f))/V2, (20.4)

and|3¢e) and|3f) are photon wave packets at timhgin the e and thef output
channels. If the beam splitter is out, the behavior is rather simple:

Bout: [20) — |3f), |2d) — |3e). (20.5)
Finally, the detection of the photon during the time interval fitgo t4 is described
by

|136)|[E°) — |E*), |3f)|F°) —~ |[F*). (20.6)

Here|E°) and|F°) are the ready states of the two detectors, |&id and|F*) the
states in which a photon has been detected.
The overall time development starting with an initial state

|Wo) = |0a)|E*)[F?) (20.7)

at timetg leads to a succession of stafég) at timet;. These can be worked out by
putting together the different transformations indicated in (2§20.6), assuming
the detectors do not change except for the processes indicated in (20.6)>Fr
the result depends upon whether the (second) beam splitter is in or dijtwilh
the beam splitter in onénds

Bin: W) =IE°)IFY), (20.8)



276 Delayed choice paradox

whereas if the beam splitter is out, the result is a macroscopic quantum superpc
tion (MQS) state

Bout:  |Wa) = |ST) := (IE)|F°) + |E°)|F*)/v2 (20.9)
A second MQS state
1S7) i= (—|E*)|F°) + |E*)|F*) /2, (20.10)

orthogonal tg S*), will be needed later.

20.3 Some consistent families

Let usfirst consider the case in which the beam splitter is out. Unitary evolutiol
leading to the MQS statgSt), (20.9), atty obviously does not provide a satis-
factory way to describe the outcome of tlileal measurement. Consequently, we
begin by considering the consistent family whose support consists of the two hi
tories

Bout: Vo [1d] ©[2a] © [3¢] © {E*, F*) (20.11)

at the timesty < t; < t, < t3 < t4. Here and later we use symbols without
square brackets for projectors corresponding to macroscopic properties; see
remarks in Sec. 19.2 following (19.4). This family resembles ones used for way
function collapse, Sec. 18.2, in that there is unitary time evolution preceding tt
measurement outcomes. For this reason, however, it does not allow us to make
inference required in the statement of the paradox in Sec. 20.1, that if the phot
is detected byE (final stateE*), it was earlier in thal arm of the interferometer.
Such an assertion &t or t, is incompatible with [&] or [2a], as these projectors
do not commute with the projectof3, D for the photon to be in the or thed
arm. (For toy versions of andD, see (12.9) in Sec. 12.1.) In order to translate
the paradox into quantum mechanical terms we need to use a different consist
family, such as the one with support

_ [1c] © [2c] © [3f] O F*,
Bout: Yo O [1d] © [2d] © [3¢] © E*. (20.12)

Each of these histories has weighi2land using this family one can infer that
Bout :  Pr([1d]1| E}) = Pr([2d]2 | E}) = 1, (20.13)

where, as usual, subscripts indicate the times of events. That is, if the photon
detected byE with the beam splitter out, then it was earlier in thand not in the
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arm of the interferometer. Note, however, that using the consistent family (20.1.
leads to the equally valid result

Bow: Pr(Lal: | E}) = Pr((2al,| E}) = 1. (20.14)

The single-framework rule prevents one from combining (20.13) and (20.14), b«
cause the families (20.11) and (20.12) are mutually incompatible.

Next, consider the situation in which the beam splitter is in place. In this cas
the unitary history

Bn: Woo[ldo[2ao[3f]o F* (20.15)

allows one to discuss the outcome of thal measurement. It describes the photon
using coherent superpositions of wave packets in the two arms attiraesty,
as suggested by the statement of the paradox. Based upon it one can conclude

Bn: Pr(1al:|F}) = Pr(2al; | F}) = 1, (20.16)

which is the analog of (20.14). (While (20.14) and (20.16) are correct as writtel
one should note that the conditioB$ andF* att, are not necessary, and the prob-
abilities are still equal to 1 if one omits tHigal detector states from the condition.
It is helpful to think of ¥y as always present as a condition, even though it is no
explicitly indicated in the notation.) On the other hand, it is also possible to cor
struct the counterpart of (20.12) in which the photon is in fanite arm att; and

tp, using the family with support

[1c] ©® [2¢] ©® [3¢€] © S,
Bn: YO ] (20.17)
[1d]o[2d]o[3d] © S,

whereS+t andS™ are projectors onto the MQS statedided in (20.9) and (20.10).
Note that the MQS states in (20.17) cannot be replaced with pairs of pointer sta
{E*, F*} as in (20.11), since the four histories would then form an inconsister
family. See the toy model example in Sec. 13.3.

It is worth emphasizing the fact that there is nothimgrong” with MQS states
from the viewpoint of fundamental quantum theory. If one supposes that the ust
Hilbert space structure of quantum mechanics is the appropriate sort of mathem
ics for describing the world, then MQS states will be present in the theory, becau
the Hilbert space is a linear vector space, so that if it contains the $Eitg§ °)
and|E°)|F*), it must also contain their linear combinations. However, if one is
interested in discussing a situation in which a photon is detected by a detect
(20.17) is not appropriate, as within this framework the notion that one detector
the other has detected the photon makes no sense.
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Let us summarize the results of our analysis as it bears upon the paradox sta
in Sec. 20.1. No consistent families were actually dpediin the initial statement
of the paradox, and we have used four different families in an effort to analyze |
two with the beam splitter out, (20.11) and (20.12), and two with the beam splitte
in, (20.15) and (20.17). In a sense, the paradox is based upon using only t
of these families, (20.15) witlB;, and the photon in a superposition state inside
the interferometer, and (20.12) wi,,; and the photon in a di@ite arm of the
interferometer. By focusing on only these two familiesthey are, of course, only
specfied implicitly in the statement of the paradex one can get the misleading
impression that the difference between the photon states inside the interferome
in the two cases is somehow caused by the presence or absence of the beam sp
at a later time when the photon leaves the interferometer. But by introducing tt
other two families, we see that it is quite possible to have the photon either in
superposition state or in a fileite arm of the interferometer both when the beam
splitter is in place and when it is out of the way. Thus the difference in the typ
of photon state employed &t andt; is not determined or caused by the location
of the beam splitter; rather, it is a consequence of a choice of a particular type
guantum description for use in analyzing the problem.

One can, to be sure, object that (20.17) with the detectors in MQS states at
is hardly a very satisfactory description of a situation in which one is intereste
in which detector detected the photon. It is true that if one wants a description
which no MQS states appear, then (20.15) is to be preferred to (20.17). But noti
that what the physicist does in employing this altogether reasonable criterion
somewhat analogous to what a writer of a novel does when changing the plot
order to have the ending work out in a particular way. The physicist is selectin
histories which at, will be useful for addressing the question of which detector
detected the photon, and not whether the detector system will end 8p or
S-, and for this purpose (20.15), not (20.17) is appropriate. Were the physici
interested in whether tHanal state wa$" or S, as could conceivably be the case
— e.g., when trying to design some apparatus to measure such superpesitions
then (20.17), not (20.15), would be the appropriate choice. Quantum mechanics
a fundamental theory allows either possibility, and does not determine the type
guestions the physicist is allowed to ask.

If one does not insist that MQS states be left out of the discussion, then a col
parison of the histories in (20.12) and (20.17), which are identical up totime
while the photon is still inside the interferometer, and differ only at later times
shows the beam splitter having an ordinary causal effect upon the photon: event:
a later time depend upon whether the beam splitter is or is not in place, and those
an earlier time do not. The relationship between these two families is then simil
to that between (20.11) and (20.15), where again the presence or absence of
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beam splitter when the photon leaves the interferometer can be said to be the ca
of different behavior at later times. Causality is actually a rather subtle concer
which philosophers have been arguing about for a long time, and it seems unlike
that quantum theory by itself will contribute much to this discussion. However, th
possibility of viewing the presence or absence of the beam splittefflagmicing
later events should at the very least make one suspicious of the alternative cle
that its location influences earlier events.

20.4 Quantum coin toss and counterfactual paradox

Thus far we have worked out various consistent families for two quite distinc
situations: the beam splitter in place, or moved out of the way. One can, howev
include both possibilities in a single framework in which a quantum coin is tosse
while the photon is still inside the interferometer, with the outcome of the toss fe
to a servomechanism which moves the beam splitter out of the way or leaves it
place at the time when the photon leaves the interferometer. This makes it possi
to examine the counterfactual formulation of the delayed choice paradox found
the end of Sec. 20.1.

The use of a quantum coin for moving a beam splitter was discussed in Sec. 19
and we shall use a simfiied notation similar to (19.7). LdBg) be the state of
the quantum coin, servomechanism, and beam splitter prior to thet{imken
the photon is already inside the interferometer, and suppose that during the tir
interval fromt; to t, the quantum coin toss occurs, leading to a unitary evolution

|Bo) — (|Bin) + |Bout))/ V2, (20.18)

with the stategB;j,) and|Bgt) corresponding to the beam splitter in place or re-
moved from the path of the photon. The unitary time development of the photc
fromt, to tz, in agreement with (20.3) and (20.5), is given by the expressions

12¢)[Bin) > 38)|Bin),  12d)[Bin) > [3d)|Bin),

(20.19)
12¢)| Bout) > [3F)[Bout),  12d)[Bout) > [3€)Bout).-
The unitary time development of the initial state
|Q20) = |0a)|Bo)| E°)|F°) (20.20)

can be worked out using the formulas in Sec. 20.2 combined with (20.18) ar
(20.19). In order to keep the notation simple, we assume that the apparatus st:
|Bo), |Bin), |Bout) dO not change except during the time interval frépto t,,
when the change is given by (20.18). The reader firay it helpful to work out
12)) = T(t, to)| Qo) at different times. Ats, when the photon has been detected,
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itis given by
12) = (1Bn) [E*)IF") + Bou)|S") ) /V2 (20.21)

Suppose the guantum coin toss results in the beam splitter being out of the w
at the moment when the photon leaves the interferometer, and that the photor
detected byE. What would have occurred if the coin toss had, instead, left the
beam splitter in place? As noted in Sec. 19.4, to address such a counterfact
guestion we need to use a particular consistent family, and specify a pivot. Tl
answers to counterfactual questions are in general not unique, since one can emj
more than one family, and more than one pivot within a single family.

Consider the family whose support consists of the three histories

Bin ©[3f] O F¥,

Qo ®[1a] © _
ORAO e o Bg o (e FY

(20.22)

at the timedy < t; < t, < t3 < t4. Note thatB,,: andE* occur on the lower line,
and we can trace this history back t@]htt; as the pivot, and then forwards again
along the upper line correspondingBg,, to conclude that if the beam splitter had
been in place the photon would have been detecteB .byhis is not surprising
and certainly not paradoxical. (Note that having theletector detect the photon
when the beam splitter is absent is quite consistent with the photon having beer
a superposition state until just before the time of its detection; this corresponds
(20.11) in Sec. 20.3.) To construct a paradox we need to be able to infeldtom
att, that the photon was earlier in tlhitarm of the interferometer. This suggests
using the consistent family whose support is

[1a] © Bin O [3f] O F*,
Q00 1[1c] © Bouit ©[3f] © F7, (20.23)
[1d] © Bout © [3€] © E*,

rather than (20.22). (The consistency of (20.23) follows from noting that one of th
two histories which ends iF* is associated witlB;,, and the other withB,,, and
these two states are mutually orthogonal, since they are macroscopically distinc
The events at; are contextual in the sense of Ch. 14, witl]tlependent upon
Bin, while [1c] and [1d] depend orBgy;.

The family (20.23) does allow one to infer that the photon was earlier i the
arm if it was later detected iy, sinceE™* occurs only in the third history, preceded
by [1d] att;. However, since this event precedgs,; but notB;,, it cannot serve
as a pivot for answering a question in which the actBgl; is replaced by the
counterfactuaB;,. The only event in (20.23) which can be used for this purpose i
Qo. Using2p as a pivot, we conclude that had the beam splitter been in, the photc
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would surely have arrived at detecter which is a sensible result. However, the
null counterfactual questiofiWwhat would have happened if the beam splitter had
been out of the way (as in fact it was)?eceives a rather inflaite, probabilistic
answer. Either the photon would have been indrerm and detected bk, or it
would have been in thearm and detected by. Thus using2g as the pivot means,

in effect, answering the counterfactual question after erasing the information th
the photon was detected ligy rather than by, or that it was in thal arm rather
than thec arm. Hence if we use the family (20.23) wit, as the pivot, the
original counterfactual paradox, with its assumption that detectiok liyplied
that the photon was earlier th and then asking what would have occurred if this
photon had encountered the beam splitter, seems to have disappeared, or at le:
has become rather vague.

To be sure, one might argue that there is something paradoxical in that the sup
position state [&] in (20.23) is present in thB;,, history, whereas nonsuperposition
states [1tand [1d] precedeB,,;. Could this be a sign of the future influencing the
past? Thatis not very plausible, for, as noted in Ch. 14, the sort of contextuality v
have here, with the earlier photon state depending on theBatand By, reflects
the way in which the quantum description has been constructed. If there i§wan in
ence of the future on the past, it is rather like the influence of the end of a novel «
its beginning, as noted in the previous section. Or, to put it in somewhat differel
terms, this influence manifests itself in the theoretical phy&scigitebook rather
than in the experimental physicistaboratory.

What might come closer to representing the basic idea behind the delayed cho
paradox is a family in which [d] at t; can serve as a pivot for a counterfactual
argument, rather than having to rely £3 atty. Here is such a family:

Bin © [3(3] o S,
Bout © [3f] © F*,

Bn ©[3d] O S,
Bout © [3€] ©® E*.

[1c] © {

Q0 (20.24)

[1d] © [

If we use [1d at t; as the pivot for a case in which the beam splitter is out and the
photon is detected i, it gives a precise answer to the null counterfactual questior
of what would have happened had the beam splitter been out (as it actually wa
the photon would have been detectedbwand not byF. But now when we ask
what would have happened had the beam splitter been left in place, the answe
that the system of detectors would later have been in the MQSStata the same
way, if the photon is detected iR when the beam splitter is out, a counterfactual
argument using [JJcat t; as the pivot leads to the conclusion that had the bean
splitter been in, the detectors would later have been in the MQSStatehich is
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orthogonal to, and hence quite distinct fr@n. Thus detection irF rather than
E when the beam splitter is out leads to a different counterfactual conclusion,
contrast with what we found earlier when usifag as the pivot. That the answers
to our counterfactual questions involve MQS states is hardly surprising, given tf
discussion in Sec. 20.3. And, as in the case of (20.17), the MQS states in (20.:
cannot be replaced with ordinary pointer states (dsdd at the end of Sec. 9.5)
E* and F* of the detectors, for doing so would result in an inconsistent family.
Also note the analogy with the situation considered in Sec. 19.4, where looking f
a framework which could give a more precise answer to a counterfactual questi
involving a spin measurement led to a family (19.12) containing MQS states.
Let us summarize the results obtained by using a quantum coin and studyi
various consistent families related to the counterfactual statement of the delay
choice paradox. We have looked at three different frameworks, (20.22), (20.2:
and (20.24), and found that they give somewhat different answers to the questi
of what would have happened if the beam splitter had been left in place, whe
what actually happened was that the photon was detectedhiith the beam split-
ter out. (Such a multiplicity of answers is typical of quantum ardo a lesser
degree— classical stochastic counterfactual questions; see Sec. 19.4.) Inthe e
none of the frameworks supports the original paradox, but each framework evac
it for a somewhat different reason. Thus (20.22) does not have photon states
calized in the arms of the interferometer, (20.23) has such states, but they can
be used as a pivot for the counterfactual argument, and remedying this last pre
lem by using (20.24) results in the counterfactual question being answered in ter
of MQS states, which were certainly not in view in the original statement of the
paradox.

20.5 Conclusion

The analysis of the delayed choice paradox given above provides some use
lessons on how to analyze quantum paradoxes of this general sort. Perhaps
first and most important lesson is that a paradox must be turned into an expli
guantum mechanical model, complete with a set of unitary time transformation
The model should be kept as simple as possible: there is no point in using lo
expressions and extensive calculations when the essential elements of the pare
and the ideas for untangling it can be represented in a simple way. Indeed, t
simpler the representation, the easier it will be to spot the problematic reasoni
underlying the paradox. In the interests of simplicity we used single states, rath
than macroscopic projectors or density matrices, for the measuring apparatus,
for discussing the outcomes of a quantum coin toss. A more sophisticated appro:
is available, see Sec. 17.4, but it leads to the same conclusions.
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A second lesson is that in order to discuss a paradox, it is necessary to introdt
an appropriate framework, which will be a consistent family if the paradox involve:
time development. There will, typically, be more than one possible frameworlk
and it is a good idea to look at several, since different frameworks allow one t
investigate different aspects of a situation.

A third lesson has to do with MQS states. These are usually not taken into a
count when stating a paradox, and this is not surprising: most physicists do n
have any intuitive idea as to what they mean. Nevertheless, families containi
MQS states may be very useful for understanding where the reasoning underlyi
a paradox has gone astray. For example, a process of implicitly (and thus uncc
sciously) choosing families which contain no MQS states, and then inferring fror
this that the future ifhuences the past, or that there are mysterious nonloftat in
ences, lies behind a number of paradoxes. This becomes evident when one wc
out various alternative families of histories and sees what is needed in order
satisfy the consistency conditions.



21

Indirect measurement paradox

21.1 Statement of the paradox

The paradox of indirect measurement, often called interaction-free measureme
can be put in a form very similar to the delayed choice paradox discussed
Ch. 20. Consider a MaelZehnder interferometer, Fig. 21.1, with two beam split-
ters, which are always present. A mirrit can be placed either (a) in tlearm
of the interferometer, where itflects the photon out of this arm into changel
thus preventing it from reaching the second beam splitter, or (b) outsidesttme,
in a place where it has no effect. The two positiondvbfire denoted by, and
Mout- Detectorsk, F, andG detect the photon when it emerges from the appara:
tus in channelg, f, org. With M out of the way, the path differences inside the
interferometer are such that a photon which enters through charwillalways
emerge in channdl, so the photon will always be detected by With M in place,
a photon which passes into thehannel cannot reach the second beam spBjer
However, a photon which reach8g by passing through thé arm can emerge in
either thee or the f channel, with equal probability. As a consequence,Mgy
the probabilities for detection big, F, andG are 1/4, 1/4, and 1/2, respectively.
Detection of a photon b can be thought of as a measurement indicating tha
the mirror was in the positioM;, rather tharMgy,. It is apartial measurement of
the mirrors position in that while a photon detected Gyimplies the mirror is in
place, the converse is not true: the mirror can be in place without the photon bei
detected by, since it might have passed through tharm of the interferometer.
Detection of the photon b can likewise be thought of as a measurement indicat-
ing thatM is in thec arm, since whem is not there the photon is always detected
by F. Detection byE is an indirect measurement thét is in place, in contrast to
the direct measurement which occurs wlgmletects the photon. And detection
by E is also a partial measurement: it can only occur, but does not always occt
whenM is in thec arm.

284
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Fig. 21.1. Mach—Zehnder interferometer with extra mirkblocated (a) in the arm, (b)
outside the interferometer.

The indirect measurement usiigseems paradoxical for the following reason.
In order to reacte, the photon must have passed throughdlzem of the interfer-
ometer, since the arm was blocked by. Hence the photon was never anywhere
nearM, and could not have interacted with. How, then, could the photon have
been affected by the presence or absence of the mirror io #ren, that is, by
the difference betweeM;, and My,:? How could it“know” that thec arm was
blocked, and that therefore it was allowed to emerge (with a certain probability) i
thee channel, an event not possible heldbeen outside the arm?

The paradox becomes even more striking in a delayed choice version analogc
to that used in Ch. 20. Suppose the mirkbiis initially not in thec arm. However,
just before the time of arrival of the photer that is, the time the photon would
arrive were it to pass through tkearm— M is either left outside or rapidly moved
into place inside the arm by a servomechanism actuated by a quanturfiigoin
which took place when the photon had already passefirgideam splitteB;. In
this case one can check, see the analysis in Sec. 21.4, that if the photon was |
detected inE, M must have been in place blocking tbarm at the instant when
the photon would have struck it had the photon been ircthen. That is, despite
the fact that the photon arriving i& was earlier in thel arm it seems to have been
sensitive to the state of affairs existing far away indtzem at just the instant when
it would have encounterel! Is there any way to explain this apart from some
mysterious nonlocal influence df upon the photon?
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A yet more striking version of the delayed choice version comes from conten
plating an extremely large interferometer located somewhere out in space, in whi
one can arrange that the entire decision process as to whether or not tivplace
thec arm occurs during a time when the photon, later detectdd, iis at a point
on its trajectory through thd arm of the interferometer which is space-like sepa-
rated (in the sense of relativity theory) from the relevant events i tren. Not
only does one need nonlocalfflimences; in addition, they must travel faster than
the speed of light! One way to avoid invoking superluminal signals is by assun
ing a message is carried, at the speed of light, fidnto the second beam splitter
B, in time to inform the photon arriving in thé arm that it is allowed to leave
B, in the e channel, rather than having to use thehannel, the only possibility
for Moyt. The problem, of course, is tind a way of getting the message from
M to B,, given that the photon is in thé arm and hence unavailable for this
task.

A counterfactual version of this paradox is readily constructed. Suppose th
with M in the locationM;, blocking thec arm, the photon was detectedin What
would have occurred iMo,; had been the case rather thisty,? In particular, if
the position ofM was decided by a quantum coin toss after the photon was alreac
inside the interferometer, what would have happened to the phetamich must
have been in thd arm given that it later was detected By— if the quantum coin
had resulted ifM remaining outside the arm? Would the photon have emerged
in the f channel to be detected y? — this seems the only plausible possibility.
But then we are back to asking the same sort of question: how could the phot
“know’ that thec arm was unblocked?

21.2 Unitary dynamics

The unitary dynamics for the system shown in Fig. 21.1 is in many respects ti
same as for the delayed choice paradox of Ch. 20, and we use a similar notat
for the unitary time development. Lé¢Ba) be a wave packet for the photon at
to in the input channeh just before it enters the interferometéle) and|1d) be
wave packets in the andd arms of the interferometer at timtg, and|2c) and
|2d) their counterparts at a tinte chosen so that iM is in thec arm the photon
will have been rfiected by it into a packdRg) in the g channel. At timet; the
photon will have emerged from the second beam splitter in chanoelf — the
corresponding wave packets aBe) and|3f) — or will be in a wave packe3g)

in the g channel. Finally, at4 the photon will have been detected by one of the
three detectors in Fig. 21.1. Their ready stategBfg, |F°), and|G°), with |E*),
|F*), and|G*) the corresponding states when a photon has been detected.
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The unitary time development frotgto t; is given by
|0a) — |1a) := (|1c) + |1d))/~/2. (21.1)
Fort; tot, it depends on the location &
Mout © 11C) — |2¢), |1d) — |2d), (21.2)
Min © 11€) = |29), [1d) — |2d),

with no difference betweeM;, and My if the photon is in thed arm of the
interferometer. For the time step framto t3 the relevant unitary transformations
are independent of the mirror position:

12¢) > 130) = (+I3e) + 131))/V2,
2d) > |3d) := (—|3e) + 131))/V2, (21.3)
129) — 139).

The detector states remain unchanged figno t3, and the detection events be-
tweentz andt, are described by:

I36)|E°) = [ET), [B)IF°) > |[F7), [39)|G°) — |G"). (21.4)

If the photon is not detected, the detector remains in the ready state; thus (21.4
an abbreviated version of

136)[E°)[F°)IG®) = |ET)IF°)IG®), (21.5)

etc. One could also use macro projectors or density matrices for the detectors,
Sec. 17.4, but this would make the analysis more complicated without altering al
of the conclusions.

21.3 Comparing Mi, and Mgyt

In Sec. 20.3 we considered separate consistent families depending upon whet
the second beam splitter was in or out. That approach could also be used here,
for the sake of variety we adopt one which is slightly different: a single family with
two initial states at timéy, one with the mirror in and one with the mirror out,

|Wo)[Mout),  [Wo)|Min), (21.6)
each with a positive (nonzero) probability, where
|Wo) = |0a)|E®)[F")|G®). (21.7)

Here the mirror is treated as an inert object,|b,) and|Myy;) do not change
with time. They do, however, fluence the time development of the photon state
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as indicated in (21.2). Thus unitary time development offitst of the two states
in (21.6) leads at timg to

IE*)IF*)IG®)[Mout), (21.8)
while the second results in a macroscopic quantum superposition (MQS) state
3(-IEMIFIGY) + [E)IFIIGY) + V2IE)IF)IGH ) M), (21.9)
Consider the consistent family with support given by the four histories

YoMou © [18] © [28] O [3f] © F*,
YoMin ©[18] © [25] © [3s] O {E*, F*, G},

atthe timegp < t; <ty < t3 < t4, where
12s) 1= (12d) +129))/v/2, [3s) := 3(~I13e) +13f) ++/2/3g))  (21.11)

are superposition states in which the photon is not located irffinitdechannel.
This corresponds to unitary time development until the photon is detected, al
then pointer states (asfileed at the end of Sec. 9.5) for the detectors. It shows
that E* andG* can only occur withM;,, and in this sense either of these events
constitutes a measurement indicating that the mirror was irc twen. There is
nothing paradoxical about the histories in (21.10), because an important piece
the paradox stated in Sec. 21.1 was the notion that the photon detedietbst at

an earlier time have been in tdeirm of the interferometer. But since the projectors
C andD for the particle to be in the or thed arm do not commute with g, the
assertion that the photon was in one or the other arm of the interferometer at tir
t; makes no sense when one uses (21.10), and the same istirue at

Therefore let us consider a different consistent family with support

"I"OMout ©) [15-] O] [25-] © [Bf] O] F*,

[ic]©[29] © [3g] © G,
[3¢] © E¥,

[1d]o[2d] © {[Sf] o F*.

Using this family allows us to assert that if the photon was later detect&d then

the mirror was in the arm, and the photon itself was in tdearm while inside the

interferometer, and thus far away from. The photon states at tinte in this

family are contextual in the sense discussed in Ch. 14, sirgeafid [1d] do not

commute with [R], and the same is true for at t,. Thus [1d] and [2d] depend,

in the sense of Sec. 14.1, d&A,, and it makes no sense to talk about whether the

photon is in the or thed arm if the mirror is out of the wayMo,¢. For this reason

it is not possible to use (21.12) in order to investigate what effect replading

with Mgyt has on the photon while it is in arch Hence while (21.12) represents

(21.10)

YoM © [ (21.12)
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some advance over (21.10) in stating the paradox, it cannot be used to infer {
existence of nonlocal effects.

As noted in Ch. 14, the fact that certain events are contextual should not |
thought of as something arising from a physical cause; in particular, it is misleadir
to think of contextual events dgaused™by the events on which they depend, in
the technical sense fieed in Sec. 14.1. Thinking that the change frivty),; to Mi,,
in (21.12) somehowcollapses'the photon from a superposition into one localized
in one of the arms is quite misleading. Instead, the appearance of a superposit
in the Mg, case and not in th#&l;, case reflects our decision to base a quantur
description upon (21.12) rather than, for example, the family (21.10), where tr
photon is in a superposition both fMg,: and M;y,.

One can also use a consistent family in which the photon is infiaitkearm
while inside the interferometer both whé is in and when it is out of the arm,
so that thec andd states are not contextual:

[1c] © [2c] © [3¢] ® St,
[d]®[2d]® [3d]© S,
[1c] ©[2g] © [3g] © G*, (21.13)

[1d] ® [2d] © {[Se] © E,

\IJOMout O] {

lIJOMin @{
Bf]o F*.

The statesS™ andS™ are the macroscopic quantum superposition (MQS) states c
detectorsE andF as defined in (20.9) and (20.10). Just as in the case of the famil
(20.17) in Sec. 20.3, the MQS states in the last two histories in (21.13) cannot |
eliminated by replacing them with* andF*, as that would violate the consistency
conditions. And since the projecto& andS~ do not commute witfE* and F*,
contextuality has not really disappeared when (21.12) is replaced by (21.13): ith
been removed from the eventstatindt,, but reappears in the eventstatndt,.
In particular, it would make no sense to look at the events afittad timet, in
(21.13) and conclude that a detection of the photorEbywas evidence that the
mirror M was in rather than out of thearm. While such a conclusion would be
valid using (21.10) or (21.12), it is not supported by (21.13) since in the I&tter
only makes sense in the calgk,, and is meaningless withlg,:.

The preceding analysis has uncovered a very basic problem. BSiag a way
of determining thatM;, is the case rather thaMl,, is incompatible with using
E* as an indication that the photon was earlier in theather than the arm.
For the former, (21.10) is perfectly adequate, as is (21.12). However, when v
try to construct a family in which [Jcvs. [1d] makes sense whether or not the
mirror is blocking thec arm, the result, (21.13), is unsatisfactory, both becaus
of the appearance of MQS statestadnd also becausgé* is now contextual in
a way which makes it depend dvii,, so that it is meaningless in the cagky;.
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Hence the detection of the photon Bycannot be used to distinguid¥l;, from
Moyt if one uses (21.13). If this were a problem in classical physics, one coul
try combining results from (21.10), (21.12), and (21.13) in order to complete th
argument leading to the paradox. But these are incompatible quantum framewor
so the single-framework rule means that the results obtained using one of the
cannot be combined with results obtained using the others. From this perspect
the paradox stated in Sec. 21.1 arises from using rules of reasoning which wc
quite well in classical physics, but do not always function properly when importe
into the quantum domain.

21.4 Delayed choice version

In order to construct a delayed choice version of the paradox, we suppose the
guantum coin is connected to a servomechanism, and during the time interval |
tweent; andt; 5, while the photon is inside the interferometer but before it reache:
the mirror M, the coin is tossed and the outcome fed to the servomechanism. T
servomechanism then places the mirkbiin the c arm or leaves it outside, as de-
termined by the outcome of the quantum coin toss. Using the abbreviated notati
at the end of Sec. 19.2, the corresponding unitary time development frionty 5

can be written in the form

IMo) > (IMin) + [Mout))/+/2, (21.14)

the counterpart of (20.18) for the delayed choice paradox of Ch. 20. |Ngjds

the initial state of the quantum coin, servomechanism, and mirror. TheMets
and|Mgyt) in (21.14) include the mirror and the rest of the apparatus (coin and se
vomechanism), and thus they have a slightly different physical interpretation fro
those in (21.6). However, since the photon dynamics which interests us deper
only on where the mirroM is located, this distinction makes no difference for
the present analysis. Combining (21.14) with (21.2) gives an overall unitary tim
development of the photon and the mirror (and associated apparatust), frota

in the form:

11¢)[Mo) > (12€)|Mout) + 129)Min)) /v'2,

(21.15)
11d)|Mo) > 12d) (|Mout) + [Min))/+/2.

What is important is the location of the mirror at the titig when the photon
interacts with it— assuming both the mirror and the photon are indlaem of the
interferometer— and not its location in the initial staféMg); the latter could be
either theM;, or Mg position, or someplace else.
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Let the initial state of the entire systemtgbe
€20) = 10a)|Mo)| E®)|F*)|G?), (21.16)

and let|2;) be the state which results at timhefrom unitary time development.
We assume thdtMg), |Mqyt), and|M;,) do not change outside the time interval
where (21.14) and (21.15) apply. &tone has

Q) = [(—|3e> +13f) + v/2139)) IMin) + 2|3f>|Mout>]
®|E°)|F°)|G%)/2v/2. (21.17)

We leave to the reader the task of working {faf) at other times, a useful exercise
if one wants to check the properties of the various consistent families describ
below.

Corresponding to (21.10) there is a family, now based on the single initial sta
Qo, with support

MOUI @ [3f] @ F*’
Min @ [35] @ {E*7 F*’ G*}v

where|3s) is defined in (21.11). This cinms the fact that whether or not a photon
arrives atE* depends on the position of the mirrt at the time when the photon
reaches the corresponding position in ¢teem of the interferometer, not on where
M was at an earlier time, in accordance with what was stated in Sec. 21.1. Suppt
that the photon has been detecte&in From (21.18) itis evident that the quantum
coin toss resulted itM;,. What would have happened if, instead, the result hac
beenM,,;? If we use [B] at t; as a pivot, the answer is that the photon would have
been detected bl. This is reasonable, but as noted in our discussion of (21.10;
not at all paradoxical, since it is impossible to use this family to discuss whether
not the photon was in the arm.

The counterpart of (21.12) is the family with support

[18] © Mout © [3f] © F¥,
Qo O {[1c] ® Min © [3g] © G*, (21.19)
[1d] © Min © [3C] O {E*, F*}.

Just as in (21.12), the photon stated;asire contextual; [llcand [1d] depend

on M;,, while [1a] depends onM,,;. The only difference is that here the de-
pendence is on the later, rather than earlier, position of the miidfroNote once
again that dependence, understood in the sense defined in Ch. 14, does not r
to a physical cause, and there is no reason to think that the futurusnning
the past— see the discussion in Secs. 20.3 and 20.4. We can use (21.19) to cc
clude that the detection of the photon Bymeans that the photon was earlier in

Q0 [18] © { (21.18)
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the d and not thec arm of the interferometer. However, due to the contextual-
ity just mentioned, [d] at t; cannot serve as a pivot in a counterfactual argumen
which tells what would have happened hisld,; occurred rather thalj,. The
only pivot available in (21.19) is the initial staf&,. But the corresponding coun-
terfactual assertion is too vague to serve as a satisfactory basis of a paradox,
precisely the same reasons given in Sec. 20.4 in connection with the analogc
(20.23).

The counterpart of (21.13) is the family with support

Mout © [3C] © St,
Min © [39] ©) G*a
Mout © [3d] © S,
Min © [36] o S.
Here [Ic] and [1d] are no longer contextual. Also note that in this family there is
not the slightest evidence of any nonlocdluence by the mirror on the photon:
the later time development if the photon is in tharm att; is exactly the same
for Mj, and for Myy;. However, (21.20) is clearly not a satisfactory formulation
of the paradox, despite the fact thatlJlat t; can serve as a pivot. Among other
things, E* does not appear &f. This can be remedied in part by replacing the
fourth history in (21.20) with the two histories

Qo © [1d] © Min © [3d] © {E*, F*}. (21.21)

[1c] © {
QO

(21.20)
10|

The resulting family, now supported dive histories of nonzero weight, remains
consistent. ButE* is a contextual event dependent bh,, and if we use this
family, E* makes no sense in the cask,;. Thus, as noted above in connection
with (21.13), we cannot when using this family emplBy as evidence that the
mirror was in rather than outside of tlwearm. In addition to the difculty just
mentioned, (21.20) has MQS states,atWhile one can modify the fourth history
by replacing it with (21.21), the same remedy will not work in the other two case:
for it would violate the consistency conditions.

Let us summarize what we have learned from considering a situation in whic
a quantum coin toss at a time when the photon is already inside the interferome
determines whether or not tleearm will be blocked by the mirroM. For the
photon to later be detected I it is necessary thatl be in thec arm at the time
when the photon arrives at this point, and in this resfgctloes, indeed, provide
a (partial) measurement indicatifd, is the case rather thav,,;. However, the
attempt to infer from this that there is some sort of nonloctileance betweem
and the photon fails, for reasons which are quite similar to those summarized at 1
end of Sec. 21.3: one needsfind a consistent family in which the photon is in
thed arm both forM;, and forMg,:. This is obviously not the case for (21.18) and
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(21.19), whereas (21.26} with or without the fourth line replaced with (21.21)
— is unsatisfactory because of the states which appédar @hus by the time one
has constructed a family in whichdl at t; can serve as a pivot, the counterfac-
tual analysis runs into ditulty because of what happens at later times. Just as i
Sec. 21.3, one can construct various pieces of a paradox by using different con:
tent families. But the fact that these families are mutually incompatible prevent
putting the pieces together to complete the paradox.

21.5 Interaction-free measurement?

It is sometimes claimed that the determination of whetldés blocking thec arm

by means of a photon detected khis an“interaction-free measurement”: The
photon did not actually interact with the mirror, but nonetheless provided informe
tion about its location. The terffinteract with”is not easy to define in quantum
theory, and we will want to discuss two somewhat different reasons why one mig
suppose that such an indirect measurement involves no interactionfir§this
based on the idea that detection Byimplies that the photon was earlier in the
d arm of the interferometer, and thus far from the mirror and unable to interac
with it — unless, of course, one believes in the existence of some mysterious lon
range interaction. The second comes from noting that when it is irT guen,
Fig. 21.1(a), the mirroM is oriented in such a way that any photon hitting it
will later be detected bys. Obviously a photon detected ly was not detected
by G, and thus, according to this argument, could not have interactedMith
The consistent families introduced earlier are useful for discussing both of the:
ideas.

Let us begin with (21.10), or its counterpart (21.18) if a quantum coin is used. |
these families the time development of the photon state is given by unitary tran
formations until it has been detected. As one would expect, the photon state
different, at times, and later, depending upon whethldr is in or out of thec
arm. Hence if unitary time development reflects the presence or absence of so
interaction, these families clearly do not support the idea that during the proce
which eventually results ifc* the photon does not interact witfl. Indeed, one
comes to precisely the opposite conclusion.

Suppose one considers families of histories in which the photon state evolves
a stochastic, rather than a unitary, fashion precedinditta¢ detection. Are the
associated probabilities affected by the presence or absemdarothec arm? In
particular, can onéind cases in which certain probabilities are the same for bott
Mi, and Mq,:? Neither (21.12) nor its quantum coin counterpart (21.19) provide
examples of such invariant probabilities, but (21.20) does supply an example:
the photon is in thel arm att;, then it will certainly be in the superposition state



294 Indirect measurement paradox

[3d] just after leaving the interferometer, and at a slightly later time the detectc
system will be in the MQS stat® . (One would have the same thing in (21.13) if
the last two histories were collapsed into a single history representing unitary tin
development aftet;, ending inS— att;.) So in this case we have grounds to say
that there was no interaction between the photon and the mirror if the photon w
in thed arm att;. However, (21.20), for reasons noted in Sec. 21.4, cannot be use
if one wants to speak of photon detection Byas representing a measurement of
Min as againsMq,;. Thus we have found a case whicH isteraction-freg, but it
cannot be called aneasuremeit

Finally, let us consider the argument for noninteraction based upon the idea th
had it interacted with the mirror, the photon would surely have been scattered in
channelg to be detected bg. This argument would be plausible if we could be
sure that the photon was in or not in tharm of the interferometer at the time when
it (might have) interacted witiv. However, if the photon was in a superposition
state at the relevant time, as is the case in the families (21.10) and (21.18), 1
argument is no longer compelling. Indeed, one could say thatthdistories in
these families provide a counterexample showing that when a quantum particle
in a delocalized state, a local interaction can produce effects which are contrary
the sort of intuition one builds up by using examples in classical physics, whel
particles always have well-Bleed positions.

In conclusion, there seems to be no point of view from which one can justif
the term‘interaction-free measureménihe one that comes closest might be that
based on the family (21.20), in which the photon can be said to firitédy in
thec or d arm of the interferometer, and when in ttherm it is not irffluenced by
whetherM is or is not in thec arm. But while this family can be used to argue for
the absence of any mysterious long-randgiignces of the mirror on the photon, it
is incompatible with using detection of the photonbyas a measurement &f;,
in contrast toMgt.

It is worthwhile comparing the indirect measurement situation considered i
this chapter with a different type dinteraction-freg& measurement discussed in
Sec. 12.2 and in Secs. 18.1 and 18.2: A patrticle (photon or neutron) passes thro
a beam splitter, and because iniat detected by a detector in one of the two out-
put channels, one can infer that it left the beam splitter through the other chann
In this situation there actually is a consistent family, see (12.31) or the analogo
(18.7), containing the measurement outcomes, and in which the particle is far aw
from the detector in the case in which it is not detected. Thus one might have sor
justification for referring to this a&interaction-fre&. However, since such a situ-
ation can be understood quite simply in classical terms, and betaieection-
fre€’ has generally been associated with confused ideas of wave function collap:
see Sec. 18.2, even in this case the term is probably not very helpful.
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21.6 Conclusion

The paradox stated in Sec. 21.1 was analyzed by assuming, in Sec. 21.3, that
mirror positionsM;, and Mg, are specified at the initial tintg, before the photon
enters the interferometer, and then in Sec. 21.4 by assuming these positions
determined by a quantum coin toss which takes place when the photon is alrec
inside the interferometer. Both analyses use several consistent families, and cc
to basically similar conclusions. In particular, while various parts of the argumer
leading to the paradoxical resut e.g., the conclusion that detection Bymeans
the photon was earlier in thet arm of the interferometer- can be supported by
choosing an appropriate framework, it is not possible to put all the pieces togeth
within a single consistent family. Thus the reasoning which leads to the paradc
when restated in a way which makes it precise, violates the single-framework rul

This indicates a fourth lesson on how to analyze quantum paradoxes, which c
be added to the three in Sec. 20.5. Very often quantum paradoxes rely on reasor
which violates the single-framework rule. Sometimes such a violation is alreac
evident in the way in which a paradox is stated, but in other instances it is mol
subtle, and analyzing several different frameworks may be necessary in order
discover where the ditulty lies.

The idea of a mysterious nonlocaflimence of the position of mirrdvl (M;, vs.
Mout) On the photon when the latter is far away fradvhin thed arm of the inter-
ferometer is not supported by a consistent quantum analysis. In the family (21.2
the absence of anyfimence is quite explicit. In the family (21.19) the fact that
the photon states inside the interferometer are contextual events indicates that
difference between the photon states arises not from some physioahice of the
mirror position, but rather from the physicistchoice of one form of description
rather than another. (We found a very similar sortiofluence”of Bj, and Boyt
in the delayed choice paradox of Ch. 20, and the remarks made there in Secs. 2
and 20.4 also apply to the indirect measurement paradox.) It is, of course, impc
tant to distinguish differences arising simply because one employs a different w;
of describing a situation from those which come about due to genuine physic
influences.
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Incompatibility paradoxes

22.1 Simultaneous values

There is never any ditulty in supposing that a classical mechanical system pos
sesses, at a particular instant of time, precise values of each of its physical ve
ables: momentum, kinetic energy, potential energy of interaction between particl
3 and 5, etc. Physical variables, see Sec. 5.5, correspond to real-valued functi
on the classical phase space, and if at some time the system is described by a p
y in this space, the variablg has the valueA(y), B has the valud(y), etc.

In quantum theory, where physical variables correspond to observables, that
Hermitian operators on the Hilbert space, the situation is very different. As dis
cussed in Sec. 5.5, a physical varialehas the value,; provided the quantum
system is in an eigenstate Afwith eigenvaluea; or, more generally, if the system
has a property represented by a honzero projeetsuch that

AP = a;P. (22.1)

It is very often the case that two quantum observables have no eigenvectors
common, and in this situation it is impossible to assign values to both of thel
for a single quantum system at a single instant of time. This is the cas® for
and S, for a spin-half particle, and as was pointed out in Sec. 4.6, even the a
sumption that'S, = 1/2 AND S, = 1/2" is a false (rather than a meaningless)
statement is enough to generate a paradox if one uses the usual rules of cla
cal logic. This is perhaps the simplest example ofimeompatibility paradox
arising out of the assumption that quantum properties behave in much the sa
way as classical properties, so that one can ignore the rules of quantum reasor
summarized in Ch. 16, in particular the rule which forbids combining incompat
ible properties and families. By contrast, if two Hermitian operatarand B

296
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commute, there is at least one orthonormal bigig, Sec. 3.7, in which both are
diagonal,

A=Dailiil B=3 bl (22.2)
! i

If the quantum system is described by this framework, there is fliculify with
supposing tha#A has (to take an example) the valaeat the same time aB has
the valuebs.

The idea thatll quantum variables should simultaneously possess values, as
classical mechanics, has a certain intuitive appeal, and one can ask whether tt
is not some way to extend the usual Hilbert space description of quantum mech:s
ics, perhaps by the addition of some hidden variables, in order to allow for thi
possibility. For this to be an extension rather than a completely new theory, ol
needs to place some restrictions upon which values will be allowed, and the fc
lowing are reasonable requirements: (i) The value assigned to a particular obse
able will always be one of its eigenvalues. (ii) Given a collectioca@imuting
observables, the values assigned to them will be eigenvalues corresponding t
single eigenvector. For example, with referenceAtand B in (22.2), assigning
a; to A andb, to B is a possibility, but assigning, to A andbs to B (assuming
a; # ag andb, # bsg) is not. That condition (ii) is reasonable if one intends to
assign values tall observables can be seen by noting that the projeé2i¢2| in
(22.2) is itself an observable with eigenvalues 0 and 1. If it is assigned the vall
1, then it seems plausible thAtshould be assigned the valagand B the value
b,.

Bell and Kochen and Specker have shown that in a Hilbert space of dimensit
3 or more, assigning values to all quantum observables in accordance with (i) a
(ii) is not possible. In Sec. 22.3 we shall present a simple example due to Me
min which shows that such a value assignment is not possible in a Hilbert spa
of dimension 4 or more. Such a counterexample is a paradox in the sense tha
represents a situation that is surprising and counterintuitive from the perspective
classical physics. Section 22.2 is devoted to introducing the notion of a value fun
tional, a concept which is useful for discussing the two-spin paradox of Sec. 22.
A truth functional, Sec. 22.4, is a special case of a value functional, and is usef
for understanding how the concept‘@futh” is used in quantum descriptions. The
three-box paradox in Sec. 22.5 employs incompatible frameworks of histories in
manner similar to the way in which the two-spin paradox uses incompatible fram
works of properties at one time, and Sec. 22.6 extends the results of Sec. 22.4
truth functionals to the case of histories.
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22.2 Value functionals

A value functionalv assigns to all membera, B, ... of some collectiorC of
physical variables numerical values of a sort which could be appropriate for d
scribing a single system at a single instant of time. For example, pwixed
point in the classical phase space, the value functiopalkssigns to each physical
variableC the value

v, (C) = C(y) (22.3)

of the corresponding function at the pojnt In this case could be the collection
of all physical variables, or some more restricted set. If there is some algebre
relationship among certain physical variables, as in the formula

E = p?/2m+V (22.4)

for the total energy in terms of the momentum and potential energy of a particle
one dimension, this relationship will also be stéd by the values assigned by

v, (E) = [v, (P)]3/2m+ v, (V). (22.5)

To ddine a value functional for a quantum system,{IBf} be somdixed de-
composition of the identity, and let the collectiGreconsist of all operators of the
form

C=> ¢Dj, (22.6)
j

with real eigenvalues;. The value functionad, defined by
(C) = ¢k (227)

assigns to each physical varialfleits value on the subspad®. Note that there
are as many distinct value functionals as there are members in the decomposit
{Dj}. As in the classical case, if there is some algebraic relationship among tl
observables belonging t§ such as

F=2 —A+B? (22.8)
it will be reflected in the values assigned tay
w(F) =2 = w(A) + [w(B)]%. (22.9)

It is important to note that the clagson which a quantum value functional is
defined is a collection oEommutingobservables, since the decomposition of the
identity is heldfixed and only the eigenvalues in (22.6) are allowed to vary. Con
versely, given a collection of commuting observables, ondicahan orthonormal
basis in which they are simultaneously diagonal, Sec. 3.7, and the correspond
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decomposition of the identity can be used tdigke value functionals which assign
values simultaneously to all of the observables in the collection.

The problem posed in Sec. 22.1 offiskéng values forall quantum observables
can be formulated as follows: Findumiversal value functionab, defined on the
collection ofall observables or Hermitian operators on a quantum Hilbert space
and satisfying the conditions:

Ul. For any observablé, v,(A) is one of its eigenvalues.

U2. Given any decomposition of the identit{p;}, with C the corresponding
collection of observables of the form (22.6), there is sdmefrom the
decomposition such that

vi(C) = & (22.10)
for everyC in C, wherecy is the coeficient in (22.6).

Conditions U1 and U2 are the counterparts of the requirements (i) and (ii) statc
in Sec. 22.1. Note that any algebraic relationship, such as (22.8), among the me
bers of a collection oEommutingobservables will be feected in the values as-
signed to them by, as in (22.9). The reason is that there will be an orthonorma
basis in which these observables are simultaneously diagonal, and (22.10) will hc
for the corresponding decomposition of the identity.

22.3 Paradox of two spins

There are various examples which show explicitly that a universal value function
satisfying conditions U1 and U2 in Sec. 22.2 cannot exist. One of the simplest
the following two-spin paradox due to Mermin. For a spin-half particlerlety,
ando; be the operatorsg, 2S,, and 5, with eigenvalues:-1. The corresponding
matrices using a basis (") and|z) are the familiar Pauli matrices:

oy = (2 é) oy = (? _0'>, 0y = <(1) _01). (22.11)
The Hilbert space for two spin-half particlasandb is the tensor product
H=AQ® B, (22.12)
and we define the corresponding spin operators as
oax=0x® 1, opy=1®oy, (22.13)

etc.
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The nine operators oH in the 3x 3 square
Oax Obx  OaxObx
Oby Oay  OayOby (22.14)
OaxOby OayObx OazObz
have the following properties:

M1. Each operator is Hermitian, with two eigenvalues equalt@nd two equal
to—1.

M2. The three operators in each row commute with each other, and likewise tl
three operators in each column.

M3. The product of the three operators in each row is equal to the idéntity

M4. The product of the three operators in both of thet two columns idl,
while the product of those in the last columns.

These statements can be ¥iexd by using the well-known properties of the Pauli
matrices:

(00)% =1, ooy = 107, (22.15)

etc. Note thab,x andoy,y commute with each other, as they aréided on separate
factors in the tensor product, see (22.13), whesgaando,y do not commute with
each other. Statement M1 is obvious when one notes that the trace of each of
nine operators in (22.14) is 0, whereas its square is equal to

A universal value functionab, will assign one of its eigenvalues;1 or —1,
to each of the nine observables in (22.14). Since the product of the operators
thefirst row isl and an assignment of values preserves algebraic relations amo
commuting observables, as in (22.9), it must be the case that

Vu(0ax) Vu(0bx) vu(0axonhx) = 1. (22-16)

The products of the values in the other rows and infitte two columns is also 1,
whereas for the last column the product is

Vu(0ax0bx) Vu (UayUby) Vu(0az0bhz) = —1. (22-17)

The set of values

~1 -1 +1
+1 -1 -1 (22.18)
~1 -1 +1

for the nine observables in (22.14) stitts (22.16), (22.17), and all of the other
product conditions except that the product of the integers in the center column
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—1 rather thant-1. This seems like a small defect, but there is no obvious way tc
remedy it, since changing anyl in this column to+1 will result in a violation

of the product condition for the corresponding row. In fact, a value assignment <
multaneously satisfying all six product conditions is impossible, because the thr
product conditions for the rows imply that the product of all nine numbe#slis
while the three product conditions for the columns imply that this same produt
must be—1, an obvious contradiction. To be sure, we have only looked at a rathe
special collection of observables in (22.14), but this is enough to show that there
no universalvalue functional capable of assigning valuegteryobservable in a
manner which satisfies conditions U1 and U2 of Sec. 22.2.

It should be emphasized that the two-spin paradox is not a paradox for quantt
mechanics as such, because quantum theory provides no mechanism for assig
values simultaneously to noncommuting observables (except for special cases
which they happen to have a common eigenvector). Each of the nine observab
in (22.14) commutes with four others: two in the same row, and two in the samn
column. However, it doeaot commute with the other four observables. Hence
there is no reason to expect that a single value functional can assign sensible val
to all nine, and indeed it cannot. The motivation for thinking that such a functiol
might exist comes from the analogy provided by classical mechanics, as noted
Sec. 22.1. What the two-spin paradox shows is that at least in this respect there
a profound difference between quantum and classical physics.

This example shows that a universal value functional is not possible in a fou
dimensional Hilbert space, or in any Hilbert space of higher dimension, since or
could set up the same example in a four-dimensional subspace of the larger spe
The simplest known examples showing that universal value functionals are impc
sible in a three-dimensional Hilbert space are much more complicated. Univers
value functionals are possible in a two-dimensional Hilbert space, a fact of no pe
ticular physical significance, since very little quantum theory can be carried out
one is limited to such a space.

22.4 Truth functionals

Additional insight into the difference between classical and quantum physic
comes from consideringuth functionals. A truth functional is a value functional
defined on a collection of indicators (in the classical case) or projectors (in tt
guantum case), rather than on a more general collection of physical variables or ¢
servables. A classical truth functiorggl can be d&ned by choosing éixed point

y in the phase space, and then for every indicBbelonging to some collectiofi
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writing
6,(P) = P(y), (22.19)

which is the same as (22.3). Since an indicator can only take the values 0 or
6, (P) will either be 1, signifying that system in the statgpossesses the property
P, and thus thaP is true; or 0, indicating thaP is false (Recall that the indicator
for a classical property, (4.1), takes the value 1 on the set of points in the pha
space where the system has this property, and 0 elsewhere.)

A quantum truth functional is dimed on a Boolean algebra of projectors of
the type

P=> D, (22.20)
j

where eachr; is either 0 or 1, andiD;} is a decomposition of the identity. It has
the form
apy = |1 1T PDe=De (22.21)
0 if P Dy = 0,

for some choice ok. This is a special case of (22.7), with (22.20) andlaying
the role of (22.6) andy. If one thinks of the decompositiofD;} as a sample
space of mutually exclusive events, one and only one of which occurs, then t
truth functionaldy assigns the value 1 to all properti€swhich are true, in the
sense that PP | Dy) = 1, whenDy is the event which actually occurs, and 0
to all propertiesP which are false, in the sense thatPj Dy) = 0. Thus as
long as one only considers a single decomposition of the identity the situation
analogous to the classical case: the projecto{®ij} constitute what is, in effect,
a discrete phase space. The difference between classical and quantum physics
in the fact that, in (22.19) can be applied to as large a collection of indicators
as one pleases, whereas théméon 6y in (22.21) will not work for an arbitrary
collection of projectors; in particular, P does not commute witDy, P Dy is not
a projector.

For a given decompositiofD;} of the identity, the truth functiond is simply
the value functionaly of (22.7) restricted to projectors belongingdaather than
to more general operators; that is,

O(P) = w(P) (22.22)

for all P in L. Converselypy is determined by in the sense that for any operator
C of the form (22.6) one has

u(C) =Y _¢jtk(D)). (22.23)
j
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An alternative approach to firing a truth functional is the following. Le&t(P)
assign the value 0 or 1 to every projector in the Boolean algéhganerated by
the decomposition of the identifyD; }, subject to the following conditions:

0(1) =1,
01 —P)=1—6(P), (22.24)
(PQ) =0(P)6(Q).

One can think of these as a special case of a value functional preserving algebr
relations, as discussed in Sec. 22.2. Thus it is evidenbtihed defined in (22.21),
since it is derived from a value functional, (22.22), will satisfy (22.24). It can alsc
be shown that a functionaltaking the values 0 and 1 and satisfying (22.24) must
be of the form (22.21) for some

We shall define aniversal truth functionato be a functionab, which assigns
0 or 1 toeveryprojectorP on the Hilbert space, not simply those associated with &
particular Boolean algebrd, in such a way that the relations in (22.24) are $iagib
whenever they make sense. In particular, the third relation in (22.24) makes |
sense ifP andQ do not commute, for theR Q is not a projector, so we modify it
to read:

Ou(PQ) =6u(P)6,(Q) if PQ=QP. (22.25)

WhenP andQ both belong to the same Boolean algebra they commute with eac
other, sof, when restricted to a particular Boolean algelfraatisfies (22.24).
Consequently, whe#, is thought of as a function on the projectors4nit co-
incides with artordinary” truth functionaléy for this algebra, for some choice of
K.

Given a universal value functional,, we can déne a corresponding universal
truth functionald, by letting 6,(P) = v, (P) for every projectorP. Conversely,
given a universal truth functional one can use it to construct a universal value fun
tional satisfying conditions Ul and U2 of Sec. 22.2 by using the counterpart c
(22.23):

vu(C) = Y _¢j0u(D)). (22.26)
i

That is, given any Hermitian operat@ there is a decomposition of the identity
{D;} such thatC can be written in the form (22.6). On this decomposition of the
identity 6, must agree witl# for somek, so the right side of (22.23) makes sense,
and can be used to fiee v, (C). It then follows that Ul and U2 of Sec. 22.2
are satisfied. If the eigenvalues@fare degenerate there is more than one way of
writing it in the form (22.6), but it can be shown that the properties we are assumir
for 6, imply that these different possibilities lead to the sam).
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This close connection between universal value functionals and universal tru
functionals means that arguments for the existence or nonexistence of one imr
diately apply to the other. Thus neither of these universal functionals can be cc
structed in a Hilbert space of dimension 3 or more, and the two-spin paradox
Sec. 22.3, while formulated in terms of a universal value functional, also demoi
strates the nonexistence of a universal truth functional in a four (or higher) dime
sional Hilbert space. It is, indeed, somewhat disappointing that there is nothir
very signficant to which the formulas (22.25) and (22.26) actually apply!

The nonexistence of universal quantum truth functionals is not very surprisin
It is simply another manifestation of the fact that quantum incompatibility make
it impossible to extend certain ideas associated with the classical notion of tru
into the quantum domain. Similar problems were discussed earlier in Sec. 4
in connection with incompatible properties, and in Sec. 16.4 in connection wit
incompatible frameworks.

22.5 Paradox of three boxes

The three-box paradox of Aharonov and Vaidman resembles the two-spin parac
of Sec. 22.3 in that it is a relatively simple example which is incompatible with the
existence of a universal truth functional. Whereas the two-spin paradox refers
properties of a quantum system at a single instant of time, the three-box parac
employs histories, and the incompatibility of the different frameworkiects a
violation of consistency conditions rather than the fact that projectors do not cor
mute with each other. The paradox is discussed in this section, and the connect
with truth functionals for histories is worked out in Sec. 22.6.

Consider a three-dimensional Hilbert space spanned by an orthonormal ba
consisting of three statd®\), |B), and|C). As in the original statement of the
paradox, we shall think of these states as corresponding to a particle being in ¢
of three separate boxes, though one could equally well suppose that they are tr
orthogonal states of a spin-one particle, or the states —1, 0, and 1 in a toy
model of the type introduced in Sec. 2.5. The dynamics is tridiél;, t) = 1. if
the particle is in one of the boxes, it stays there. We shall be interested in quantt
histories involving three timetg < t; < t,, based upon an initial state

ID) = (IA) + |B) +1C))/+/3 (22.27)
attp, and ending at; in one of the two event§ or F = | — F, whereF is the
projector corresponding to

IF) = (IA) + |B) — |C))/v/3. (22.28)

In thefirst consistent family4d the events at the intermediate tirpeare A and
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A =1 — A with Athe projectof A)(A|. The support of this family consists of the
three histories
A @ F?
DO JAOF, (22.29)
AoOF,

sinceD ® A ® F has zero weight. Checking consistency is straightforward. The
chain operator for thérst history in (22.29) is obviously orthogonal to the other
two because of thénal states. The orthogonality of the chain operators for the
second and third histories can be worked out using chain kets, or by replacil
thefinal F with F and employing the trick discussed in connection with (11.5).
BecauseD ® AQ F has zero weight, if the eveiit occurs at,, thenA rather than

A must have been the casetatthat is, A att; is never followed byF att,. Thus
one has

Pr(A;| Do A F2) =1, (22.30)

with our usual convention of a subscript indicating the time of an event.
Now consider a second consistent fanfiyvith eventsB andB = | — B att;;
B is the projectoB)(B|. In this case the support consists of the histories

BOF,
DO{BOF, (22.31)
BOF,
from which one can deduce that
Pr(Bl| Do A Fz) =1, (2232)

the obvious counterpart of (22.30) given the symmetry betwégand|B) in the
definition of| D) and|F).
The paradox arises from noting that from the same initial dat@nd F (“ini-
tial” refers to position in a logical argument, not temporal order in a history; se
Sec. 16.1) one is able to infer by usiggthat A occurred at time;, and by using
B that B was the case dt. However,A and B are mutually exclusive properties,
sinceB A = 0. That is, we seem to be able to conclude with probability 1 that the
particle was in boxA, and also that it was in boB, despite the fact that the rules
of quantum theory indicate that it cannot simultaneously be in both boxes! Thus
looks as if the rules of quantum reasoning have given rise to a contradiction.
However, these rules, as summarized in Ch. 16, require that both the initial de
and the conclusions be embedded isirggle framework, whereas we have em-
ployed two different consistent familiegl and5. In addition, in order to reach a
contradiction we used the assertion taand B are mutually exclusive, and this
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requires a third framewor&, since A does not includd® and’5 does not include\
att;. If the frameworksA, 13, andC were compatible with each other, as is always
the case in classical physics, there would be no problem, for the inferences carr
out in the separate frameworks would be equally valid in the commfameraent.
But, as we shall show, these frameworks are mutually incompatible, despite t
fact that the history projectors commute with one another.

Any common réinement of4 and53 would have to contain, among other things,
thefirst history in (22.29) and thiérst one in (22.31):

DOAGF, DOBOF. (22.33)

The product of these two history projectors is zero, siAde = 0, but the chain
operators areot orthogonal to each other. If one works out the chain kets one
finds that they are both equal to a nonzero constant tifesThus having the two
histories in (22.33) in the same family will violate the consistency conditions. A
convenient choice fof is the family whose support is the three histories

AG I,
pol{Bol, (22.34)
col.

Note that this is, in effect, a family of historiesfd®ed at only two timed,y andt,,
as| provides no information about what is going ontgatand for this reason it is
automatically consistent, Sec. 11.3. It is incompatible witbhecause a common
refinement would have to include the two histories

DOAGF, DOBOI, (22.35)

whose projectors are orthogonal, but whose chain kets are not, and it is likewi
incompatible with.

Thus the paradox arises because of reasoning in a way which violates the sing
framework rule, and in this respect it resembles the two-spin paradox of Sec. 22
An important difference is that the incompatibility between frameworks in the cas
of two spins results from the fact that some of the nine operators in (22.14) do n
commute with each other, whereas in the three-box paradox the projectors for 1
histories commute with each other, and incompatibility arises because the cons
tency conditions are not fiilled in a common rithement.

Rewording the paradox in a slightly different way may assist in understandin
why some types of inference which seem quite straightforward in terms of ordinal
reasoning are not valid in quantum theory. Let us suppose that we have used
family A together with the initial data dD att, andF att; to reach the conclusion
that at timet; Ais true andA = | — Alis false. SincéA = B + C, it seems natural
to conclude that bottB andC are false, contradicting the result (from framework
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B) that B is true. The step from the falsity @ to the falsity ofB as a consequence
of A = B + C would be justified in classical mechanics by the following rule: If
P = Q + Rs an indicator which is the sum of two other indicators, dhds
false, meaning?(y) = 0 for the phase point describing the physical system,
thenQ(y) = 0 andR(y) = 0, so bothQ andR are false. For example, if the
energy of a system is not in the range between 10 and 20 J, then it is not betwe
10 and 15 J, nor is it between 15 and 20 J.

The corresponding rule in quantum physics states that if the projécisthe
sum of two projectorQ and R, and P is known to be false, theif Q and R
are part of the Boolean algebra of properties entering into the logical discussior
both Q and R are false. The words in italics apply equally to the case of clas
sical reasoning, but they are usually ignored, becauggig not among the list
of properties available for discussion, it can always be addedRapd P — Q
added at the same time to ensure that the properties form a Boolean algebra.
classical physics there is never any problem with adding a property which has r
previously come up in the discussion, and therefore the rule in italics can safely |
relegated to the dusty books on formal logic which scientists put off reading unt
after they retire. However, in quantum theory it is by no means the cas&that
(and therefordR = P — Q) can always be added to the list of properties or events
under discussion, and this is why the words in italics are extremely important.
by using the family4 we have come to the conclusion that= B + C is false,
and, as is in fact the casB,att; cannotbe added to this family while maintaining
consistency, the has to be regarded as meaningless from the point of view o
the discussion based upgh and something which is meaningless cannot be eithe
true or false.

One can also think about it as follows. The physicist viinst uses the initial
data and frameworl to conclude thafA was true at;, and then insertB att; into
the discussion has, in effect, changed the framework to something othedthan
classical physics such a change in framework causes no problems, and it certai
does not alter the correctness of a conclusion reached earlier in a framework wh
made no mention oB. But in the quantum case, addiffymeans that something
else must be changed in order to ensure that one still has a consistent framewt
Since A occurs at the end of the previous step of the argument and is thus still
the center of attention, the physicist who introdueis unconsciously (which is
what makes the move so dangerous!) shifting to a framework, such as (22.3.
in which eitherD atty or F att, has been forgotten. But as the new framework
does not include the initial data, it is no longer possible to derive the trufh of
Hence addind to the discussion in this manner is, relative to the trutéoafather
like sawing off the branch on which one is seated, and the whole argument corr
crashing to the ground.
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22.6 Truth functionals for histories

The notion of a truth functional can be applied to histories as well as to propertie
of a quantum system at a single time, and makes perfectly good sense as I
as one considers single framework or consistent family, based upon a sample
space consisting of some decomposition of the history identity into elementa
histories, as discussed in Sec. 8.5. Given this framework, one and only one of
elementary histories will actually occur, or be true, for a single quantum syste
during a particular time interval or run. A truth functional is then a function which
assigns 1 (true) to a particular elementary history, 0 (false) to the other element:
histories, and 1 or 0 to other members of the Boolean algebra of histories usi
a formula which is the obvious analog of (22.21). The number of distinct trutl
functionals will typically be less than the number of elementary histories, sinc
one need not count histories with zero weighthey are dynamically impossible,
so they never occur— and certain elementary histories will be excluded by the
initial data, such as an initial state.

A universal truth functional, for histories can be dimed in a manner analogous
to a universal truth functional for properties, Sec. 22.4. We assumé,thasigns
a value, 1 or 0, to every projector representing a history which is not intrinsicall
inconsistent (Sec. 11.8), that is, any history which is a member of at least one cc
sistent family, and that this assignment dagis thefirst two conditions of (22.24)
and the third condition whenever it makes sense. That is, (22.25) should hold wh
P andQ are two histories belonging to the same consistent family (which implies
among other things, th& Q = Q P). For the purposes of the following discussion
it will be convenient to denote by the collection of all true histories, the histories
to which 6, assigns the value 1. Given thgt satidies these conditions, it is not
hard to see that when it is restricted to a particular consistent family or framewo
F, that is, regarded as a function on the histories belonging to this family, it wil
coincide with one of théordinary truth functionals for this family, and therefore
T N F, the subset of all true histories belonging&Aowill consist of one elemen-
tary history and all compound histories which contain this particular elementatr
history. In particularg, can never assign the value 1 to two distinct elementary
histories belonging to the same framework.

Since a decomposition of the identity at a single time is an example, albeit
rather trivial one, of a consistent family of one-tifttastories, it follows that there
can be no truly universal truth functional for histories of a quantum system who:
Hilbert space is of dimension 3 or more. Nonetheless, it interesting to see how t
three-box paradox of the previous section provides an explicit example, with no
trivial histories, of a circumstance in which there is no universal truth functional
Imagine it as an experiment which is repeated many times, always starting with t
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same initial stat®. The universal truth functional and the correspondingZliif
true histories will vary from one run to the next, since different histories will occul
in different runs. Think of a run (it will occur with a probability of 1/9) in which
thefinal state ig-, so the historyD © | ® F is true, and therefore an element®of
What other histories belong b, and are thus assigned the value 1 by the universa
truth functionalp,?

Consider the consistent family whose sample space is shown in (22.29), aside
from histories of zero weight to whiach, will always assign the value 0. One and
only one of these histories must be true, so it is the histbbey A® F, as the other
two terminate inF. From this we can conclude, using the counterpart of (22.21)
thatD © A® |, which belongs to the Boolean algebrafis true, a member df .
Following the same line of reasoning for the consistent faiijlywe conclude that
DoBOF andDOB®I are elements df . But now consider the consistent family
C with sample space (22.34). One and only one of these three elementary histor
can belong tdl', and this contradicts the conclusion we reached previously usin
A ands, thatboth DO A® | and D® B ® | belong to7 .

Our analysis does not by itself rule out the possibility of a universal truth func
tional which assigns the value 0 to the hist@®y® | © F, and could be used in
a run in whichD ® | ® F occurs. But it shows that the concept can, at best, be
of rather limited utility in the quantum domain, despite the fact that it works with-
out any dificulty in classical physics. Note that quantum truth functionals form &
perfectly valid procedure for analyzing histories (and properties at a single time
as long as one restricts deeattention to aingle framework, a single consistent
family. With this restriction, quantum truth as it is embodied in a truth functional
behaves in much the same way as classical truth. It is only when one tries to ¢
tend this concept of truth to something which applies simultaneously to differer
incompatible frameworks that problems arise.
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Singlet state correlations

23.1 Introduction

This and the following chapter can be thought of as a single unit devoted to di
cussing various issues raised by a famous paper published by Einstein, Podols
and Rosen in 1935, in which they claimed to show that quantum mechanics, as
was understood at that time, was an incomplete theory. In particular, they asser
that a quantum wave function cannot provide a complete description of a quantt
system. What they were concerned with was the problem of assigning simultar
ous values to noncommuting operators, a topic which has already been discus
to some extent in Ch. 22. Their strategy was to consider an entangled state (see
definition in Sec. 6.2) of two spatially separated systems, and they argued that
carrying out a measurement on one system it was possible to determine a prope
of the other.

A simple example of an entangled state of spatially separated systems invol\
the spin degrees of freedom of two spin-half particles that are in different regior
of space. In 1951 Bohm pointed out that the claim of the Einstein, Podolsky, ar
Rosen paper, commonly referred to as EPR, could be formulated in a simple w
in terms of a singlet state of two spins, adided in (23.2) below. Much of the
subsequent discussion of the EPR problem has followed Bolead, and that is
the approach adopted in this and the following chapter. In this chapter we sh;
discuss various histories for two spin-half particles initially in a singlet state, an
pay particular attention to the statistical correlations between the two spins. T
basic correlation function which enters many discussions of the EPR problem
evaluated in Sec. 23.2 using histories involving just two times. A number of fami
lies of histories involving three times are considered in Sec. 23.3, while Sec. 23
discusses what happens when a spin measurement is carried out on one part
and Sec. 23.5 the case of measurements of both particles.

310
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The results found in this chapter may seem a bit dull and repetitious, and tt
reader whdfinds them so should skip ahead to the next chapter where the EF
problem itself, in Bohns formulation, is stated in Sec. 24.1 in the form of a para-
dox, and the paradox is explored using various results derived in the present ch
ter. An alternative way of looking at the paradox using counterfactuals is discuss
in Sec. 24.2. The remainder of Ch. 24 deals with an alternative approach to the El
problem in which one adds an additional mathematical structure, usually referr:
to as"hidden variables”, to the standard quantum Hilbert space of wave function
A simple example of hidden variables in the context of measurements on par
cles in a spin singlet state, due to Mermin, is the topic of Sec. 24.3. It disagre
with the predictions of quantum theory for the spin correlation function, and thi
disagreement is not a coincidence, for Bell has shown by means of an inequal
thatany hidden variables theory of this sartustdisagree with the predictions of
guantum theory. The derivation of this inequality is taken up in Sec. 24.4, whic
also contains some remarks on its sfggaince for the (non)existence of mysterious
nonlocal influences in the quantum world.

23.2 Spin correlations

Imagine two spin-half particles andb traveling away from each other in a region
of zero magnetidield (so the spin direction of each particle will remdired),
which are described by a wave function

Ixt) = [Yo) ® |ex), (23.1)

where|wy) is a wave packeb(r,, ry, t) describing the positions of the two parti-
cles, while

o) = (1ZD)125) — 1z2)12)) /2 (23.2)

is the singlet state of the spins of the two particles, the state with total angul
momentum equal to 0. Hereafter we shall ignpsg, as it plays no essential role
in the following arguments, and concentrate on the spin §iahe

Rather than using eigenstates$f and S,,, [¥o) can be written equally well in
terms of eigenstates &, and S,,,, wherew is some direction in space described
by the polar angleg andg. The statesw™) and|w™~) are given as linear combi-
nations oflz") and|z™) in (4.14), and using these expressions one can rerite
in the form

o) = ((wi)wy) — lwy)wd)/V2, (23.3)
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or as
[Wo) = sin(@/2)(e/21z) i) + €9/212;) w; ) ) /2
+cos(ﬁ/2)(e—iw/2|z;>|wb> 92|20 lwit )/«fz (23.4)

wherey andg are the polar angles for the directian with w the positivez axis
whend = 0. The fact thatyo) has the same functional form in (23.3) as in (23.2)
reflects the fact that this state is spherically symmetrical, and thus does not sin
out any particular direction in space.

Consider the consistent family whose support is a set of four histories at the tv
timesty < ti:

Yo O {zf, z; Hwg, wp ) (23.5)

where the product of the two curly brackets stands for the set of four projecto
zZrwy, Ztwy, Zywy, andz; w, . The time development operat®(ts, to) is equal

to |, since we are only con3|der|ng the spins and not the spatial wave functic
w(ra, 'y, t). Thus one can calculate the probabilities of these histories, or of th
events at; given yq atty, by thinking of |y) in (23.4) as a pre-probability and
using the absolute squares of the correspondindicaits. The result is:

Przt, wy) = Przy, wy) = $sirf(9/2) = (1 — cosv) /4,

23.6
Pr(z;, wy) = PNz, wy) = 5 €0S(9/2) = (14 cosv)/4, (23.6)

where one could also write @1 A wy) in place of Pz}, w) for the probability
of §; = +1/2 andS,, = +1/2. Using these probabilities one can evaluate the
correlation function

C(z, w) = (222 (2Sw)) = Vol SzSow Vo) =
Pr(zt, wi) + Pr(z,, wy) — Pzt , wy) — Pr(z;, w) = —cos®.  (23.7)

Becausdi)p) is spherically symmetrical, one can immediately generalize thes
results to the case of a family of histories in which the directibaadw in (23.5)
are replaced by arbitrary directiong, andwy,, which can conveniently be written
in the form of unit vectors andb. Since the cosine of the angle betweeandb
is equal to the dot produet- b, the generalization of (23.6) is

Prat,b™) =Pra,b")=(1—-a-b)/2

23.8
Pr@a™,b™) =Pr@a ,b") =1 +a-b)/2, (23.8)

while the correlation function (23.7) is given by
C(a,b)=-a-h. (23.9)

As will be shown in Sec. 23.5C(a, b) is also the correlation function for the



23.3 Histories for three times 313

outcomes, expressed in a suitable way, of measurements of the spin component
particlesa andb in the directionsa andb.

23.3 Histories for three times

Let us now consider various families of histories for the timges t; < t,, assum-
ing an initial stateyy atty. One possibility is a unitary history witiyy at all three
times, but in addition there are various stochastic histories. Asstiexample,
consider the consistent family whose support consists of the two histories

+5= @ 77
ztz, 0 7tz
—+ -+
ray ANOFavAS

7%0) { (23.10)

Each history carries a weight of 1/2 and describes a situation in Whjgh=
— Sz, with values which are independent of time for to. In particular, one has
conditional probabilities

Prz}; | z,,) = Pr(z,; | ) = Pr(z,,| z,) = 1, (23.11)
Prz; | zt) = Pr(z;, | ;) = Przh, | 7)) = 1, (23.12)

among others, where the timg,or t;, at which an event occurs is indicated by a
subscript 1 or 2. Thus i&,, = +1/2 att,, then it had this same valuetat and one
can be certain thefy,, has the value-1/2 at botht; andt,.

Because of spherical symmetry, the same sort of family can be constructed w
zreplaced by an arbitrary directian. In particular, withw = x, we have a family
with support

+y— +y—
XaXb QXaXb’

23.13
X3 Xg O X3 Xg . ( )

Yo O {

Again, each history has a weight of2, and now it is the values &, and S«
which are of opposite sign and independent of time, and the results in (23.11) a
(23.12) hold withz replaced byx. The two families (23.10) and (23.13) are ob-
viously incompatible with each other because the projectors for one family do n
commute with those of the other. There is no way in which they can be combine
in a single description, and the corresponding conditional probabilities cannot
related to one another, since they are defined on separate sample spaces.

One can also consider a family in which a stochastic branching takes place &
tweent; andt, instead of betweety andt;; thus (23.10) can be replaced with

Yo O Vo O {Zi 7, 2,7} (23.14)

In this case the last equality in (23.11) remains valid, but the other condition:
probabilities in (23.11) and (23.12) are ufided, because (23.14) does not contain
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projectors corresponding to values &, and S,; at timet;, and they cannot be
added to this family, as they do not commute wijth

One need not limit oneself to families in which the same component of spi
angular momentum is employed for both particles. The four histories

Zix 0 X,
X, ©zixy,
X O Xy,
Xy © X,

Yo © (23.15)

form the support of a consistent family. Since they all have equal weight, one h:
conditional probabilities

Prixg | z3) = 1/2 =Pr(x, | z), (23.16)

and others of a similar type which hold for events at bigtAndt,, which is why
subscripts 1 and 2 have been omitted. In addition, the valu&s, @ind S,x do not
change with time:

Pr(z, | z3) = 1= Pr(z;, | ),

e (23.17)
Pr(xgs | i) = 1 = Pr(Xy, | Xp;)-
Yet another consistent family, with support
Zi7, O Z7{Xy , Xy )
Yo © { ath T P (23.18)
2z Oz (%, x5 )

wherez} {x.", X, } denotes the pair of projectorsx, andzl x, , combines features
of (23.10) and (23.15): values &, are part of the description at bothandt,,

but in the case of particlb, two separate componen$s, and S« are employed
att; andt,. It is important to notice that this changerist brought about by any
dynamical effect; instead, it is simply a consequence of using (23.18) rather th
(23.10) or (23.15) as the framework for constructing the stochastic description.
particular, one can have a history in whig€p, = +1/2 att; and Sx = —1/2 at

to. This does not mean that some torque is present which rotates the direction
the spin from thetz to the—x direction, for there is nothing which could produce
such a torque. See the discussion following (9.33) in Sec. 9.3.

The families of histories considered thus far all satisfy the consistency cond
tions, as is clear from the fact that tfi@al projectors are mutually orthogonal.
Given that three times are involved, inconsistent families are also possible. He
is one which will be discussed later from the point of view of measurements.
contains the sixteen histories which can be represented in the compact form

Yo O {Xd, xa Hz! L 25} O {Zh, 3 Hxg . %; b, (23.19)
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where the product of curly brackets at each of the two times stands for a collectit
of four projectors, as in (23.5). Each history makes use of one of the four projecto
at each of the two times; for example,

Vo O XTZ, © 25Xy (23.20)

is one of the sixteen histories. Each of these histories Hasita weight, and
the chain kets of the four histories endingznx, , to take an example, are all
proportional tojz; )X, ), SO cannot be orthogonal to each other.

23.4 Measurements of one spin

Suppose that the-componentS,, of the spin of particlea is measured using a
Stern—Gerlach apparatus as discussed in Ch. 17. The initial state of the appare
is |Zg), and its interaction with the particle during the time interval franto t,
gives rise to a unitary time evolution

1ZD1Z3) = 1Z3),  1Z)1Z3) = 1Z,), (23.21)

where|Z]) and|Z;) are apparatus stategpinter positions”) indicating the two
possible outcomes of the measurement. Note that the spin states no longer apj
on the right side; we are assuming that,ahe spin-half particle has become part
of the measuring apparatus. (Thus (23.21) represents a destructive measuren
in the terminology of Sec. 17.1. One could also consider nondestructive measu
ments in which the value d,; is the same after the measurement as it is before
by using (18.17) in place of (23.21), but these will not be needed for the followin
discussion.) Thé particle has no effect on the apparatus, and vice versa. That i
one can place an arbitrary spin staig’) for the b particle on both sides of the
arrows in (23.21).

Consider the consistent family with support

+5— +5—
Zazb GZaZb’

vl 23.22
OQ{Z;Z;GZ;ZL (2322
where the initial state i) = [yo)|Z3). The conditional probabilities
Priz,| Z5) = 1=Prz; | Z,), (23.23)
Prizy; | Z5) = 1=Prz; | Zo,), (23.24)
Priz,| Z)) =1=Priz,| Z,,), (23.25)
Priz;,|z;) = 1=Prz,| z,) (23.26)

are an obvious consequence of (23.22). Tingt pair, (23.23), tell us that the
measurement is, indeed, a measurement: the outcdrmestually reveal values
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of S, before the measurement took place. Those in (23.24) and (23.25) tell
that the measurement is also iadlirect measurement o%,, for particleb, even
though this particle never interacts with the apparatus that meaSyresnce the
measurement outcom&g andZ; are correlated with the propertigs andz;! .

There is nothing very surprising about carrying out an indirect measurement
the property of a distant object in this way, and the ability to do so does not indica
any sort of mysterious long-range or nonlocdluence. Consider the following
analogy. Two slips of paper, one red and one green, are placed in separate ope
envelopes. One envelope is mailed to a scientist in Atlanta and the other tc
scientist in Boston. When the scientist in Atlanta opens the envelope and looks
the slip of paper, he can immediately infer the color of the slip in the envelope i
Boston, and for this reason he has, in effect, carried out an indirect measureme
Furthermore, this measurement indicates the color of the slip of paper in Bost
not only at the time the measurement is carried out, but also at earlier and la
times, assuming the slip in Boston does not undergo some process which chan
its color. In the same way, the outcomi&! or Z_, for the measurement &,
allows one to infer the value d&,, both att; and att,, and at later times as well
if one extends the histories in (23.22) in an appropriate manner. In order for th
inference to be correct, it is necessary that particteot interact with anything,
such as a measuring device or magngétd, which could perturb its spin.

The conditional probabilities in (23.26) tell us thd4, is the same at, as at
t;, consistent with our assumption that partibleas not interacted with anything
during this time interval. Note, in particular, that carrying out a measurement a
S,z has noifluence org,,, which is just what one would expect, since particie
isolated from particle, and from the measuring apparatus, at all times later thau
to.

A similar discussion applies to a measurement carried out on some other co
ponent of the spin of particla. To measures,y, what one needs is an apparatus
initially in the state| X3), which during the time interval frorfy to t, interacts with
particlea in such a way as to give rise to the unitary time transformation

IXE) = IXDIXT), X)1Xg) = [x3)1X3). (23.27)
The counterpart of (23.22) is the consistent family with support

+y— +y—
Xa X, O X3 Xy s

23.28
XTXg O X3Xg, ( )

wo
where the initial state is noWJ) = [vo)|X3). Using this family, one can calculate
probabilities analogous to those in (23.223.26), withzandZ replaced by and
X. Thus in this framework a measuremen&gf is an indirect measurement §fy,
and one can show that the measurement has no effect&pon
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Comparing (23.22) with (23.10), or (23.28) with (23.13) shows that the fami:
lies which describe measurement results are close parallels of those describing
system of two spins in the absence of any measurements. To include the measit
ment, one simply introduces an appropriate initial statly,and replaces one of
the lower case letters gtwith the corresponding capital to indicate a measuremen
outcome. This should come as no surprise: apparatus designed to measure s
property will, if it is working properly, measure that property. Once one knows
how to describe a quantum system in terms of its microscopic properties, the ¢
dition of a measurement apparatus of an appropriate type will simplfyroothe
correctness of the microscopic description.

Replacing lower case with capital letters can also be used to construct meast
ment counterparts of other consistent families in Sec. 23.3. The counterpart
(23.14) wherf,; is measured is the family with support

VOV o{Ziz,2,7)). (23.29)

Using this family one can deduce the conditional probabilities in (23.25) referrin
to the values ofS,; att;, and thus the measurement 8&f,, viewed within this
framework, is again an indirect measuremenggfatt,. However, the results in
(23.23), (23.24), and (23.26) are not valid for the family (23.29), because values
Sz and §,; cannot be defined &: the corresponding projectors do not commute
with the g part of W§.

One reason for introducing (23.29) is that it is the family which comes closes
to representing the idea that a measurement is associated with a collapse of
wave function of the measured system. In the case at hand, the measured sys
can be thought of as the spin state of the two particles, but since partislao
longer relevant to the discussiontat collapse should be thought of as resulting
in a state|z,) or |z) for particleb, depending upon whether the measurement
outcome isZ or Z . (In the case of a nondestructive measurement on pasticle
the states resulting from the collapse would &g |z, ) and|z;)|z').) As pointed
out in Sec. 18.2, wave function collapse is basically a mathematical procedure f
computing certain types of conditional probabilities. Regarding it as some so
of physical process gives rise to a misleading picture of instantanefiusrines
which can travel faster than the speed of light. The remarks in Sec. 18.2 wil
reference to the beam splitter in Fig. 18.1 apply equally well to spatially separate
systems of spin-half particles, or of photons, etc.

One way to see that the measuremenggfis not a process which somehow
brings S, into existence at; is to note that the change betwegrand thefinal
timet; in (23.29) is similar to the change which occurs in the family (23.14), where
there is no measurement. Another way to see this is to consider the family who
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support consists of the four histories
W5 O W 02, ZHXy s % ) (23.30)

in the compact notation used earlier in (23.5). This resembles (23.29), except tl
the components df,, rather tharS,, appear at,. Were the measurement having
some physical effect on particke it would be just as sensible to suppose that it
produces random values &y, as that it results in a value &, correlated with
the outcome of the measurement!

It was noted earlier that (23.26) implies that measuiighas no effect upon
S,. Nor does such a measuremerftiuence any other component of the spin of
particleb, as can be seen by constructing an appropriate consistent family in whi
this component enters the description at bgthindt,. Thus in the case d one
can use the measurement counterpart of (23.15), a family with support

X © ZIxd,
Zix, © Z1%,,
X O Z %7,
Z Xy O Zg Xy -

WZO (23.31)

It is then evident by inspection th&, is the same at andt,. Using this family
one obtains the conditional probabilities

Prixy | Z5,) = 1/2 = Pr(x, | Z1),

I o (23.32)
Prixy | Z5) =1/2=Pr(x, | Z,,),

where the subscript indicating the time has been omitted ﬁﬁmsince these re-
sults apply equally af; andt,. Of course (23.32) is nothing but the measurement
counterpart of (23.16). It tells one that a measuremerg,gftan in no way be
regarded as an indirect measuremergf Similar results are obtained if the pro-
jectors corresponding t& in (23.31) are replaced by those corresponding,to

for some other directiow, except that the conditional probabilities fiof andw,,

in the expression corresponding to (23.32) will depend upolf w is close toz,

a measurement @, is an approximate indirect measurementgj in the sense

that§,, = —S,; for most experimental runs, with occasional errors.
The family
Zrze © ZH{xT, %}
‘-IJZ@{ a“b al® > b_ ’ (2333)
* Tz o Zi(x) %)

is the counterpart of (23.18) wheh, is measured. Here the events involving the
spin of particleb are different at, from what they are at;. However, just as in
the case of (23.18), for which no measurement occurs, one should not think
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this change as a physical consequence of the measurement. See the discus
following (23.18).

23.5 Measurements of two spins

Thus far we have only considered measurements on paati€ae can also imag-
ine carrying out measurements on the spins of both particles. All that is need
is a second measuring device of a type appropriate for whatever component of
spin of particleb is of interest. If, for example, this iS,«, then the unitary time
transformation front, to t, will be the same as (23.27) except for replacing the sub-
scripta with b. In what follows it will be convenient to assume that measurement:
are carried out on both particles at the same time. However, this is not essent
analogous results are obtained if measurements are carried out at different tim
The properties of a particle will, in general, be different before and after it is mee
sured, but the time at which a measurement is carried out on the other particle
completely irrelevant.

For the combined system of two particles and two measuring devices a typic
unitary transformation fron, to t, takes the form:

1Z2) 1% )1 Z) 1 Xp) = 1Z3)1Xp). (23.34)

Once again, one can generate consistent families for measurements by starting

with any of the consistent families in Sec. 23.3, replaainRgwith an appropriate

initial state which includes each apparatus in its ready state, and then replaci

lower case letters at thanal timet, with corresponding capitals. For example
iz, 07277,

\IJZZ

0 {Z;z; © 7,77,
with |WE?) = |yo)|Z3)|Zg), is the counterpart of (23.10), and it shows that the
outcomes of measurements®f and S,, will be perfectly anticorrelated:

Prz; |Z;)=1=Prz|z;). (23.36)

(23.35)

Not only does one obtain consistent families by this proces<apitalizing”
those in Sec. 23.3, theeightsfor histories involving measurements are also pre-
cisely the same as their counterparts that involve only particle properties. Th
means that the correlation functi@ia, b) introduced in Sec. 23.1 can be applied
to measurement outcomes as well as to microscopic properties. To do thigyjet
be +1 if the apparatus designed to meas8yg is in the statdW,") att,, and—1
if it is in the state|W, ), and defingd(w) in the same way for measurements on
particleb. Then we can write

C(@a,b) = (x(wa)B(wp)) = —a-b (23.37)
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as the average over a large number of experimental runs of the pro@woiB (wy)
whenw, isaandwy is b.

The physical sigticance ofC in (23.37) is, of course, different from that in
(23.9). The former refers to measurement outcomes and the latter to propert
of the two particles. However, they are identical functionsa@hdb, and given
that the measurements accuratejaet previous values of the corresponding spin
components, no confusion will arise from using the same symbol in both case
One could also, to be sure,fi®e the same sort of correlation for a case in which a
spin component is measured for only one particle, using the product of the outcor
of that measurement, understoodhak, with twice the value (in units df) of the
appropriate spin component for the other particle; for example

Cw, w) = (@(w)2S). (23.38)

As noted in Sec. 23.4, the outcome of a measurement af tbenponent of the
spin of particlea can be used to infer the value &f, before the measurement,
and the value of5,;, for particleb as long as that particle remains isolated. The
roles of particlesa andb can be interchanged: a measuremenggffor particle
b allows one to infer the value d&,,. And because of the spherical symmetry of
Yo, the same results hold #is replaced by any other directian. How are these
results modied, or extended, if the spins bbth particles are measured? If the
same component of spin is measured for particis for particlea, the results are
just what one would expect. Suppose it is fmmponent, then (23.35) shows that
one can infer bottz} andz, on the basis of the outconm&!, or of the outcome
Z, , aresult which is not surprising since one outcome implies the other, (23.36)

Things become more complicated if tamndb measurements involve different
components, and in this case it is necessary to pay careful attention to the fran
work one is using for inferring microscopic properties from the outcomes of th
measurements. To illustrate this, let us suppose3has measured for particla
and S« for particleb. One consistent family that can be used for analyzing this
situation is the counterpart of (23.15):

Xt O ZF X,
Z3%y O ZJ Xy
X O Z7 X
a b a ’
X, O Z53 Xy

730! (23.39)

Here the initial state i$¥3*) = [vo)|Z3)|Xp). Using this family allows one to
infer from the outcome of each measurement something about the spin of the sa
particle at an earlier time, but nothing about the spin of the other particle. Thus ol
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has

Przy | Z5) = 1=Prz; | Z), (23.40)
Prixg; | Xigp) = 1= Prixg | Xpp), (23.41)

but there is no counterpart of (23.24) relatifig to ZE, nor a way to relateSy
to X, because the relevant projectors, suck;asare not present in (23.39)
nor can they be added, since they do not commute with the projectors which &
already there.
On the other hand, the family with support

iz, O ZF{XE, X, ),

23.42
2,z O Z7{X{, X, 1, ( )

\IJSXG{

which is the counterpart of (23.18) and (23.33), can be used to infer valugs of
from the outcome& . By using it, one obtains the conditional probabilities

Priz,| 25 =1=Prz;;| Z,,) (23.43)

in addition to (23.40). However, if one uses (23.42) the outcome obthwea-
surement tells one nothing aboByy att;. It is worth noting that a ftnement of
(23.42) in which additional events are added at a tiiaeso that the histories

Zixg © ZI Xy,
Zi Xy © Z5 Xy,
X O Z7 X,
Zo Xy ©Zg Xy

'z, © {
230 (23.44)

z;z;@{

are defined ap < t; <t 5 < tp, is the support of a consistent family in which one
can infer fromxg or X, att, the value ofS, atty 5, but not at an earlier time. As
this is a refinement of (23.42), both (23.40) and (23.43) remain valid.

The consistent family with support

XIxo O{ZF, Z71X,
\IJZX { a b a a b (23_45)
O 7 Ixaxy 014ZE, ZIXy

is the counterpart of (23.42) withirather thare-components af. One can use it
to infer thex-component of the spin of either particletatrom the outcome of the
Sx measurement:
Pl’(xgr1 | Xf{z) =1=Pr(x, | X (23.46)
Prix; | Xi) = 1= Prix;; | Xpp)- (23.47)
Given the conditional probabilities in (23.43) and (23.47), and no indication o
the consistent families from which they were obtained, one might be tempted
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combine them and draw the conclusion that for a run in which the measureme
outcomes are, say,; and x; atty, both S, and§,; had the value-1/2 att;:

Prixg A zoy | 25 A X)) = 1. (23.48)

This, however, is not correct. To begin with, the frameworks (23.42) and (23.4¢
are mutually incompatible because of the projectong,ato they cannot be used
to derive (23.48) by combining (23.43) with (23.47). Next, if one tries to construc
a single consistent family in which it might be possible to derive (23.48), one run
into the following dificulty. A description which ascribes values to b&h and

S; att; requires a decomposition of the identity which includes the four projector
XTz', XTIz, X3 z5, andx; z, . This by itself is not a problem, but when combined
with the four measurement outcomes, the result isrtbensistentamily

WO X xS HZ .z ) O (28, Z HXTE, X5 ) (23.49)

a’ 'a

obtained by replacing/ with W§* and capitalizingc andz att; in (23.19). The
same arguments used to show that (23.19) is inconsistent apply equally to (23.4
adding measurements does not improve things. Consequently, because it cannc
obtained using a consistent family, (23.48) is not a valid result.
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EPR paradox and Bell inequalities

24.1 Bohm version of the EPR paradox

Einstein, Podolsky, and Rosen (EPR) were concerned with the following issu
Given two spatially separated quantum systékxresd B and an appropriate initial
entangled state, a measurement of a property on syAteam be an indirect mea-
surement oB in the sense that from the outcome of tAeneasurement one can
infer with probability 1 a property 0B, because the two systems are correlated.
There are cases in which either of two propertieBaépresented by noncommut-
ing projectors can be measured indirectly in this manner, and EPR argued that t
implied that systenB could possess two incompatible properties at the same time
contrary to the principles of quantum theory.

In order to understand this argument, it is best to apply it to a 8peuodel
system, and we shall do so using Bokrfgrmulation of the EPR paradox in which
the systems#\ and B are two spin-half particlea andb in two different regions of
space, with their spin degrees of freedom initially in a spin singlet state (23.2). A
an aid to later discussion, we write the argument in the form of a set of numbere
assertions leading to a paradox: a result which seems plausible, but contradicts
basic principles of quantum theory. The assertionsE&lare not intended to be
exact counterparts of statements in the original EPR paper, even when the la
are translated into the language of spin-half particles. However, the general idec
very similar, and the basic conundrum is the same.

El. Supposé&,;is measured for particle. The result allows one to predi&,
for particleb, sinceS,, = —S,..

E2. Inthe same way, the outcome of a measureme®icllows one to predict
Sx, SinceSx = —Sux-

E3. Particleb is isolated from particl@, and therefore it cannot be affected by
measurements carried out on partiale

E4. Consequently, particle must simultaneously possess values for ggh

323
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and S, namely the values revealed by the corresponding measurements
particlea, either of which could be carried out in any given experimental
run.

E5. Butthis contradicts the basic principles of quantum theory, since in the twe
dimensional spin space one cannot simultaneously assign values @&,both
andS to particleb.

Let us explore the paradox by asking how each of these assertions is relatec
a precise quantum mechanical description of the situation. We begin with E1, a
employ the notation in Sec. 23.4, with the particles initially in a spin singlet stat
[¥0), and an apparatus designed to measypanitially in the state|Z3) at time
to. The interaction of particla with the apparatus during the time interval frém
to t, gives rise to the unitary time transformation (23.21). We then need a consi
tent family which includes the possible outcom&sandZ of the measurement,
corresponding t&,, = +1/2 and—1/2, together with the values &..

It is useful to begin with the family in (23.29), since it comes the closest amon
all the families in Sec. 23.4 to representing how physicists would have thougl
about the problem in 1935, when the EPR paper was published. In this fami
the initial state evolves unitarily until after the measurement has occurred, wh
there is a split (of collapsé) into the two possibilitiesZ}z, and Z;z!. Using
this family one can deduc®&,, = —1/2 from the measurement outcordg, and

: = +1/2 from Z_; the results can be expressed formally as conditional proba
bilities, (23.25). This means that E1 is in agreement with the principles of quantu
theory.

Even stronger results can be obtained using the family (23.22) in which tr
stochastic split takes place at an earlier time. In this family it is possible to vie\
the measurement &, as revealing a pre-existing property of partialat a time
before the measurement took place, a value which was already the oppdite of
In addition, the value 0§,, was unaffected by the measurementpf, a fact ex-
pressed formally by the conditional probabilities in (23.26). Thus this family bott
corfirms E1 and lends support to E3. Additional support for E3 comes from th
family (23.31), which shows that a measuremenggfdoes not have any effect
upon S, and of course one could set up an analogous family using any oth
component of spin of particle, and reach the same conclusion.

Next we come to E2. It is nothing but E1 wit® replaced bys, for both par-
ticles, so the preceding discussion of E1 will apply to E2, with obvious frrodi
cations. The family (23.28) with its apparatus for measufggmust be used in
place of (23.22), and from it one can deduce the counterparts of (283326)
with z and Z replaced byx and X. And of course thes,, measurement will not
alter any component of the spin of partitlewhich corfirms E3.
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Assertion E4 would seem to be an immediate consequence of those precedin
were it not for the requirement that quantum reasoning empgiygleframework
in order to reach a sound conclusion, Sec. 16.1. Assertions E1 and E2 have b
justified on the basis of two distinct consistent families, (23.22) and (23.28). Ar
these families compatible, that is, can they be combined in a single frameworl
Onesfirst thought is that they cannot be combined, because the projectors for t
properties associated with, and §,; att; (the intermediate time) in (23.22) obvi-
ously do not commute with those in (23.28), which are associatedSyithnd Sy,
and the same is true of the projectordatHowever, the situation is not so sim-
ple. The projectors representing the complete histories in (23.22) are orthogol
to, and hence commute with, the history projectors in (23.28), because the initi
states|Z3) and|X;3) for the apparatus will be orthogonal. This follows from the
fact that an apparatus designed to mea&useill differ in a visible (macroscopic)
way from one designed to meas\8g see the discussion following (17.10).

Consequently, (23.22) and (23.28) can be combined in a single consistent fam
with two distinct initial states: the spin singlet state of the particles combined wit!
either of the measuring apparatuses. However, the resulting frameworkdbes
support E4. The reason is that the two initial states are mutually exclusive, so tt
only one or the other will occur in a particular experimental run. Consequently
the conclusion tha®,, will have a particular value, &f ort,, as determined by the
measurement outcome, is only correct for a run in which the apparatus is set up
measures,,, and the corresponding conclusion & only holds for runs in which
the apparatus is set up to meas8ye But E4 asserts that partidesimultaneously
possesses values & and S, and this conclusion obviously cannot be reached
using the framework under consideration.

To put the matter in a different way, E1 is correct in a situation in widghis
measured, and E2 in a situation in whigly is measured. But there is no way to
measures,,; and S, simultaneously for a single particle, and therefore no situatior
in which E1 and E2 can be applied to the same particle. Einstein, Podolsky a
Rosen were aware of this type of objection, as they mention it towards the end
their paper, and they respond in a fashion which can be translated into the langu:
of spin-half particles in the following way. If one allows that &) measurement
can be used to predi§,; and anS,x measurement to predi§y, but then asserts
that §,x does not exist whe®®,; is measured, an&,, does not exist whe,y is
measured, this makes the properties of partidepend upon which measurement
is carried out on patrticla, and no reasonable theory could allow this sort of thing.

There is nothing in the analysis presented in Sec. 23.4 to suggest that the pr
erties of particld depend in any way upon the type of measurement carried out o
particlea. However, the type of property considered for partiz|es,, as against
Sx, depends upon the choice of framework. There are frameworks, such as (23.:
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and (23.29), in which a measurement&f is combined with values o%,,, and
other frameworks, such as (23.30) and (23.31), in which a measuremggtisf
combined with values fogy. Quantum theory does not specify which framework
is to be used for a situation in whic®, is measured. However, only a framework
which includesS,, can be used to correlate the outcome ofSgpmeasurement
with some property of the spin of partidiein a way which constitutes an indirect
measurement of the latter.

Thus implicit in the analysis given in the EPR paper is the assumption that qua
tum theory is limited to a single framework in the case of%pn measurement,
one corresponding to a wave function collapse picture, (23.29), for this particul
measurement. Once one recognizes that there are many possible frameworks,
argument no longer works. One can hardly fault Einstein and his colleagues f
making such an assumption, as they were seeking to point out an inadequacy
guantum mechanics as it had been developed up to that time, with measurem
and wave function collapse essential features of its physical interpretation. O
can see in retrospect that they had, indeed, located a severe shortcoming of
principal interpretation of quantum theory then available, though they themselvi
did not know how to remedly it.

24.2 Counterfactuals and the EPR paradox

An alternative way of thinking about assertion E4 in the previous section is t
consider a case in which,; is measured (and thus,; is indirectly measured),
and ask what would have been the case, in this particular experimental &, if
had been measured instead, e.g., by rotating the direction difefldegradient in
the SterrGerlach apparatus just before the arrival of partaleThis requires a
counterfactual analysis, which can be carried out with the help of a quantum ca
toss in the manner indicated in Sec. 19.4. Let the total quantum system be descril
by an initial state

|Po) = [¥0)IQ), (24.1)

where|yg) is the spin singlet state (23.2), aj@) the initial state of the quantum
coin, servomechanism, and the measuring apparatus. (As it is not important |
the following discussion, the center of mass wave functiaf, (23.1), has been
omitted, just as in Ch. 23.) It will be convenient to assume that the quantum co
toss corresponds to a unitary time development

1Q) = (I1X2) +122))/v2, (24.2)

during the interval from; to t,, and that the measurement®f or S, takes place
during the time interval front, to ts, rather than betweets andt, as in Ch. 23.
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Here|X3) and|Z3) are states of the apparatus in which it is ready to me&aSre
and S,;, respectively, and the servomechanism, etc., is thought of as included
these states. Thus the overall unitary time development from the initialtgitoe
thefinal timets is given by

| Do) > Do) > [9o) (IXS) + 122))/V/2 >
(1% ) IXEY = IXDIXZ) + 12501 Z5) — 1Z5)125)) /2. (24.3)

Thefinal step fromt, to t3 is obtained by assuming that (23.27) applies when the
apparatus is in the statX:), and (23.21) when it is in the staé;) att,.

A consistent familyF; which provides one way of analyzing the counterfactual
guestion posed at the beginning of this section has for its support six histories f
timesty < t; < tp < ta. Itis convenient to arrange them in two groups of three:

2,0 Ziz, Z,0 77,

- a a“b — a a“b
PO Ziz, O 6 Xfz,, P0OZZ O o 0 XTzy, (24.4)

AT\ X5z, Xz

Suppose the coin toss resultedSg being measured, and the outcome viZgs
implying S; = —1/2. To answer the question of what would have happengg if
had been measured instead, use the procedure of Sec. 19.4 and trace the oulc
Z1z, in thefirst set of histories in (24.4) backwards to the pigby, and then
forwards through theX; node to the corresponding eventssatOne concludes that
had the quantum coin toss resulted in a measureme8t,othe outcome would
have beerX7 or X, each with probability 1/2, buh either case § would have
had the value-1/2, corresponding te,, that is to say, the same value it had in
the actual world in whiclg,,, not S;x, was measured. This conclusion seems very
reasonable on physical grounds, for one would not expect a last minute choice
measures, rather tharss, for particlea to have any influence on the distant particle
b, since the measuring apparatus does not interact in any way with pértidle

put the matter in another way, the conclusion of this counterfactual analysis agre
with the discussion of E3 in Sec. 24.1.

On the other hand, (24.4) by itself provides no immediate support for E4, for
supplies no information at all abo&y. Of course, this is only one consistent fam-
ily, and one might hope to do better using some other framework. One possibili
might be the consistent famil§, with support

2tz
Z, 7,
X3 %p »
X3 Xe,

730 {

X0
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which corresponds pretty closely to the notion of wave function collapse. Onc
again assume that the quantum coin toss leads & ameasurement, and that the
outcome of this measurementdg . Using®, att, ort; as the pivot, one concludes
that hadS,x been measured instea$,x would have been-1/2 for the outcome
X+, and+1/2 for the outcomeX; .

This result seems encouraging, for we have found a consistent family in whic
both §,; and S, values appear, correlated in the expected way @ithand Sy«
measurements. However tRg, stateszf; and theS,y statesqf in (24.5) arecon-
textualproperties in the sense of Ch. 1z andz, both depend oz, andx; and
X, both depend orX3. This means— see the discussion in Ch. 34 that when
using (24.5), one cannot think &, and §,«x as having values independent of the
quantum coin toss. Only if the toss resultsdpis it meaningful to talk abou§,,
and only if it results inX3 can one talk abou§,x. And since the two outcomes
of the quantum coin toss are mutually-exclusive possibilities, one and only one
which will occur in any given experimental run, we have again failed to establis
E4, and for basically the same reason pointed out in Sec. 24.1 when discuss
the family with two initial states that combines (23.22) and (23.28). Indeed, in th
latter family §,, and S, are contextual properties which depend upon the corre
sponding initial states— something we did not bother to point out in Sec. 24.1
because dependence (in the technical sense used in Ch. &édjli@n events never
poses much of an intuitive problem. But does this contextuality mean that there
some mysterious long-rangdlinence in that a last minute choice to measgye
rather thars,; would somehow determine whether particleas a dénite value of
S rather thatS,? No, for dependence or contextuality in the technical sense use
in Ch. 14 denotes a logical relationship brought about by choosing a framework
a particular way, and does not indicate any sort of physical causality. Thus there
no contradiction with the arguments presented in Sec. 24.1 in support of E3.

The reader with the patience to follow the analysis in this and the previous se
tion may with some justication complain that the outcome was already certain a
the outset: if E4 really does contradict the basic principles of quantum theory, «
asserted by E5, then it is evident that it can never be obtained by an analysis ba
upon those principles. True enough, but there are various reasons why worki
out the details is still worthwhile. First, there is no way to establish with absolut
certainty the consistency of the basic principles of a physical theory, as it is alwa
something more than a piece of abstract mathematics or logic; one has to ap
these principles to various examples and see what they predict. Second, it is
some interest tdind out where and why the seemingly plausible chain of argu-
ments from E1 to E5 comes apart, for this tells us something about the differen
between quantum and classical physics. The preceding analysis shows that it is
sically violations of the single-framework rule which cause the trouble, and in thi
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respect the EPR paradox has quite a bit in common with the paradoxes discus
in previous chapters. But the nonclassical behavior of contextual events can a
play a role, depending on how one analyzes the paradox.

Third, the analysis supports the correctness of the Basadity assumption of
EPR as expressed in E3, an assertion which i§icoad by the analysis in Ch. 23.
Given that the EPR paradox has sometimes been cited to support the claim t
there are mysterious nonlocalfflimences in the quantum world, it is worth em-
phasizing that the analysis given here does not show any evidence of flueh in
ences. On the other hand, certamodificationsof quantum mechanics in which
the Hilbert space is supplemented thidden variables'tf a particular sort will
necessarily involve peculiar nonlocalflimences if they are to reproduce the spin
correlations (23.9) of standard quantum theory, and these are the subject of
remaining sections in this chapter.

24.3 EPR and hidden variables

A hidden variablgheory is an alternative approach to quantum mechanics in whic
the Hilbert space of the standard theory is either replaced by or supplemented wit
set of*hidden” (the name is not particularly apt) variables which behave like thos
one is accustomed to in classical mechanics. One of the best-known examples \
proposed in 1952 by Bohm, using an approach similar to one employed earlier
de Broglie, in which at any instant of time all particles have precise positions, ar
these positions constitute the new (hidden) variables.

The simplest hidden variable model of a spin-half particle is one in which ths
different components of its spin angular momentum simultaneously possess we
defined values, something which is not true if one uses a quantum Hilbert space,
reasons discussed in Sec. 4.6. A measurement of some component of spin usi
Stern—Gerlach apparatus will then reveal the value that the corresponding (hidde
variable had just before the measurement took place. More complicated mod
are possible, but the general idea is that measurement outcomes are determine
variables that behave classically in the sense that they simultaneously pogsess
nite values. John Bell pointed out in 1964 that hidden variable models of this kin
cannot reproduce the correlation functiGiia, b), (23.9) or (23.37), for spin-half
particles in an initial singlet state, if one makes the reasonable assumption that
mysterious long-range influences link the particles and the measuring apparatus
This result led to a number of experimental measurements of the spin correlati
function. Most of the experiments have used the polarizations of correlated ph
tons rather than spin-half particles, but the principles are the same, and the res|
are in good agreement with the predictions of quantum mechanics. Note that o
can think of this correlation function as referring to particle spins in the absence
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any measurement when one uses the framework (23.5), or as the correlation fu
tion between outcomes of measurements of the spins of both patrticles, (23.37).
line with most discussions of B&dlresult, we shall think of (a, b) as referring to
measurement outcomes.

Before exhibiting one version of B&largument in Sec. 24.4, itis useful to look
at a spedic setup discussed by Mermin. Imagine two apparatuses, one to meas
the spin of particlex and the other the spin of partide each of which can mea-
sure the component of spin angular momentum in one of three directions in spa
u, v, andx, lying in thex, y plane, with an angle of 12(etween every pair of
directions, Fig. 24.1. The component of spin which will be measured is determine
by a switch setting on the apparatus, and these settings will also be denaied by
v, andx. Leta(w) = £1 denote the two possible outcomes of the measuremer
when the switch setting of theeapparatus isv: +1 if the spin is found to be in the
+w direction,S,,, = +1/2, and—1 if it is in the opposite direction$,,, = —1/2.

Let B(w) = +1 be the possible outcomes of thepparatus measurement when
its switch setting igv. In any given experiment these results will be random, but if
they are averaged over a large number of runs, the averaggspfand of 8 (w)
will be zero for any choice ofv, whereas the correlation function (23.37) will be
given by:

Cluwn, wp) = (@(w)p(uwp)) = |+ Pa= e (24.6)

Wa W) = (@(@a)BO0O)) =0 1o it e £ e, '

since if the switch settings; and wy, for the a and b apparatuses are unequal,
the angle between the two directions is 1,28nd the inner product of the two
corresponding unit vectors is1/2.

Fig. 24.1. Directiongl, v, X in thex, y plane.

Let us try to construct a hidden variable model which can reproduce the co
relation function (24.6). Suppose that partielevhen it leaves the source which
prepares the two particles in a singlet state contairfsrestruction setwhich will
determine the outcomes of the measurements in each of the three diregtigns
andx. For example, if the particle carries the instruction(set, +1, —1), a mea-
surement ofS,, will yield the result+1/2, a measurement &,, will also yield
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+1/2, and one of,x will yield —1/2. Of course, only one of these measurements
will actually be carried out, the one determined by the switch setting on the aj
paratus when particla arrives. Whichever measurement it may be, the result is
determined ahead of time by the partislénstruction set. One can think of the
instruction set as a list of the components of spin angular momentum in each of t
three directions, in units df/2. This is what is called &deterministic hidden vari-
able” model because the instruction set, which constitutes the hidden variables
this model, determines the later measurement outcome without any extra elem
of randomness. It is possible to construct stochastic hidden variable models, |
they turn out to be no more successful than deterministic models in reproduci
the correlations predicted by standard quantum theory.

There are eight possible instruction sets for partickend eight for particled,
thus a total of sixty-four possibilities for the two particles together. However, the
perfect anticorrelation whewn, = wy in (24.6) can only be achieved if the instruc-
tion set forb is thecomplementarget to that ofa, obtained by changing the sign
of each instruction. If tha setis(+1, +1, —1), theb set must b&—1, —1, +1).

For were theb set something else, say1, —1, +1), then there would be iden-
tical switch settings, in this case, = wy, = U, leading tox(u) = B(u), which

is not possible. Similarly, perfect anticorrelations for equal switch settings meat
that the instruction sets, once prepared at the source which produces the sin
state, cannot change in a random manner as a particle moves from the source tc
measuring apparatus.

We will assume that the source produces singlet pairs with one of the eight il
struction sets for, and the complementary set for chosen randomly with a
certain probability. LetP,(+ + —) denote the probability that the instruction set
forais (+1, 41, —1). The correlation functions can be expressed in terms of thes
probabilities; for example,

Cu,v) =Cw,u) = —Pa(+++) — Pa(++—)
+ Pa(+—+H) + Pa(— 4+ +) + Pa(4- — )
+ Pa(=+ =) = Pa(= = +4) = Pa(= — -). (24.7)
Consider the following sum of correlation functions calculated in this way:

Cu,v) +C(u,x) + C(x,v) =
—3Pa(+++) —=3Pa(—— )+ Pa(+ + ) + Pa(+ — 1)
Since the probabilities of the different instruction sets add to 1, this quantity he

a value lying between-3 and+1. However, if we use the quantum mechanical
values (24.6) for the correlation functions, the left side of (24.8) is 3/2, substantiall
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greater than 1. Thus our hidden variable model cannot reproduce the correlat
functions predicted by quantum theory. As we shall see in the next section, tt
failure is not an accident; it is something which one must expect in hidden variab
models of this sort.

24.4 Bell inequalities

The inequality (24.10) was derived in 1969 by Clauser, Horne, Shimony, and Ho
As it is closely related to Bel original result in 1964, this CHSH inequality is
nowadays also referred to agBRell inequality’, and by studying it one can learn
the essential ideas behind such inequalities. We assume that wheapparatus
measures a spin component in the directignthe outcome is given by a function
a(wa, A) = £1 which depends on bottr, and a hidden variable, or collection
of hidden variables, denoted hy Similarly, the outcome of thb measurement
for a spin component in the directian, is given by a functior8(wp, A) = +1.
In the example in Sec. 24.3;; andwy can take on any of the three valuesv,
or X, andx should be thought of as the pair of instruction setskfoth particles
a andb. Hence could take on sixty-four different values, though we argued in
Sec. 24.3 that the probabilities of all but eight of these must be 0. For the purpo
of deriving the inequality, one need not think®f as a direction in space; it can
simply be some sort of switch setting on th@pparatus, which, together with the
value of the hidden variableassociated with the particle, determines the outcome
of the measurement through the functiofw,, 2). The same remark applies to the
b apparatus and the functigg(wy, A). Also, the derivation makes no use of the
fact that the two spin-half particles are initially in a spin singlet state.

The source which produces the correlated particles produces different possi
values ofx with a probabilityp (1), so the correlation function is given by

C(wa, wp) = ) p(h) a(wa, 1) B(wp, 1). (24.9)
A

(If 1 is a continuous variabléy_, p (%) should be replaced by p (%) d1.) Leta,
a’ be any two possible values far,, andb andb’ any two possible values for
wp. Then as long as(wa, A) andB(wy, A) are functions which take only the two
values+1 or —1, the correlations dimed by (24.9) satisfy the inequality

|IC(a,b)+C(a,b)+C@,b)—C@,b) <2 (24.10)
To see that this is so, consider the quantity

a(@ 1) B, A) +a@, r) B, 1) + a@, 1) B(b, 1) — a(@, 1) BB, 1)
= [a(@, 1) +a@, V)] Bb, 1) + [a@ 1) —a@, 1)] O, 1. (24.11)

It can take on only two valuest2 and—2, because each of the four quantities



24.4 Bell inequalities 333

a(@, )), a@, r), (b, 1) andg(’, 1) is either+1 or —1. Thus eithew(a, 1) =
a(@, A), so that the right side of (24.11) isxa, A)B(b, A), or elsea(a, r) =
—a(@, 1), in which case itis 2(a, »)8(b’, A). If one multiplies (24.11) by (1)
and sums ovex, the result of this weighted average is

C(a,b)+C(a,b)+C(a’,b)— C(@,b). (24.12)

A weighted average of a quantity which takes on only two values must lie betwee
them, so (24.12) lies somewhere betweehand+2, which is what (24.10) as-
serts.

Consider the example in Sec. 24.3, andaet u,b = v,a = b = x. If
one inserts the quantum values (24.6) for these correlation functions in (24.12), t
resultis 3x 1/2+ 1 = 2.5, which obviously violates the inequality (24.10). On the
other hand, the hidden variable model in Sec. 24.3 assigns to th&€sum) +
C(u, x) + C(x, v), see (24.8), a value betweeiB and+1, and sinceC(x, X) =
—1, the inequality (24.10) will be satisfied.

If quantum theory is a correct description of the world, then since it predicts col
relation functions which violate (24.10), one or more of the assumptions made
the derivation of this inequality must be wrong. Tt and most basic of these as-
sumptions is thexistence of hidden variablegth a mathematical structure which
differs from the Hilbert space used in standard quantum mechanics. This assun
tion is plausible from the perspective of classical physics if measurements reve
pre-existing properties of the measured system. In qguantum physics it is also t
case that a measurement reveals a pre-existing propeydedthis property is
part of the framework which is being used to construct the quantum description.
Sz is measured for particla, the outcome of a suitable (ideal) measurement will
be correlated with the value of this component of spin angular momentum befo
the measurement in a framework which inclugies and|z; ). However, there is
no framework which includes the eigenstatebath S, and S, for a directionw
not equal taz or —z.

Thus the point at which the derivation of (24.10) begins to deviate from quantul
principles is in the assumption that a functietw,, 1) existsfor different direc-
tionsw,. As long as only a single choice far, is under consideration there is no
problem, for then théhidden”variableA can simply be the value &,, at some
earlier time. But when two (excluding the trivial casewf and —w,) or even
more possibilities are allowed, the assumption thav,, 1) exists is in coflict
with basic quantum principles. Precisely the same comments apply to the functi
B(wp, A).

Of course, if postulating hidden variables is itself in error, there is no need t
search for problems with the other assumptions having to do with the nature
these hidden variables. Nonetheless, let us see what can be said about them
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second assumption entering the derivation of (24.10) is that the hidden varial
theory islocal. Locality appears in the assumption that the outcarfe,, 1) of
thea measurement depends on the settingf this piece of apparatus, but not the
settingwy, for theb apparatus, and th#&t(wy,, A) does not depend upam,. These
assumptions are plausible, especially if one supposes that the paatateld and

the corresponding apparatuses are far apart at the time when the measurements
place. For then the settings, andwy, could be chosen at the very last moment
before the measurements take place, and it is hard to see how either value cc
have any ifluence on the outcome of the measurement made by the other appa
tus. Indeed, for a sfitiently large separation, anfinence of this sort would have
to travel faster than the speed of light, in violation of relativity theory.

The claim is sometimes made that quantum theory must be nonlocal simply b
cause its predictions violate (24.10). But this is not correct. First, what follow
logically from the violation of this inequality is that hidden variable theories, if
they are to agree with quantum theory, must be nonlocal or embody some ott
peculiarity. But hidden variable theories byfiétion employ a different mathe-
matical structure from (or in addition to) the quantum Hilbert space, so this tells L
nothing about standard quantum mechanics. Second, the detailed quantum a
ysis of a spin singlet system in Ch. 23 shows no evidence of nonlocality; indee
it demonstrates precisely the opposite: the spin of partidgkenot irfluenced in
any way by the measurements carried out on parécl@o be sure, in Ch. 23 we
did not discuss how a measurement on partictaight influence the outcome of
a measuremenbn particleb, but the argument can be easily extended to include
that case, and the conclusion is exactly the same.) Hidden variable theories, on
other hand, can indeed be nonlocal. The Bohm theory mentioned in Sec. 24.3
known to be nonlocal in a rather thorough-going way, and this is one reason why
has been difcult to construct a relativistic version of it.

A third assumption which was made in deriving the inequality (24.10) is tha
the probability distributiorp (1) for the hidden variable(s) does not depend upon
eitherw, or wp. This seems plausible if there is a sificént interval between the
time when the two particles are prepared in some singlet state by a source wh
sets the value of, and the time when the spin measurements occurwg@ndwy,
could be chosen just before the measurements take place, and this choice sh
not affect the value ok determined earlier, unless the future cafiuence the
past.

In summary, the basic lesson to be learned from the Bell inequalities is that it
difficult to construct a plausible hidden variable theory which will mimic the sort:
of correlations predicted by quantum theory andfoomed by experiment. Such a
theory must either exhibit peculiar nonlocalities which violate relativity theory, ol
else incorporate ffluences which travel backwards in time, in contrast to everyday
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experience. This seems a rather high price to pay just to have a theory which
more*“classical’than ordinary quantum mechanics.



25

Hardy’s paradox

25.1 Introduction

Hardy’s paradox resembles the Bohm version of the EinsRadolsky—Rosen
paradox, discussed in Chs. 23 and 24, in that it involves two correlated particle
each of which can be in one of two states. However, Harahytial state is chosen
in such a way that by following a plausible line of reasoning one arrives at a logic:
contradiction: something is shown to be true which one knows to be false. Th
makes this paradox in some respects more paradoxical than the EPR parado:
stated in Sec. 24.1. A paradox of a somewhat similar nature involving three spi
half particles was discovered (or invented) by Greenberger, Horne, and Zeilinge
few years earlier. The basic principles behind this GHZ paradox are very simil:
to those involved in Hardg paradox. We shall limit our analysis to Hatslpara-
dox, as itis a bit simpler, but the same techniques can be used to analyze the G
paradox.

Hardy’s paradox can be discussed in the language of spin-half particles, but \
will follow the original paper, though with some minor méidations, in thinking
of it as involving two particles, each of which can move through one of two arm
(the two arms are analogous to the two states of a spin-half particle) of an interfe
ometer, as indicated in Fig. 25.1. These are particles without spin, or for which tt
spin degree of freedom plays no role in the gedanken experiment. The s®urce
at the center of the diagram produces two partial@sdb moving to the left and
right, respectively, in an initial state

¥o) = (Ic8) + led) + 1d&))/v/3. (25.1)

Here|cd) stands foric) ® |d), a state in which particla is in thec arm of the
left interferometer, and particle in thed arm of the interferometer on the right.
The other kets are @i@ed in the same way. One can think of the two particles ac
two photons, but other particles will do just as well. In Hasdgriginal paper one

336



25.1 Introduction 337

Fig. 25.1. Double interferometer for Hargdyparadox.

particle was an electron and the other a positron, and the absenaildéem in
(25.1) was due to their meeting and annihilating each other.

Suppose thab produces the state (25.1) at the titpeThe unitary time develop-
ment fromtg to a timety, which is before either of the particles passes through the
beam splitter at the output of its interferometer, is trivial: each particle remains i
the same arm in which it starts out. We shall denote the statesising the same
symbol as aty: |c), |d), etc. One could changeto ¢/, etc., but this is really not
necessary. In this simfiled notation the time development operator for the time
interval fromtg to t; is simply the identityl . During the time interval front; to t,,
each patrticle passes through the beam splitter at the exit of its interferometer, &
these beam splitters produce unitary transformations

B: o) (&) +1f)/v2, [d)— (—le)+1f)/v2,

_ _ _ _ (25.2)
B: [0 (18 +1f)/v2, [d) > (—18) +1f)/V2,

where |e), etc., denote wave packets in the output channels, and the phases
chosen to agree with those used for the toy model in Sec. 12.1. Combining tl
transformations in (25.2) results in the unitary transformations

cC) > (+]e8) + lef) + [f&) + | f f))/2,
|co_|> <|e?>+|e>—|fe>+|f_>>/2, (25.3)
|dC) > (—|e8) — |ef) + [f&) + | f f))/2,
|dd) — (+]ed) — ef) — |f&) +|f f))/2,

for the combined states of the two particles during the time interval fgant; to
to. Adding up the appropriate terms in (25.3), dimals that the initial state (25.1)
is transformed into

BB : [yo) > (—le8) +|ef) +|f&) +3|f ) /V12 (25.4)

by the beam splitters.
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We will later need to know what happens if one or both of the beam splitters he
been taken out of the way. L& and O denote situations in which the left and the
right beam splitters, respectively, have been removed. Then (25.2) is to be replac
with

(_)- If> > If_>, |O_|> > I(_%>, (255)
O:[6)[f), I|d)|€),

in agreement with what one would expect from Fig. 25.1. The time developme
of |yo) fromty tot; if one or both of the beam splitters is absent can be worked ou
using (25.5) together with (25.2):

BO : |yo) > (1€8) + |f&) +2/f f)) /6,
OB : |yo) > (1e8) + lef) +2/f f)) /V6, (25.6)
00 : [Yo) > (lef) +|f&) +|f ) /V3.

When they emerge from the beam splitters, the particles are detected, s
Fig. 25.1. In order to have a compact notation, we shall|ig for the initial
state of the two detectors for particie and|M) that of the detectors for particle
b, and assume that the process of detection corresponds to the following unit
transformations for the time interval frotnto ts:

&) IM) > [E), [f)IM) > [F),
18)|M) > [E), |f)IM)—~ |F).

los]} OI

(25.7)

Thus|E) means that particla was detected by the detector located ondlcban-
nel. We are now ready to consider the paradox, which can be formulated in tv
different ways. Both of these are found in Haslpriginal paper, though in the
opposite order.

25.2 Thefirst paradox

For this paradox we suppose that both beam splitters are in place. Consider
consistent family of histories at the times t;, andt, whose support consists of
the four histories

Fi: Yoo {C,d}o{e ), (25.8)

with the same initial statg/y, and one of the two possibilitiesor d at t;, fol-
lowed bye or f att,. Here the symbols stand for projectors associated with the
corresponding ket = |C)(C|, etc. That this family is consistent can be seen by
noting that the unitary dynamics for particdds independent of that for particke
at all times aftetty: the time development operator factors. Thus the Heisenber
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operators (see Sec. 11.4) foandd, which refer to theb particle, commute with
those fore and f, which refer to thea particle, so that for purposes of checking
consistency, (25.8) is the same as a history involving only two tirieand one
later time. Hence one can apply the rule that a family of histories involving onl
two times is automatically consistent, Sec. 11.3. Of course, one can reach the se
conclusion by explictly calculating the chain kets (Sec. 11.6) and showing that the
are orthogonal to one another.

The historyyo © C © e has zero weight. To see this, construct the chain ket
starting with

€lYo) = (IcC) + [dE))/+/3 = (lc) + |d)) ® [E)/+/3. (25.9)

WhenT (2, t1) is applied to this, the result- see (25.2)— will be | f) times a ket
for theb particle, and applying the projectetto it yields zero. As a consequence,
sinceyp © d O e hasfinite weight, one has

Prd, t1]ety) =1, (25.10)

where the time$; andt, associated with the everdsande are indicated explicitly,
rather than by subscripts as in earlier chapters. Thus if padiel@erges ire at
timet,, one can be sure that partidevas in thed arm at timet;.

A similar result is obtained if instead of (25.8) one uses the family

Fi: Woo{c do{E, F}, (25.11)
with events at timeg, t;, and §, where
|Wo) = |0) ® IMM) (25.12)

includes the initial states of the measuring devices. The factlthat ¢ © E has
zero weight implies that

Prd,t1| E, t3) = 1. (25.13)

Of course, (25.13) is what one would expect, given (25.10), and vice versa: tt
measuring device shows that partieleemerged in thee channel if and only if
this was actually the case. In the discussion which follows we will, because it |
somewhat simpler, use families of the typewhich do not include any measuring
devices. But the same sort of argument will work if instea,dd, etc. one uses
measurement outcom&s E, etc.

By symmetry it is clear that the family

Fo: Yoo {c,d} o {8 f}, (25.14)
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obtained by interchanging the role of partickezndb in (25.8), is consistent. Since
the historyyo © ¢ © € has zero weight, it follows that

Prd,t1] & t) = 1, (25.15)
or, if measurements are included,
Prd, t; | E, ts) = 1. (25.16)

That is, if particleb emerges in channd@ (the measurement result i), then
particlea was earlier in the& and not thec arm of its interferometer.
To complete the paradox, we need two additional families. Using

Fs: Y001 Ofee ef, fe ff}, (25.17)

one can show, see (25.4), that

Pr(eg, t;) = 1/12. (25.18)
Finally, the family
Fa: Yo O {cC, cd,dE, dd} o | (25.19)
yields the result
Pr(dd, t;) = 0, (25.20)

becausedd) occurs with zero amplitude i), (25.1).

Hardy's paradox can be stated in the following way. Whenevemerges in the
e channel we can be sure, (25.10), thatas earlier in thel arm, and whenevey
emerges in thé channel we can be sure, (25.15), thatias earlier in thel arm.
The probability that will emerge ine at the same time thiitemerges igis 1/12,
(25.18), and when this happens it must be true thatas earlier ind andb was
earlier ind. But given the initial statéy), it is impossible fora to be ind at the
same time thab is ind, (25.20), so we have reached a contradiction.

Here is a formal argument using probability theory. First, (25.10) implies that

Pr(d, t1| €8, tp) = 1, (25.21)

because if a conditional probability is equal to 1, it will also be equal to 1 if the
condition is made more restrictive, assuming the new condition has positive pro
ability. In the case at hand the conditieris replaced witheg, and the latter has a
probability of 1/12, (25.18). In the same way,

Prd, t; | €8, tp) = 1 (25.22)



25.3 Analysis of théirst paradox 341
is a consequence of (25.15). Combining (25.21) and (25.22) leads to
Pr(dd, t; | eg tp) = 1, (25.23)
and therefore, in light of (25.18),
Pr(dd, t;) > 1/12. (25.24)

In Hardy's original paper this version of the paradox was constructed in a som
what different way. Rather than using conditional probabilities to infer propertie
at earlier times, Hardy reasoned as follows, employing the version of the gedank
experiment in which there isfanal measurement. Suppose that both interferome:
ters are extremely large, so that the differeface t; is small compared to the time
required for light to travel from the source to one of the beam splitters, or from on
beam splitter to the other. (The choicetpfn our analysis is somewhat arbitrary,
but there is nothing wrong with choosing it to be just before the particles arrive ¢
their respective beam splitters.) In this case there is a moving coordinate syst
or Lorentz frame in which relativistic effects mean that the detection of pagticle
in thee channel occurs (in this Lorentz frame) at a time wheniparticle is still
inside its interferometer. In this case, the inference f&to d can be made using
wave function collapse, Sec. 18.2. By using a different Lorentz frame in whicl
the b particle is thefirst to pass through its beam splitter, one can carry out the
corresponding inference frof to d. Next, Hardy made the assumption that infer-
ences of this sort which are valid in one Lorentz frame are valid in another Loren
frame, and this justifies the analogs of (25.13) and (25.16). With these results
hand, the rest of the paradox is constructed in the manner indicated earlier, witt
few obvious changes, such as replaciggn (25.18) withEE.

25.3 Analysis of thefirst paradox

In order to arrive at the contradiction between (25.24) and (25.20), it is necesse
to combine probabilities obtained using four different framewaks;F,4 (or their
counterparts with the measuring apparatus included). While there is fiaulhf
doing so in classical physics, in the quantum case one must check that the c
responding frameworks are compatible, that is, there is a single consistent fam
which contains all of the histories iA1—F4. However, it turns out thato two of
these frameworks are mutually compatible.
One way to see this is to note that the family

Ji: Yo {c,d} O (e f} (25.25)

is inconsistent, as one can show by working out the chain kets and showing tf
they are not orthogonal. This inconsistency should come as no surprise in view
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the discussion of interference in Ch. 13, since the historigg itontain projectors
indicating both which arm of the interferometer partialés in at timet; and the
channel in which it emerges &t To be sure, the initial conditiop/q) is more
complicated than its counterpart in Ch. 13, but it would have to be of a fairl
special form in order not to give rise to inconsistencies. (It can be shown that ea
of the four histories in (25.25) imtrinsically inconsistent in the sense that it can
never occur in a consistent family, Sec. 11.8.) Similarly, the family

Jo Yo O{C, d} O {8 f} (25.26)

is inconsistent.

A comparison ofF; andF,, (25.8) and (25.14), shows that a commdinement
will necessarily include all of the histories fiy, sincec andd occur inF, att,,
ande and f in F; att,. Therefore no common fimement can be a consistent
family, and F; and F, are incompatible. In the same way, with the help/af
and 7> one can show that bot#; andF, are incompatible with¥; and 74, and
that F3 is incompatible with7,;. As a consequence of these incompatibilities, the
derivation of (25.21) from (25.10) is invalid, as is the corresponding derivation o
(25.22) from (25.15).

Although F3 and F, are incompatible, there is a consistent family

Fs: Yoo {dd, | —dd} o {eg ef, fe, f f} (25.27)

from which one can deduce both (25.18) and (25.20). Consequently, the argum:
which results in a paradox can be constructed by combining results from only thr
incompatible familiesF;, F», andFs, rather than four. But three is still two too
many.

It is worth pointing out that the defect we have uncovered in the argument i
Sec. 25.2, the violation of consistency conditions, has nothing to do with any sc
of mysterious long-range fluence by which particle or a measurement carried
out on particleb somehow ifluences particl@a, even when they are far apart.
Instead, the basic incompatibility is to be found in the fact tiiata family which
involvesonly properties of particla after the initial timeto, is inconsistent. Thus
the paradox arises from ignoring the quantum principles which govern what or
can consistently say about the behavior sfraleparticle.

A similar comment applies to Hartiyoriginal version of the paradox, for which
he employed different Lorentz frames. Although relativistic quantum theory is ouf
side the scope of this book, it is worth remarking that there is nothing wrong wit
Hardy's conclusionthat the measurement outcorefor particlea implies that
particleb was in thed arm of the interferometer before reaching the beam splitte
B, even if some of thessumptiongsised in his argument, such as wave function
collapse and the Lorentz invariance of quantum theory, might be open to dispu
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For his conclusion is the same as (25.13), a result obtained by straightforward ¢
plication of quantum principles, without appealing to wave function collapse o
Lorentz invariance. Thus the paradox does not, in and of itself, provide any ind
cation that quantum theory is incompatible with special relativity, or that Lorent:
invariance fails to hold in the quantum domain.

25.4 The second paradox

In this formulation we assume that both beam splitters are in place, and then mak
counterfactual comparison with situations in which one or both of them are abse
in order to produce a paradox. In order to model the counterfactuals, we suppc
that two quantum coins are connected to servomechanisms in the manner indica
in Sec. 19.4, one for each beam splitter. Depending on the outcome of the cc
toss, each servomechanism either leaves the beam splitter in place or removes
the very last instant before the patrticle arrives.
Consider a family of histories with support

o0 1 ©{BB,BO, OB, 00} 0 {EE, EF, FE, FF} (25.28)

at timesty < t; < t, < t3, wheret; is a time before the quantum coin is tossed,
t, a time after the toss and after the servomechanisms have done their work, |
before the particles reach the beam splitters (if still present)tzatime after the
detection of each particle in one of the output channels. Note that thetaa of
t, differs from that used in Sec. 25.3. The initial stadg) includes the quantum
coins, servomechanisms, and beam splitters, along|wih (25.1), for particles
a andb.

Various probabilities can be computed with the help of the unitary transforme
tions given in (25.4), (25.6), and (25.7). For our purposes we need only the follov
ing results:

Pr(EE, t3| BB, tp) = 1/12, (25.29)
Pr(EF,t3| BO,ty) =0, (25.30)
Pr(FE,t3| OB, t;) =0, (25.31)
Pr(EE, t3] 00, t;) = 0. (25.32)

These probabilities can be used to construct a counterfactual paradox in the f
lowing manner.

H1. Consider a case in whidBB occurs as a result of the quantum coin tosses,
and the outcome of thignal measurement on particds E.

H2. Suppose that instead of being present, the beam syBitted been absent,
BO. The removal of a distant beam splitter at the last moment could nc
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possibly have affected the outcome of the measurement on partsteE
would have occurred in ca®O, just as it did in cas®B.

H3. Since by (25.30)EF is impossible in this situationEE would have
occurred in the casBO.

H4. Given thatE would have occurred in the ca80, it would also have oc-
curred with both beam splitters abse@t), since, once again, the removal
of a distant beam splittel8 at the last instant could not possibly have af-
fected the outcome of a measurement on particle

H5. It follows from H1-H4 that if E occurs in the cas®B, then E would
have occurred, in this particular experiment, if the quantum coin tosses h:
resulted in both beam splitters being abs€®, rather than present.

H6. Upon interchanging the roles of partickesndb in H1-H4, we conclude
that if E occurs in the casBB, thenE would have been the case had both
beam splitters been abse@Q.

H7. Consider a situation in which bofhandE occur in the cas®&B; note that
the probability for this is greater than 0, (25.29). Then in the counterfactue
situation in whichO O was the case rather th&B, we can conclude using
H5 thatE, and using H6 thal, would have occurred. That is, the outcome
of the measurements would have beéeB had the quantum coin tosses
resulted inOO.

H8. But according to (25.32)EE cannot occur in the cas®O, so we have
reached a contradiction.

25.5 Analysis of the second paradox

A detailed analysis of HAH4 is a bit complicated, since both H2 and H4 involve
counterfactuals, and the conclusion, stated in H5, comes from chaining togett
two counterfactual arguments. In order not to become lost in intricate details «
how one counterfactual may be combined with another, it is best to focus on tl
end result in H5, which can be restated in the following way: If in the actual worlc
the quantum coin tosses resultBB and the measurement outcoméEisthen in a
counterfactual world in which the coin tosses had resulted@, particleb would
have triggered detectdt.

To support this argument using the scheme of counterfactual reasoning discus
in Sec. 19.4, we need to specifgiagleconsistent family which contains the events
we are interested in, which are the outcomes of the coin tosses and at least sc
of the outcomes of th&nal measurements, together with some event (or perhar
events) at a time earlier than when the quantum coins were tossed, which can se
as a suitable pivot. The framework might contain more than this, but it must conta
at least this much. (Note that the pivot event or events can make reference to b
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particles, and could be more complicated than simply the product of a projector f
a times a projector fob.) From this point of view, the intermediate steps in the
argument— for example, H2, in which only one of the beam splitters is removec
— can be thought of as a method farding thefinal framework and pivot through

a series of intermediate steps. That is, we may be abiimdtioa framework and
pivot which will justify H2, and then modify the framework and choose another
pivot, if necessary, in order to incorporate H3 and H4, so as to arrive at the desir
result in H5.

We shall actually follow a somewhat different procedure: make a guess for
framework which will support the result in H5, and then check that it works. An
intelligent guess is not ditult, for E in caseBB implies that theb particle was
earlier in thed arm of its interferometer, (25.13), and when the beam spltey
out of the way, a particle id emerges in thé channel, which will result irfE. This
suggests taking a look at the consistent family containing the following historie:
in which the alternativeg andd occur att;:

co BB O F,
OOOF.

- BB o {E, F},

dQ{oOQE.

Do O (25.33)

The BO and OB branches have been omitted from (25.33) in order to save spac
and allow us to concentrate on the essential tasknafing a counterfactual ar-
gument which leads frorBB to OO. Including these other branches terminated
by a noncommittal atts will turn (25.33) into the support of a consistent family
without having any effect on the following argument.

The consistency of (25.33) can be seen in the following way. The eRBts
andOO are macroscopically distinct, hence orthogonal, and since they remain u
changed front, to t3, we only need to check that the chain operators for the twc
histories involvingO O are orthogonal to each other as is obviously the case,
since thdinal E andF are orthogonal— and the chain operators for the three his-
tories involvingB B are mutually orthogonal. The only conceivable problem arises
because two of th8B histories terminate with the same projector However,
because at earlier times these histories involve orthogonal States of particle
b, and F has to do with particle (that is, a measurement on partielg rather
thanb, the chain operators are, indeed, orthogonal. The reader can check this
working out the chain kets.

One can use (25.33) to support the conclusion of H5 in the following way. Thi
outcomeE in the caseBB occurs in only one history, on the third line in (25.33).
Upon tracing this outcome back tbas a pivot, and then moving forward in time
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on the OO branch we come td: as the counterfactual conclusion. Having ob-
tained the result in H5, we do not need to discuss H2, H3, and H4. However,
is possible to justify these statements as well by addi®Cabranch to (25.33)
with suitable measurement outcomessai place of the noncommittdl, and then
adding some more events involving properties of partickd timet; in order to
construct a suitable pivot for the argument in H2. As the details are not essent
for the present discussion, we leave them as a (nontrivial) exercise for anyone w
wishes to explore the argument in more depth.

By symmetry, H6 can be judited by the use of a consistent family (with, once
again, theBO and OB branches omitted)

BB OF,
{OOQF,

d {BB@{E,IE},
OO0 O E,

Do O (25.34)

which is (25.33) with the roles o andb interchanged. However, H7, which
combines the results of H5 and H6, is not valid, because the family (25.33) c
which H5 is based is incompatible with the family (25.34) on which H6 is based
The problem with combining these two families is that when one introduces th
eventskE andF atts in the BB branch of a family which containsandd at an
earlier time, it is essentially the same thing as introduarand f to make the
inconsistent family7;, (25.25). In the same way, introducifgandF in the BB
branch following an earliet andd leads to trouble. Even the vefiyst statement

in H7, thatEE occurs in casd B with a positive probability, requires the use of
a family which is incompatible with both (25.33) and (25.34)! Thus the road to :
contradiction is blocked by the single-framework rule.

This procedure for blocking the second form of Hasdgaradox is very similar
to the one used in Sec. 25.3 for blocking first form of the paradox. Indeed, for
the caseB B we have used essentially the same families; the only difference com:
from the (somewhat arbitrary) decision to word the second form of the paradox
terms of measurement outcomes, anditfet in a way which only makes reference
to particle properties.

The second form of Hardy paradox, like thdirst, cannot be used to justify
some form of quantum nonlocality in the sense of some mysterious long-ran
influence of the presence or absence of a beam splitter in the path of one parti
on the behavior of the other particle. Locality was invoked in H2 and H4 (and ¢
the corresponding points in H6). But H2 and H4, as well as the overall conclusic
in H5, can be supported by using a suitable framework and pivots. (We have or
given the explicit argument for H5.) Thus, while our analysis does not prove th:
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the locality assumptions entering H2 and H4 are correct, it shows that there is |
reason to suspect that there is anything wrong with them. The overall argume
H1-H8, results in a contradiction. However, the problem lies not in the locality
assumptions in the earlier statements, but rather in the quantum incompatibili
overlooked when writing down the otherwise plausible H7. This incompatibility,
as noted earlier, has to do with the way a single particle is being described, sc
cannot be blamed on anything nonlocal.

Our analysis of H3H6 was based upon particular frameworks. As there are :
large number of different possible frameworks, one might suppose that an alte
native choice might be able to support the counterfactual arguments and lead t
contradiction. There is, however, a relatively straightforward argument to demol
strate that no single framework, and thus no set of compatible frameworks, cou
possibly support the argument in H1-H7. Consider any framework which cor
tains EE atts both in the cas®B and also in the cas®O. In this framework
both (25.29) and (25.32) are vali€EE occurs withfinite probability in casé8 B,
and with zero probability in cas®O. The reason is that even though (25.29)
and (25.32) were obtained using the framework (25.28), it is a general princip
of quantum reasoning, see Sec. 16.3, that the probability assigned to a collect
of events in one framework will be precisely the samalinframeworks which
contain these events and the same initial ddtgiQ the case at hand). But in
any single framework in whiclE E occurs with probability 0 in the cag@O it is
clearly impossible to reach the conclusion at the end of a series of counterfactt
arguments thaE E would have occurred with both beam splitters absent had th
outcomes of the quantum coin tosses been different from what actually occurrec

To be more spefic, suppose one coufthd a framework containing a pivét at
t; with the following properties: (i) must have occurred BB was followed by
EE; (ii) if P occurred and was then followed I6yO, the measurement outcome
would have beerEE. These are the properties which would permit this frame-
work to support the counterfactual argument in-HZ. But sinceBB followed
by EE has a positive probability, the same must be tru®pand therefored O
followed by EE would also have to occur with finite probability. (A more de-
tailed analysis shows that @®&E, t3| OO, t,) would have to be at least as large
as PrgE, ts| BB, ty).) However, sincedO is, in fact, never followed byEE, a
framework and pivot of this kind does not exist.

The conclusion is that it is impossible to use quantum reasoning in a consi
tent way to arrive at the conclusion H7 starting from the assumption H1. In somr
respects the analysis just presented seems too simple: it says, in effect, that
counterfactual argument of the form H17 arrives at a contradiction, then this
very fact means there is some way in which this argument violates the rules
guantum reasoning. Can one dispose of a (purported) paradox in such a summ
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fashion? Yes, one can. The rule requiring that quantum reasoning of this tyj
employ asingleframework means that the usual rules of ordinary (classical) res
soning and probability theory can be applied as long as one sticks to this particu
framework, and there can be no contradiction. To put the matter in a different wa
if there is some very clever way to produce this paragsirg only one framework
then there will also be a correspondihgassical paradox, and whatever it is that
is paradoxical will not be unique to quantum theory.

Nonetheless, there is some value in our working out $igesrspects of the para-
dox using the explicit families (25.33) and (25.34), for they indicate that the basi
difficulty with the argument in HH8 lies in an implicit assumption that the dif-
ferent frameworks are compatible, an assumption which is easy to make becal
it is always valid in classical mechanics. Incompatibility rather than some myste
rious nonlocality is the crucial feature which distinguishes quantum from classic
physics, and ignoring it is what has led to a paradox.
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Decoherence and the classical limit

26.1 Introduction

Classical mechanics deals with objects which have a precise location and move
a deterministic way as a function of time. By contrast, quantum mechanics us
wave functions which always have sotfieite spatial extent, and the time devel-
opment of a quantum system is (usually) random or stochastic. Nonetheless, m
physicists regard classical mechanics as an approximation to quantum mechan
an approximation which works well when the object of interest contains a larg
number of atoms. How can it be that classical mechanics emerges as a good
proximation to quantum mechanics in the case of large objects?

Part of the answer to the question lies in the processeabherencén which
a gquantum object or system interacting with a suitable environment (which is als
guantum mechanical) loses certain types of quantum coherence which would
presentin a completely isolated system. Even in classical physics the interaction
a system with its environment can have sfgraint effects. It can lead to irreversible
processes in which mechanical energy is turned into heat, with a resulting incree
of the total entropy. Think of a ball rolling along a smodilat surface. Eventually
it comes to rest as its kinetic energy is changed into heat in the surrounding :
due to viscous effects, or dissipated as vibrational energy inside the ball or in tl
material which makes up the surface. (From this perspective the vibrational mod
of the ball form part of its'environment”.) While decoherence is (byfidéion)
guantum mechanical, and so lacks any exact analog in classical physics, itis clos
related to irreversible effects.

In this chapter we explore a very simple case, one might even think of it as a t
model, of a quantum particle interacting with its environment as it passes throug
an interferometer, in order to illustrate some of the principles which govern dec
herence. In théinal section there are some remarks on how classical mechanit
emerges as a limiting case of quantum mechanics, and the role which decohere
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plays in relating classical and quantum physics. The discussion of decoherer
and of the classical limit of quantum mechanics presented here is only intended
an introduction to a complex subject. The bibliography indicates some sources
additional material.

26.2 Particle in an interferometer

Consider a particle passing through an interferometer, shown schematically
Fig. 26.1, in which an input beam in chanreeis separated by a beam splitter
into two armsc andd, and then passes through a second beam splitter into tw
output channele and f. While this has been drawn as a Magehnder inter-
ferometer similar to the interferometers considered in earlier chapters, it is best
think of it as a neutron interferometer or an interferometer for atoms. The prir
ciples of interference for photons and material particles are the same, but photc
tend to interact with their environment in a different way.

c’e
/f
2
d/

B

c
a/
B:1 d

Fig. 26.1. Particle passing through an interferometer.

Let us suppose that the interferometer is set up so that a particle entering throt
channeh always emerges in thé channel due to interference between the waves
in the two arms andd. As discussed in Ch. 13, this interference disappears if ther
is a measurement device in one or both of the arms which determines which a
the particle passes through. Even in the absence of a measuring device, the par
may interact with something, say a gas molecule, while traveling through one ar
but not through the other arm. In this way the interference effect will be reduced
not entirely removed. One refers to this procesgdesoherencsince it removes,
or at least reduces the interference effects resulting frewharent superposition
of the two wave packets in the two arms. Sometimes one speaks metaphorically
the environmentmeasurin) which arm the particle passes through.
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Assume that at thérst beam splitter the particle state undergoes a unitary time
development

ja) = (o) + [d))/v/2, (26.1)
while passage through the arms of the interferometer results in
Ic) — |C), |d) > |d). (26.2)

Here|a) is a wave packet in the input channel at titpgc) and|d) are wave pack-
ets emerging from thigrst beam splitter in the andd arms of the interferometer at
timet;, and|c’) and|d’) are the corresponding wave packets at tignest before
they reach the second beam splitter. The effect of passing through the second be
splitter is represented by

1) > (le) +11))/vV2, 1d) > (—le) + | 1))/V2, (26.3)

where|e) and|f) are wave packets in the output channels of the second bea
splitter at timetz. The notation is chosen to resemble that used for the toy model
in Sec. 12.1 and Ch. 13.

Next assume that while inside the interferometer the particle interacts with som
thing in the environment in a way which results in a unitary transformation of the
form

C)le) = [C)e),  d)|e) — |d')]e"), (26.4)

on the Hilbert spacel ® £ of the particleA and environmeng, where|e) is the
normalized state of at timety, and|¢’) and|¢”) are normalized states &t For
example, it might be the case that if the particle passes through @éhen some
molecule is scattered from it resulting in the change fileinto |¢’), whereas if
the particle passes through tdearm there is no scattering, and the change in the
environment frome) to |€”) is the same as it would have been in the absence o
the particle. The complex number

a= ("l =a +ia”, (26.5)

with real and imaginary parig’ and«”, plays an important role in the following
discussion. Thdinal particle wave packets’) and|d’) in (26.4) are the same as
in the absence of any interaction with the environment, (26.2). That is, we a
assuming that the scattering process has an insignificant influence upon the ce
of mass of the particle itself as it travels through either arm of the interferomete
This approximation is made in order to simplify the following discussion; one
could, of course, explore a more complicated situation.
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The complete unitary time evolution of the particle and its environment as th
particle passes through the interferometer is given by

[Wo) = |a)le) > (Ic) + |d))l€)/v/2 >
[2) = (IC)|€') + 1d)]€”)) /2 > (26.6)
1Wa) = [18)(Ie') — ")) + 1 F)(I€") + [€"))] /2,

where we assume that the environment sigteloes not change betwegrandt;.
(This is not essential, and one could assume a different statés)say to, which
develops unitarily intge) att;.) Therefore, in the family with suppori/p] ©

I o1 ©{€],][f]} the probabilities for the particle emerging in each of the output
channels are given by

Pre) = 1(('l — (€"]) - (') — 1€"))
= 2(('l€") + ("[€") — ('|€") — (€"]€))) = 31— o)), (26.7)
Pr(f) = 2(('l + (") - (I€") + 1€") = 31 + ).

Because the states entering the inner product in (26.5) are hormatizean-
not be greater than 1. J¢”) = |¢’), thena’ = « = 1 and there is no decoherence:
the interference pattern is the same as in the absence of any interaction with
environment, and the particle always emerged inThe interference effect dis-
appears when’ = 0, and the particle emerges with equal probabiliteiar f.
This could happen even witlx| rather large, for example; = i. But in such a
case there would still be a substantial coherence between the wave packets in tl
andd arms, and the corresponding interference effect could be detected by shifti
the second beam splitter by a small amount so as to change the difference in p
length between the andd arms by a quarter wavelength. Hence it seems sensibl
to use|a| rather tharx’ as a measure of coherence between the two arms of tr
interferometer, and % |«| as a measure of the amount of decoherence.

26.3 Density matrix

In a situation in which one is interested in what happens to the particle after
passes through the second beam splitter without reference tm#iestate of the
environment, it is convenient to use a density matgixor the particle at the inter-
mediate timd; in (26.6), just before the particle passes through the second bea
splitter. By taking a partial trace over the environmé&rih the manner indicated

in Sec. 15.3, one obtains

= Tre(1¥2) (¥2l) = 3(I)(C] + 1d)(d'| + alc)(d'| + @*|d)(C]]).  (26.8)



26.3 Density matrix 353

This has the form

(172 a2

when written as a matrix in the badig’), |[d")}, with (c'|p,|C’) in the upper left
corner. If we think ofp, as a pre-probability, see Sec. 15.2, its diagonal element
represent the probability that the particle will be in ther thed arm. Twice the
magnitude of the off-diagonal elements serves as a convenient measure of col
ence between the two arms of the interferometer, and thu$ is a measure of
the decoherence.

After the particle passes through the second beam splitter, the density matrix
given by (see Sec. 15.4)

p3 = Ta(ts, t2) p2Ta(tz, t3), (26.10)

whereT 4 (13, tp) is the unitary transformation produced by the second beam splitte
(26.3), and we assume that during this process there is no further interaction of 1
particle with the environment. The result is

ps =3 [(A—aNleyel + L +a)f)(fl+ia"(le)(fl—[f)(e)]. (26.11)

The diagonal parts gfs, the coeficients of|e)(e| and| f )( f |, are the probabilities
that the particle will emerge in theor the f channel, and are, of course, identical
with the expressions in (26.7).

Using a density matrix is particularly convenient for discussing a situation ir
which the patrticle interacts with the environment more than once as it pass
through thec or thed arm of the interferometer. The simplest situation to ana-
lyze is one in which each of these interactions is independent of the others, a
they do not alter the wave packet of the particle. In particular, let the environmel
consist of a number of separate pieces (e.g., separate molecules) with a Hilk
space

E=61Q5QRE3Q &, (26.12)
and an initial state
l€) = |e1) ® |e2) ® |€3) ® - - - |€n) (26.13)

attimet;. The jthinteraction results ife;) changing tde;) if the particle is in the
c arm, or to|e]/> if the particle is in thed arm. Thus the net effect of all of these
interactions as the particle passes through the interferometer is

c)le) = IC)ler)|€a) -+ - len) > [C)]€") = IC)le)l€r) - - - lep),

1 " I " " " (2614)
[d)e) = |d)lea)l€2) - - - |€n) > [d)|€”) = |d)|eg)l€z) - - - [€q).
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The reduced density matrip, for the particle just before it passes through the
second beam splitter is again of the form (26.8) or (26.9), with

o = ("|e') = agaz- - an, (26.15)
where
aj = (ejl€)), (26.16)

and p3, when the particle has passed through the second beam splitter, is ag
given by (26.11).

In a typical situation one would expect thg to be less than 1, though not
necessarily small. Note that if there are a large number of collisiois(26.15)
can be very small, even if the individual are not themselves small quantities.
Thus repeated interactions with the environment will in general lead to great
decoherence than that produced by a single interaction, and if these interactions
of roughly the same kind, one expects the cohergmtt decrease exponentially
with the number of interactions.

Even if the different interactions with the environment are not independent c
one another, the net effect may well be much the same, although it might take mc
interactions to produce a given reduction|®@f. In any case, what happens at the
second beam splitter, in particular the probability that the particle will emerge i
each of the output channels, depends only on the density mafdxthe particle
when it arrives at this beam splitter, and not on the details of all the scatterir
processes which have occurred earlier. For this reason, a density matrix is ve
convenient for analyzing the nature and extent of decoherence in this situation.

26.4 Random environment

Suppose that the environment which interacts with the particle is itself random, a
that at timet;, when the particle emerges from thest beam splitter, it is described
by a density matriXR; which can be written in the form

Ri=Y_ pjle!)ell, (26.17)
j

where{|e})} is an orthonormal basis ¢f, and}_ p; = 1. Although it is natural,
and for many purposes not misleading to think of the environment as being in ti
state|el) with probability pj, we shall think ofR; as simply a pre-probability
(Sec. 15.2). Assume that while the particle is inside the interferometer, during t
time interval fromt; to t,, the interaction with the environment gives rise to unitary
transformations

I0)lel) > [c)Ighy, d)ely > [d)Int), (26.18)
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where we are again assuming, as in (26.4) and (26.14), that the environment |
a negligible influence on the particle wave packetsand|d’). Because the time
evolution is unitary{|¢1)} and{|»!)} are orthonormal bases 6&f

Let the state of the particle and the environment be given by a density matrix

Vv =[a] ® Ry, (26.19)

whereja) = (|c)+]d))/+/2 is the state of the particle when it emerges fronitss
beam splitter. At,, just before the particle leaves the interferometer, the densit
matrix resulting from unitary time evolution of the total system will be

=3 plle)eI® g !+ 1d @ In') (0]
]

+HeNd @ 1) (| +1d) T @ In') (] (26.20)
Taking a partial trace gives the expression
p2 = Tre(W2) = 3[Ic)(C] + [d)(d'| +alc)(d'| +ad) (],  (26.21)
for the reduced density matrix of the particle at titpewhere

a= " pin|c)). (26.22)
j

The expression (26.21) is formally identical to (26.8), but the complex paramet:
« is now a weighted average of a collection of complex numbers, the inner produc
{{(n}|¢1)}, each with magnitude less than or equal to 1. Consider the case in whi

¢l =€, (26.23)

that is, the interaction with the environment results in nothing but a phase diffe
ence between the wave packets of the particle incthadd arms. Even though
l(nl|¢c1)| = 1 for everyj, the sum (26.22) will in general result ja| < 1, and if
the sum includes a large number of random phasgsan be quite small. Hence
a random environment can produce decoherence even in circumstances in whic
nonrandom environment (as discussed in Secs. 26.2 and 26.3) does not.

The basig|e!)} in which Ry is diagonal is useful for calculations, but does not
actually enter into thénal result forp,. To see this, rewrite (26.18) in the form

Ic) ® €) = Ic) ® Ucle), |d) ® [€) — |d') ® Ugle), (26.24)

where|e) is any state of the environment, abld andUy are unitary transforma-
tions on€. Then (26.22) can be written in the form

a = Tre(RiUJUC), (26.25)

which makes no reference to the baigid )}.
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26.5 Consistency of histories
Consider a family of histories at timég < t; < t, < t3 with support
Y =[] ©[c] ©[C] O [€],
Y =[yo] ©[d] ©[d] O [e],
Yo' = [yo] © [c] © [¢] O[f],
Y =[yol O [d] ©[d]O[f],
where [/] is the initial statela)|¢) in (26.6), and the unitary dynamics is that of
Sec. 26.2. The chain operators for histories which endejirafe automatically

orthogonal to those of histories which end if][ However, when thdinal states
are the same, the inner products are

(KYIH, K(YN) = a/4 = —(K(Y®), K(Y®)), (26.27)

(26.26)

whereq is the parameter dimed in (26.5), which appears in the density matrix
(26.8) or (26.9). Equation (26.27) is also valid in the case of multiple interaction
with the environment, where is given by (26.15). And it holds for the random
environment discussed in Sec. 26.4, withdefined in (26.22), provided one re-
defines the histories in (26.26) by eliminating the initial statg][ so that each
history begins with§] or [d] at t;, and uses the density matnix, (26.19), as an
initial state at timd; in the consistency condition (15.48). In this case the operato
inner product used in (26.27) i$)y,, as it involves the density matri¥;, see
(15.48).

If there is no interaction with the environment, then= 1 and (26.27) implies
that the family (26.26) is not consistent. Howeveg ifs very small, even though
it is not exactly zero, one can say that the family (26.2@&gdproximately consis-
tent or consistent for all practical purposes, for the reasons indicated at the e
of Sec. 10.2: one expects that by altering the projectors by small amounts one ¢
produce a nearby family which is exactly consistent, and which has essentially t
same physical sigficance as the original family.

This shows that the presence of decoherence may make it possible to disc
the time dependence of a quantum system using a family of histories which in tl
absence of decoherence would violate the consistency condtions and thus not m
sense. This is an important consideration when one wants to understand how
classical behavior of macroscopic objects is consistent with quantum mechani
which is the topic of the next section.

26.6 Decoherence and classical physics

The simple example discussed in the preceding sections of this chapter illustra
two important consequences of decoherence: it can destroy interference effe
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and it can render certain families of histories of a subsystem consistent, or at le:
approximately consistent, when in the absence of decoherence such a family is
consistent. There is an additional important effect which is not part of decoheren
as such, for it can arise in either a classical or a quantum system interacting with
environment: the environment perturbs the motion of the system one is interest
in, typically in a random way. (A classical example is Brownian motion, Sec. 8.1.

The laws of classical mechanics are simple, have an elegant mathematical for
and are quite unlike the laws of quantum mechanics. Nonetheless, physicists |
lieve that classical laws are only an approximation to the more fundamental qua
tum laws, and that quantum mechanics determines the motion of macroscoj
objects made up of many atoms in the same way as it determines the motion
the atoms themselves, and that of the elementary particles of which the atoms
composed. However, showing that classical physics is a limiting case of quantu
physics is a nontrivial task which, despite considerable progress, is not yet col
plete, and a detailed discussion lies outside the scope of this book. The followi
remarks are intended to give a very rough and qualitative picture of how the cc
respondence between classical and quantum physics comes about. More dete
treatments will be found in the references listed in the bibliography.

A macroscopic object such as a baseball, or even a grain of dust, is made up
an enormous number of atoms. The description of its motion provided by class
cal physics ignores most of the mechanical degrees of freedom, and focuses o
rather small number dafollective coordinates. These are, for example, the cente
of mass and the Euler angles for a rigid body, to which may be added the vibr
tional modes for dlexible object. For dluid, the collective coordinates are the
hydrodynamic variables of mass and momentum density, thought of as obtained
“coarse graining'an atomic description by averaging over small volumes which
still contain a very large number of atoms. It is important to note that the class
cal description employs a very special set of quantities, rather than using all ti
mechanical degrees of freedom.

Itis plausible that properties represented by classical collective coordinates, st
as“the mass density in regiod has the valuér”, correspond to projectors onto
subspaces of a suitable Hilbert space. These subspaces will have a very large
mension, because the classical description is relatively coarse, and there will r
be a unique projector corresponding to a classical property, but instead a collecti
of projectors (or subspaces), all of which correspond within some approximatic
to the same classical property.

In the same way, a classical property which changes as a function of time w
be associated with different projectors as time progresses, and thus with a quant
history. The continuous time variable of a classical description can be related to t
discrete times of a guantum history in much the same way as a continuous classi
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mass distribution is related to the discrete atoms of a quantum description. Ji
as a given classical property will not correspond to a unique quantum projectc
there will be many quantum histories, and families of histories, which correspor
to a given classical description of the motion, and represent it to a fairly goo
approximation. The termquasi-classicalis used for such a quantum family and
the histories which it contains.

In order for a quasi-classical family to qualify as a genuine quantum descriptiol
it must satisfy the consistency conditions. Can one be sure that this is the ca:
Gell-Mann, Hartle, Brun, and Onés (see references in the bibliography) have
studied this problem, and concluded that there are some fairly general conditio
under which one can expect consistency conditions to be at least approximat
satidied for quasi-classical families of the sort one encounters in hydrodynamic
or in the motion of rigid objects. That such quasi-classical families will turn ou
to be consistent is made plausible by the following consideration. Any system «
macroscopic size is constantly in contact with an environment. Even a dust p:
ticle deep in interstellar space is bombarded by the cosmic background radiatic
and will occasionally collide with atoms or molecules. In addition to an externa
environment of this sort, macroscopic systems have an internal environment cc
stituted by the degrees of freedom left over when the collective coordinates ha
been spedied. Both the external and the internal environment can contribute t
processes of decoherence, and these can make it very hard to observe quantur
terference effects. While the absence of interference, which is signaled by the f:
that the density matrix of the subsystem is (almost) diagonal in a suitable repr
sentation, is not the same thing as the consistency of a suitable family of histori
nonetheless the two are related, as suggested by the example considered ec
in this chapter, where the same parametetharacterizes both the degree of co-
herence of the particle when it leaves the interferometer, and also the extent
which certain consistency conditions are nofifldd. The effectiveness of this
kind of decoherence is what makes it venyfidifilt to design experiments in which
macroscopic objects, even those no bigger than large molecules, exhibit quant
interference.

If a quasi-classical family can be shown to be consistent, will the histories in |
obey, at least approximately, classical equations of motion? Again, this is a no
trivial question, and we refer the reader to the references in the bibliography f
various studies. For example, Ogmhas published a fairly general argument that
classical and quantum mechanics give similar results if the quantum projectors ¢
respond (approximately) to a cell in the classical phase space which is not too sir
and has a fairly regular shape, provided that during the time interval of interest tl
classical equations of motion do not result in too great a distortion of this cell. Thi
last condition can break down rather quickly in the presence of chaos, a situation
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which the motion predicted by the classical equations depends in a very sensit
way upon initial conditions.

Classical equations of motion are deterministic, whereas a quantum descripti
employing histories is stochastic. How can these be reconciled? The answerist
the classical equations are idealizations which in appropriate circumstances we
rather well. However, one must expect the motion of any real macroscopic syste
to show some effects of a random environment. The deterministic equations o
usually writes down for classical collective coordinates ignore these environment
effects. The equations can be mibelil to allow for the effects of the environment
by including stochastic noise, but then they are no longer deterministic, and tf
narrows the gap between classical and quantum descriptions. Itis also worth ke
ing in mind that under appropriate conditions the quantum probability associate
with a suitable quasi-classical history of macroscopic events can be very close
1. These considerations would seem to remove anfficobetween classical and
guantum physics with respect to determinism, especially when one realizes that
classical description must in any case be an approximation to some more accurt
guantum description.

In conclusion, even though many details have not been worked out and mu
remains to be done, there is no reason at present to doubt that the equation:
classical mechanics represent an appropriate limit of a more fundamental quant
description based upon a suitable set of consistent histories. Only certain aspe
of the motion of macroscopic physical bodies, namely those described by apptr
priate collective coordinates, are governed by classical laws. These laws provi
an approximate description which, while quite adequate for many purposes, w
need to be supplemented in some circumstances by adding a certain amoun
environmental or quantum noise.
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Quantum theory and reality

27.1 Introduction

The connection between human knowledge and the real world to which itis (hop
fully) related is a dificult problem in philosophy. The purpose of this chapter is
not to discuss the general problem, but only some aspects of it to which quantt
theory might make a sigficant contribution. In particular, we want to discuss the
guestion as to how quantum mechanics requires us to revise pre-quantum id
about the nature of physical reality. This is still a very large topic, and space wi
permit no more than a brief discussion of some of the significant issues.

Physical theories should not be confused with physical reality. The former ar
at best, some sort of abstract or symbolic representation of the latter, and this
as true of classical physics as of quantum physics. The phase space used to re
sent a classical system and the Hilbert space used for a quantum system are |
mathematical constructs, not physical objects. Neither planets nor electrons in
grate differential equations in order to decide where to go next. Wave functior
exist in the theoriss notebook and not, unless in some metaphorical sense, in tt
experimentaliss laboratory. One might think of a physical theory as analogou:
to a photograph, in that it contains a representation of some object, but is not t
object itself. Or one can liken it to a map of a city, which symbolizes the location
of streets and buildings, even though it is only made of paper and ink.

We can comprehend (to some extent) with our minds the mathematical and Ic
ical structure of a physical theory. If the theory is well developed, there will be
clear relationships among the mathematical and logical elements, and one can
cuss whether the theory is coherent, logical, beautiful, etc. The question of whetf
atheory is true, its relationship to the real wortalit there”, is more subtle. Even if
a theory has been well cirmed by experimental tests, as in the case of quantun
mechanics, believing that it is (in some sense) a true description of the real wol
requires a certain amount of faith. A decision to accept a theory as an adeque
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or even as an approximate representation of the world is a matter of judgme
which must inevitably move beyond issues of mathematical proof, logical rigol
and agreement with experiment.

If a theory makes a certain amount of sense and gives predictions which agr
reasonably well with experimental or observational results, scientists are incline
to believe that its logical and mathematical structurferds the structure of the
real world in some way, even if philosophers will remain permanently sceptica
Granted that all theories are eventually shown to have limitations, we noneth
less think that Newtdis mechanics is a great improvement over that of Aristotle,
because it is a much betteflextion of what the real world is like, and that relativ-
ity theory improves upon the science of Newton because space-time actually dc
have a structure in which light moves at the same speed in any inertial coordine
system. Theories such as classical mechanics and classical electromagnetism
remarkably good job within their domains of applicability. How can this be under:
stood if not by supposing that theyflect something of the real world in which we
live?

The same remarks apply to quantum mechanics. Since it has a consistent m:
ematical and logical structure, and is in good agreement with a vast amount
observational and experimental data, it is plausible that quantum theory is a bet
reflection of what the real world is like than the classical theories which precede
it, and which could not explain many of the microscopic phenomena that are no
understood using quantum methods. The faith of the physicist is that the real wol
is something like our best theories, and at the present time it is universally agre
that quantum mechanics is a very good theory of the physical world, better th:
any other currently available to us.

27.2 Quantum vs. classical reality

What are the main respects in which quantum mechanics differs from classic
mechanics? To begin with, quantum theory employs wave functions belonging
a Hilbert space, rather than points in a classical phase space, in order to descl
a physical system. Thus a quantum particle, in contrast to a classical partic
Secs. 2.3 and 2.4, does not possess a precise position or a precise momen
In addition, the precision with which either of these quantities can lieetis

limited by the Heisenberg uncertainty principle, (2.22). This does not mean th
guantum entities arefuzzy” and ill-defined, for a ray in the Hilbert space is as
precise a specification as a point in phase space. What it does mean is that the c
sical concepts of position and momentum can only be used in an approximate w
when applied to the quantum domain. As pointed out in Sec. 2.4, the uncertair
principle refers primarily to the fact that quantum entities are described by a ve
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different mathematical structure than are classical particles, and only secondal
to issues associated with measurements. The limitations on measurements ce
about because of the nature of quantum reality, and the fact that what does not e
cannot be measured.

A second respect in which quantum mechanics is fundamentally different frol
classical mechanics is that the basic classical dynamical laws are determinis
whereas quantum dynamical laws are, in general, stochastic or probabilistic,
that the future behavior of a quantum system cannot be predicted with certain
even when given a precise initial state. It is important to note that in quantul
theory this unpredictability in a systéstime development is an intrinsic feature
of the world, in contrast to examples of stochastic time development in classic
physics, such as the diffusion of a Brownian particle (Sec. 8.1). Classical unpr
dictability arises because one is using a coarse-grained description where sc
information about the underlying deterministic system has been thrown away, a
there is always the possibility, in principle, of a more precise description in whicl
the probabilistic element is absent, or at least the uncertainties reduced to any
tent one desires. By contrast, the Born rule or its extension to more complicat
situations, Chs. 9 and 10, enters quantum theory as an axiom, and does not re
from coarse graining a more precise description. To be sure, there have been
forts to replace the stochastic structure of quantum theory with something mo
akin to the determinism of classical physics, by supplementing the Hilbert spa
with hidden variables. But these have not turned out to be very fruitful, and, as di
cussed in Ch. 24, the Bell inequalities indicate that such theories can only restc
determinism at the price of introducing nonlocdlurences violating the principles
of special relativity.

Of course, there is no reason to suppose that quantum mechanics as unders
at the present time is the ultimate theory of how the world works. It could be that :
some future date its probabilistic laws will be derived from a superior theory whicl
returns to some form of determinism, but it is equally possible that future theorie
will continue to incorporate probabilistic time development as a fundamental fe:
ture. The fact that it was only with great reluctance that physicists abandon
classical determinism in the course of developing a theory capable of explaini
experimental results in atomic physics strongly suggests, though it does not pro
that stochastic time development is part of physical reality.

27.3 Multiple incompatible descriptions

The feature of quantum theory which differs most from classical physics is that
allows one to describe a physical system in many different ways whidheoen-
patible with one another. Under appropriate circumstances two (or more) incon
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patible descriptions can be said to be true in the sense that they can be deriver
different incompatible frameworks starting from the same information about th
system (the same initial data), but they cannot be combined in a single descriptic
see Sec. 16.4. There is no really good classical analog of this sort of incompatik
ity, which is very different from what wénd in the world of everyday experience,
and it suggests that reality is in this respect very different from anything dreame
of prior to the advent of quantum mechanics.

As a spedic example, consider the situation discussed in Sec. 18.4 usin
Fig. 18.4, where a nondestructive measuremer®, @ carried out on a spin-half
particle by one measuring device, and this is followed by a later measurement
S using a second device. There is a framew®ik(18.31), in which it is possi-
ble to infer that at the tim& when the particle was between the two measuring
devices it had the propertg, = +1/2, and another, incompatible framewaik
(18.33), in which one can infer the prope®y = +1/2 at . But there is no way
in which these inferences, even though each is valid in its own framework, ce
be combined, for in the Hilbert space of a spin-half particle there is no subspa
which corresponds t&, = +1/2 AND S, = +1/2, see Sec. 4.6. Thus we have
two descriptions of the same quantum system which because of the mathemati
structure of quantum theory cannot be combined into a single description.

It is not the multiplicity of descriptions which distinguishes quantum from clas-
sical mechanics, for multiple descriptions of the same object occur all the time |
classical physics and in everyday life. A teacup has a different appearance wh
viewed from the top or from the side, and the side view depends on where the he
dle is located, but there is never any problem in supposing that these different c
scriptions refer to the same object. Or consider a macroscopic body which is spi
ning. One description might specify taecomponent. , of its angular momentum,
and another th&-componenty. In classical physics, two correct descriptions of
a single object can always be combined to produce a single, more precise desc
tion, and if this process is continued using all possible descriptions, the result w
be aunigue exhaustive descriptiavhich contains each and every detail of every
true description. In the case of a mechanical system at a single time, the unig
exhaustive description corresponds to a single point in the classical phase spe
Any true description can be obtained from the unique exhaustive description |
coarsening it, that is, by omitting some of the details. Thus specifying a regio
in the phase space rather than a single point produces a coarser description
mechanical system.

For the purposes of the following discussion it is convenient to refer to the ide
that there exists a unique exhaustive description aptiheiple of unicity or sim-
ply unicity. This principle implies that every conceivable property of a particulal
physical system will be either true or false, since it either is or is not contained i
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or implied by, the unique exhaustive description. Thus unicity implies the exis
tence of a universal truth functional adfished in Sec. 22.4. But as was pointed out
in that section, there cannot be a universal truth functional for a quantum Hilbe
space of dimension greater than 2. This is one of several ways of seeing that qu
tum theory is inconsistent with the principle of unicity, so that unicity is not part
of quantum reality. It is the incompatibility of quantum descriptions which pre-
vents them from being combined into a more precise description, and thus mal
it impossible to create a unique exhaustive description.

The difference between classical and quantum mechanics in this respect car
seen by considering a nondestructive measuremehby &dr a macroscopic spin-
ning body, followed by a later measurement.gf Combining a description based
upon thefirst measurement with one based on the second takes one two thirds
the way towards a unigue exhaustive description of the angular momentum ve
tor. But trying to combineS, and S, values for a spin-half particle is, as already
noted, an impossibility, and this means that these two descriptions cannot be «
tained by coarsening a unique exhaustive quantum description, and therefore
such description exists.

In order to describe a quantum system, a physicist must, of necessity, adc
some framework and this means choosing among many incompatible framewor
no one of which is, from a fundamental point of view, more appropriate or mor
“real than any other. This freedom of choice on the part of the physicist ha
occasionally been misunderstood, so it is worth pointing out some things which
doesnotmean.

First, the freedom to use different incompatible frameworks in order to constru
different incompatible descriptions does not make quantum mechanics a subject
science. Two physicists who employ the same framework will reach identical cot
clusions when starting from the same initial data. More generally, they will reac
the same answers to the same physical questions, even when some question
be addressed using more than one framework; see the consistency argumer
Sec. 16.3. To use an analogy, if one physicist discuksséar a macroscopic spin-
ning object and another physicisy, their descriptions cannot be compared with
each other, but if both of them describe the same component of angular moment
and infer its value from the same initial data, they will agree. The same is true «
S, andS; for a spin-half particle.

Second, what a physicist happens to be thinking about when choosing a fran
work in order to construct a quantum description does not somehfhueirte
reality in a manner akin to psychokinesis. No one would suppose that a phy:
cist's choosing to describe, rather tharl . for a macroscopic spinning body was
somehow ifiuencing the body, and the same holds for quantum descriptions ¢
microscopic objects. Choosing &, rather than, say, a8, framework makes it
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possible to discuss;, but does not determine its value. Once the framework ha
been adopted it may be possible by logical reasoning, given suitable data, to in
thatS, = +1/2 rather than-1/2, but this is no more a case of mindlirencing
matter than would be a similar inference of a valud.gfor a macroscopic body.
Third, choosing a framewotrk for constructing a description does not mean that
some other description constructed using an incompatible framegdskfalse.
Quantum incompatibility is very different from the notion of mutually exclusive
descriptions, where the truth of one implies the falsity of the other. Once again ti
analogy of classical angular momentum is helpful: a description which assigns
value toL , does not in any way render false a description which assigns a value
Ly, even though it does exclude a description that assigtifeaentvalue toL,.
The same comments apply andS, in the quantum case.
In order to avoid the mistake of supposing that incompatible descriptions al
mutually exclusive, it is helpful to think of them as referringdifferent aspectsf
a quantum system. Thus using tBeframework allows the physicist to describe
the" S, aspect’of a spin-half particle, which is quite distinct from th&, aspect”.
To be sure, one still has to remember that, unlike the situation in classical physic
two incompatible aspects cannot both enter a single description of a quantum s
tem. While using an appropriate terminology and employing classical analogit
are helpful for understanding the concept of quantum incompatibility, it remain
true that this is one feature of quantum reality which is far easier to represent
mathematical terms than by means of a physical picture.

27.4 The macroscopic world

Our most immediate contact with physical reality comes from our sensory exp
rience of the macroscopic world: what we see, hear, touch, etc. A fundament
physical theory should, at least in principle, be able to explain the macroscop
phenomena we encounter in everyday life. But there is no reason why it must |
built up entirely out of concepts from everyday experience, or restricted to everyd:
language. Modern physical theories posit all sorts of strange things, from quar
to black holes, that are totally alien to everyday experience, and whose descripti
often requires some rather abstract mathematics. There is no reason to deny
such objects are part of physical reality, as long as they form part of a coherent tt
oretical structure which can relate them, even somewhat indirectly, to things whic
are accessible to our senses.

Two considerations suggest that quantum mechanics can (in principle) exple
the world of our everyday experience in a satisfactory way. First, the macroscor
world can be described very well using classical physics. Second, as discussec
Sec. 26.6, classical mechanics is a good approximation to a fully quantum mech:
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ical description of the world in precisely those circumstances in which classic:
physics is known to work very well. This quantum description employs a quas
classical framework in which appropriate macro projectors represent properties
macroscopic objects, and the relevant histories, which are well-approximated

solutions of classical equations of motion, are rendered consistent by a process
decoherence, that is, by interaction with the (internal or external) environment «
the system whose motion is being discussed.

Itis important to note that all of the phenomena of macroscopic classical physi
can be described usingmglequasi-classical quantum framework. Within a single
framework the usual rules of classical reasoning and probability theory apply, ai
guantum incompatibility, which has to do with the relationship betwdiéfierent
frameworks, never arises. In this way one can understand why quantum incol
patibility is completely foreign to classical physics and invisible in the everyday
world. (As pointed out in Sec. 26.6, there are actually many different quas
classical frameworks, each of which gives approximately the same results for t
macroscopic variables of classical physics. This multiplicity does not alter th
validity of the preceding remarks, since a description can employ any one of the
frameworks and still lead to the same classical physics.)

Stochastic quantum dynamics can be reconciled with deterministic classic
dynamics by noting that the latter is in many circumstances a rather good apprc
imation to a quasi-classical history that the quantum system follows with hig
probability. Classical chaotic motion is an exception, but in this case classic
dynamics, while in principle deterministic, is as a practical matter stochastic, sinc
small errors in initial conditions are rapidly anipdid into large and observable
differences in the motion of the system. Thus even in this instance the situation
not much different from quantum dynamics, which is intrinsically stochastic.

The relationship of quantum theory to pre-quantum physics is in some way
analogous to the relationship between special relativity and Newtonian mechani
Space and time in relativity theory are related to each other in a very differel
way than in nonrelativistic mechanics, in which time is absolute. Nonetheless, |
long as velocities are much less than the speed of light, nonrelativistic mechan
is an excellent approximation to a fully relativistic mechanics. One never eve
bothers to think about relativistic corrections when designing the moving par
of an automobile engine. The same theory of relativity that shows that the old
ideas of physical reality are very wrong when applied to bodies moving at clos
to the speed of light also shows that they work extremely well when applied t
objects which move slowly. In the same way, quantum theory shows us that o
notions of pre-quantum reality are entirely inappropriate when applied to electrol
moving inside atoms, but work extremely well when applied to pistons movin
inside cylinders.
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However, quantum mechanics also allows the use of non-quasi-classical fran
works for describing macroscopic systems. For example, the macroscopic det
tors which determine the channel in which a spin-half particle emerges from
Stern—Gerlach magnet, as discussed in Secs. 17.3 and 17.4, can be described
quasi-classical framework, such as (17.25), in which one or the other detector
detects the particle, or by a non-quasi-classical framewoirk which the initial
state develops unitarily into a macroscopic quantum superposition (MQS) state
the detector system. Is it a defect of quantum mechanics as a fundamental the
that it allows the physicist to use either of the incompatible framew@tlsdG
to construct a description of this situation, given that MQS states of this sort a
never observed in the laboratory?

One must keep in mind the fact mentioned in the previous section that tw
incompatible quantum frameworkS andG do not represent mutually-exclusive
possibilities in the sense that if the world is correctly describedrliycannot be
correctly described by, and vice versa. Instead it is best to think/®fandg as
means by which one can describe different aspects of the quantum system, as ¢
gested at the end of Sec. 27.3. To discuss which detector has detected the par
one must employF, since the concept makes no sensg jrwhereas thé MQS
aspect’or “unitary time development aspé&dor which G is appropriate makes
no sense irfF. Either framework can be employed to answer those questions fc
which it is appropriate, but the answers given by the two frameworks cannot t
combined or compared. (Also see the discussion of@@lthgers cat in Sec. 9.6.)

If one were trying to set up an experiment to detect the MQS state, then or
would want to employ the frameworid, or, rather, its extension to a framework
which included the additional measuring apparatus which would be needed to ¢
termine whether the detector system was in the MQS state or in some state orth
onal to it. In fact, by using the principles of quantum theory one can argue th:
actual observations of MQS states are extremefyadilt, even if*macroscopicis
employed somewhat loosely to include even an invisible grain of material contail
ing a few million atoms. The process of decoherence in such situations is extrem
fast, and in any case constructing some apparatus sensitive to the relative phase
a macroscopic superposition is a practical impossibility. It may be helpful to dray
an analogy with the second law of thermodynamics. Whereas there is nothing
the laws of classical (or quantum) mechanics which prevents the entropy of a s\
tem from decreasing as a function of time, in practice this is never observed, and 1
principles of statistical mechanics provide a plausible explanation through assig
ing an extremely small probability to violations of the second law. In a similar way
guantum mechanics can explain why MQS states are never observed in the labc
tory, even though they are very much a part of the fundamental theory, and her
also part of physical reality to the extent that quantum thedigcts that reality.
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The difficulty of observing MQS states also explains why violations of the prin-
ciple of unicity (see the previous section) are not seen in macroscopic syster
even though readily apparent in atoms. The breakdown of unicity is only appare
when one constructs descriptions using different incompatible frameworks, so it
never apparent if one restricts attention to a single framework. As noted earlie
classical physics works very well for a macroscopic system precisely because it
a good approximation to a quantum description based on a single quasi-classi
framework. Hence even though quantum mechanics violates the principle of uni
ity, quantum mechanics itself provides a good explanation as to why that princip
is always obeyed in classical physics, and its violation was neither observed r
even suspected before the advent of the sdiemtevelopments which led to quan-
tum theory.

27.5 Conclusion

Quantum mechanics is clearly superior to classical mechanics for the description
microscopic phenomena, and in principle works equally well for macroscopic ph
nomena. Hence it is at least plausible that the mathematical and logical structt
of quantum mechanics betteflext physical reality than do their classical counter-
parts. If this reasoning is accepted, quantum theory requires various changes in
view of physical reality relative to what was widely accepted before the quantur
era, among them the following:

1. Physical objects never possess a completely precise position or momentt

2. The fundamental dynamical laws of physics are stochastic and not dete
ministic, so from the present state of the world one cannot infer a uniqu
future (or past) course of events.

3. The principle of unicity does not hold: there is not a unique exhaustive de
scription of a physical system or a physical process. Instead, reality is su
that it can be described in various alternative, incompatible ways, usin
descriptions which cannot be combined or compared.

All of these, and especially the third, represent radical revisions of the pre
guantum view of physical reality based upon, or at least closely allied to classic
mechanics. At the same time it is worth emphasizing that there are other respe
in which the development of quantum theory leaves previous ideas about physi
reality unchanged, or at least very little altered. The following is not an exhaustiv
list, but indicates a few of the ways in which the classical and quantum viewpoin
are quite similar:
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1. Measurements play no fundamental role in quantum mechanics, just as tt
play no fundamental role in classical mechanics. In both cases, measul
ment apparatus and the process of measurement are described using
same basic mechanical principles which apply to all other physical object
and physical processes. Quantum measurements, when interpreted us
a suitable framework, can be understood as revealing properties of a me
sured system before the measurement took place, in a manner which w
taken for granted in classical physics. See the discussion in Chs. 17 a
18. (It may be worth adding that there is no special role for human con
sciousness in the quantum measurement process, again in agreement \
classical physics.)

2. Quantum mechanics, like classical mechanics, is a local theory in the ser
that the world can be understood without supposing that there are my
terious influences which propagate over long distances more rapidly the
the speed of light. See the discussion in Chs:253of the EPR paradox,
Bell's inequalities, and Hardy paradox. The idea that the quantum world
is permeated by superluminal influences has come about because of an
adequate understanding of quantum measurermetitsparticular, the as-
sumption that wave function collapse is a physical proeessr through
assuming the existence of hidden variables instead of (or in addition to) tf
guantum Hilbert space, or by employing counterfactual arguments whic
do not satisfy the single-framewaork rule. By contrast, a consistent applice
tion of quantum principles provides a positive demonstration oAtisence
of nonlocal influences, as in the example discussed in Sec. 23.4.

3. Both quantum mechanics and classical mechanics are consistent with 1
notion of anindependent reality, a real world whose properties and fun-
damental laws do not depend upon what human beings happen to belie
desire, or think. While this real world contains human beings, among othe
things, it existed long before the human race appeared on the surface of t
earth, and our presence is not essential for it to continue.

The idea of an independent reality had been challenged by philosophers lo
before the advent of quantum mechanics. However, thHecdify of interpreting
guantum theory has sometimes been interpreted as providing additional reasons
doubting that such a reality exists. In particular, the idea that measurements ¢
lapse wave functions can suggest the notion that they thereby bring reality into €
istence, and if a conscious observer is needed to collapse the wave function (M
state) of a measuring apparatus, this could mean that consciousness somehow [
a fundamental role in reality. However, once measurements are understood as
more than particular examples of physical processes, and wave function collay
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as nothing more than a computational tool, there is no reason to suppose that gt
tum theory is incompatible with an independent reality, and one is back to th
situation which preceded the quantum era. To be sure, neither quantum nor cl
sical mechanics provides watertight arguments in favor of an independent reali
In the final analysis, believing that there is a real wdttdit theré, independent

of ourselves, is a matter of faith. The point is that quantum mechanics is just :
consistent with this faith as was classical mechanics. On the other hand, quant
theory indicates that theatureof this independent reality is in some respects quite
different from what was earlier thought to be the case.
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(1993), Omees (1999) (which gives references to earlier work), and Brun (1993
1994).

For the argument of On#s on the relationship of classical and quantum mechan
referred to in Sec. 26.6, see Chs. 10 and 11 of €1{1999), and his references to
earlier work.

Ch. 27. Quantum theory and reality

On the dificulty of observing MQS states, Sec. 27.4, see @m{1994), Ch. 7,
Sec. 8.



References

Note: WZ refers to the source book by Wheeler and Zurek (1983).

Aharonov, Y. and L. Vaidman (1991). Complete description of a quantum system at a give
time.J. Phys. A24, 2315.

Alley, C. O., O. Jakubowicz, C. A. Steggerda, and W. C. Wickes (1983). A delayed rando
choice quantum mechanics experiment with light quantByae. Int. Symp. Founda-
tions of Quantum Mechanicgd. S. Kamefuchet al. (Physical Society of Japan,
Tokyo), p. 158.

Alley, C. O., O. Jakubowicz, and W. C. Wickes (1987). Results of the delayed-randon
choice gquantum mechanics experiment with light quantaRroc. 2nd Int. Symp.
Foundations of Quantum Mechanics, ed. M. Namiki (Physical Society of Japar
Tokyo), p. 36.

Bell, J. S. (1964). On the Einstein Podolsky Rosen paraBbysicsl, 195. Reprinted in
Ch. 2 of Bell (1987).

Bell, J. S. (1966). On the problem of hidden variables in quantum mech&eesMod.
Phys.38, 447.

Bell, J. S. (1987)Speakable and Unspeakable in Quantum Mecha@esnbridge Uni-
versity Press, Cambridge, UK).

Bell, J. S. (1990). Against measurement,Sixty-Two Years of Uncertaintedited by
A. . Miller (Plenum Press, New York), p. 17.

Berndl, K., M. Daumer, D. Drr, S. Goldstein, and N. Zangfl1995). A survey of Bohmian
mechanicsNuovo Cimento B 10, 737.

Birkhoff, G. and J. von Neumann (1936). The logic of quantum mechafiusals Math.

37, 823. Reprinted idohn von Neumann Collected Works, ed. A. H. Taub (Macmillan,
New York, 1962), Vol. IV, p. 105.

Blank, B., P. Exner, and M. HaMek (1994)Hilbert Space Operators in Quantum Physics
(American Institute of Physics, New York).

Bohm, D. (1951)Quantum TheoryPrentice Hall, New York).

Bohm, D. (1952). A suggested interpretation of the quantum theory in terfftsdiden”
variables, | and IIPhys. Rew85, 166. Reprinted in WZ p. 369.

Bohm, D. and B. J. Hiley (1993Y.he Undivided UniverséRoutledge, London).

Bohr, N. (1951). Discussion with Einstein on epistemological problems in atomic physic:
in Albert Einstein: Philosopher Scientj2d edition, ed. P. A. Schilpp (Tudor Pub-
lishing, New York), p. 199. Reprinted in WZ p. 9.

377



378 References

Born, M. (1926). Zur Quantenmechanik der Btorgange.Z. Phys.37, 863. An English
translation is in WZ, p. 52.

Born, M. and E. Wolf (1980)Principles of Optics6th edition (Pergamon Press, Oxford).

Bransden, B. H. and C. J. Joachain (198&yoduction to Quantum Mechani¢songman,
London).

Brun, T. A. (1993). Quasiclassical equations of motion for nonlinear Brownian system
Phys. Rev. D17, 3383.

Brun, T. A. (1994). Applications of the Decoherence Formalism, PhD dissertation, Cal
fornia Institute of Technology.

Clauser, J. F., M. A. Horne, A. Shimony, and R. A. Holt (1969). Proposed experiment t
test local hidden-variable theorid2hys. Rev. LetR23, 880.

Cohen-Tannoudiji, C., B. Diu, and F. L&¢1977).Quantum MechanicgHermann, Paris).

DeGroot, M. H. (1986)Probability and Statistics2d edition (Addison-Wesley, Reading,
Massachusetts).

d Espagnat, B. (1984). Nonseparability and the tentative descriptions of rdziiysg.
Repts110, 201.

d Espagnat, B. (1989Reality and the Physici¢€Cambridge University Press, Cambridge,
UK).

Dicke, R. H. (1981). Interaction-free quantum measurements: a parddox3. Phys49,
925.

Dirac, P. A. M. (1958).The Principles of Quantum Mechanjcih edition (Oxford Uni-
versity Press, Oxford).

Dowker, F. and A. Kent (1996). On the consistent histories approach to quantum mech:
ics.J. Stat. Phys82, 1575.

Einstein, A., B. Podolsky, and N. Rosen (1935). Can quantum-mechanical description
physical reality be considered completef?ys. Rev47, 777.

Elitzur, A. C. and L. Vaidman (1993). Quantum mechanical interaction-free measuremen
Found. Phys23, 987.

Englert, B. G., M. O. Scully, G. Sussmann, and H. Walther (1992). Surrealistic Bohr
trajectoriesZ. Naturforsch47a 1175.

Feller, W. (1968) An Introduction to Probability Theory and Its Applicationl. 1, 3rd
edition (John Wiley & Sons, New York).

Fetter, A. L. and J. D. Walecka (1971Quantum Theory of Many-Particle Systems
(McGraw-Hill, New York).

Feynman, R. P., R. B. Leighton, and M. Sands (1988 Feynman Lectures on Physics
\ol. 1l (Addison-Wesley, Reading, Massachusetts).

Fine, A. (1986).The Shaky Game: Einstein Realism and the Quantum Ti{Eoiyersity
of Chicago Press, Chicago). A similar perspective will be found in the 2nd editiot
(1996).

Gell-Mann, M. and J. B. Hartle (1990). Quantum mechanics in the light of quantum co:
mology, inComplexity, Entropy, and the Physics of Informatied. W. Zurek (Addi-
son Wesley, Reading, Massachusetts), p. 425; al®yaneedings of the 25th Inter-
national Conference on High Energy Physics, Singapore, 1889. K. K. Phua and
Y. Yamaguchi (World Scientfiic, Singapore).

Gell-Mann, M. and J. B. Hartle (1993). Classical equations for quantum syskhys.
Rev. D47, 3345.

Gieres, F. (2000). Mathematical surprises and Dgdéarmalism in quantum mechanics.
Rep. Prog. Phys3, 1893.

Giulini, D., E. Joos, C. Kiefer, J. Kupsch, 1.-O. Stamatescu, and H. D. Zeh (18@6).
coherence and the Appearance of a Classical World in Quantum Tl{&prnger,



References 379

Berlin).

Greenberger, D. M. (1983). The neutron interferometer as a device for illustrating tf
strange behavior of quantum systeiRsyv. Mod. Phys$5, 875.

Greenberger, D. M., M. A. Horne, A. Shimony, and A. Zeilinger (1990). 'Bateorem
without inequalitiesAmer. J. Phys58, 1131.

Griffiths, R. B. (1984). Consistent histories and the interpretation of quantum mechanic
J. Stat. Phys36, 219.

Griffiths, R. B. (1987). Correlations in separated quantum systems: a consistent hist
analysis of the EPR problerAm. J. Phys55, 11.

Griffiths, R. B. (1996). Consistent histories and quantum reasofing. Rev. A4, 2759.

Griffiths, R. B. (1998a). Choice of consistent family, and quantum incompatili?litys.
Rev. A57, 1604.

Griffiths, R. B. (1998b). Consistent histories and quantum delayed clioidschr. Phys.
46, 741.

Griffiths, R. B. (1999a). Consistent quantum counterfactiddgs. Rev. &0, 5.

Griffiths, R. B. (1999b). Bohmian mechanics and consistent histd?tes. Lett. A261,
227.

Griffiths, R. B. (2000a). Consistent histories, quantum truth functionals, and hidden va
ables.Phys. Lett. 2265, 12.

Griffiths, R. B. (2000b). Consistent quantum realism: A reply to Bassi and Ghidardi.
Stat. Phys99, 1409.

Gudder, S. (1989). Realism in quantum mecharkosind. Phys19, 949.

Hajek, A. and J. Bub (1992). EPRound. Phys22, 313.

Halmos, P. R. (1957)ntroduction to Hilbert Space and the Theory of Spectral Multiplicity,
2nd edition (Chelsea Publishing, New York).

Halmos, P. R. (1958)Finite-Dimensional Vector Space@&nd edition (Van Nostrand,
Princeton).

Hardy, L. (1992a). Quantum mechanics, local realistic theories and Lorentz-invariant re:
istic theoriesPhys. Rev. Let68, 2981.

Hardy, L. (1992b). On the existence of empty waves in quantum thBbmgs. Lett. AL67,
11.

Hellmuth, T., H. Walther, A. Zajonc, and W. Schleich (1987). Delayed-choice experiment
in quantum interferenc&hys. Rev. 85, 2532.

Horn, R. A. and C. R. Johnson (198®)atrix Analysis(Cambridge University Press, Cam-
bridge, UK).

Horn, R. A. and C. R. Johnson (199Tppics in Matrix Analysi§Cambridge University
Press, Cambridge, UK).

Isham, C. J. (1994). Quantum logic and the histories approach to quantum thédagh.
Phys.35, 2157.

Jammer, M. (1974)The Philosophy of Quantum Mechan{pgiley, New York).

Kochen, S. and E. P. Specker (1967). The problem of hidden variables in quantum mech
ics.J. Math. Mech17, 59.

Lewis, D. (1973)Counterfactual§Harvard University Press, Cambridge, Massachusetts).

Lewis, D. (1986)Philosophical Papers, Vol. 2 (Oxford University Press, New York).

Liders, G. (1951)Jber die Zustandmderung durch den Mel3prozefin. Phys. (Leipzig)
8, 322.

Litkepohl, H. (1996)Handbook of Matricegwiley, New York).

McElwaine, J. N. (1996). Approximate and exact consistency of histd?less. Rev. A3,
2021.



380 References

Mermin, N. D. (1981). Bringing home the atomic world: quantum mysteries for anybody
Am. J. Phys49, 940.

Mermin, N. D. (1985). Is the moon there when nobody looks? Reality and the quantu
theory.Physics Todag8, April, p. 38.

Mermin, N. D. (1990). Simple ufied form for the major no-hidden-variables theorems.
Phys. Rev. LetB5, 3373.

Mermin, N. D. (1993). Hidden variables and the two theorems of John Reil. Mod.
Phys.65, 803.

Mermin, N. D. (1994). Quantum mysteriedireed.Am. J. Phys62, 880.

Meyer, D. A. (1996). On the absence of homogeneous scalar unitary cellular automa
Phys. Lett. 223 337.

Merzbacher, E. (1998Quantum Mechani¢snd edition (Wiley, New York).

Mittelstaedt, P. (1998)The Interpretation of Quantum Mechanics and the Measuremen
ProcesgCambridge University Press, Cambridge, UK).

Nielsen, M. A. and I. L. Chuang (2000uantum Computation and Quantum Information
(Cambridge University Press, Cambridge, UK).

Omres, R. (1992). Consistent interpretations of quantum mechd®éss.Mod. Phys4,
339.

Omnes, R. (1994)The Interpretation of Quantum Mechaniginceton University Press,
Princeton).

Omres, R. (1999).Understanding Quantum Mechani¢®rinceton University Press,
Princeton).

Peres, A. (1990). Incompatible results of quantum measurenigings. Lett. AL51, 107.

Redhead, M. (1987)ncompleteness, Nonlocality, and Reali&xford University Press,
Oxford).

Reed, M. and B. Simon (1972)lethods of Modern Mathematical Physics. I: Functional
Analysis(Academic Press, New York).

Renninger, M. (1960). Messungen ohnér8hg des MBobjekts.Z. Phys.158 417.

Ross, S. M. (2000)introduction to Probability Models7th edition (Harcourt Academic
Press, San Diego).

Schibdinger, E. (1935). Die gegerartige Situation in der QuantenmechanNaturwis-
senschafte@3807, 823, 844. An English translation is in WZ, p. 152.

Schwabl, F. (1992)Quantum Mechanic&Springer-Verlag, Berlin).

Shankar, R. (1994 Principles of Quantum Mechanic&nd edition (Plenum Press, New
York).

Shimony, A. (1990). An exposition of Bédl theorem, irSixty-Two Years of Uncertainty
ed. A. I. Miller, (Plenum Press, New York) p. 33. Reprinted in A. Shim@warch
for a Naturalistic World View\ol. Il (Cambridge University Press, Cambridge, UK,
1993), p. 90.

Strang, G. (1988)Linear Algebra and Its Applications8rd edition (Harcourt, Brace and
Jovanovich, San Diego).

von Neumann, J. (1932Mathematische Grundlagen der QuantenmechdBigringer-
Verlag, Berlin). English translatioathematical Foundations of Quantum Mechan-
ics (Princeton University Press, Princeton, 1955).

Wannier, G. H. (1966)Statistical Physic§Wiley, New York).

Wheeler, J. A. (1978). Thepast and the“delayed-choick double-slit experiment, in
Mathematical Foundations of Quantum Theoeg. A. R. Marlow (Academic Press,
New York), p. 9.

Wheeler, J. A. (1983). Law without law, in WZ, p. 182.

Wheeler, J. A. and W. H. Zurek (editors) (1988)uantum Theory and Measurement



References 381

(Princeton University Press).

Wigner, E. P. (1963). The problem of measuremént. J. Phys31, 6.

Zurek, W. H. (1991). Decoherence and the transition from quantum to clasBiogs.
Today44, Oct., p. 36.



This Page Intentionally Left Blank



Index

=310l 38
Pr( ). Pr(E), 73
Pr(|): Pr(A| B), 74
Tr(): Tr(A), 42
Trr(): Trg(D), 90
[): 1), 27

SHw|, 29

|): (w|¥r), 29

] = 19)(ol/(1#), 34
~~P=P=1-P,35

AP AQ,58

v: PVvQ,58

©: H1 O Hy, F1 O Fp, 112

®: A®B, |a)®|b), A® B, 8287
T, seedagger operation

adjoint,33-34, 39
Aharonov, Y., 375
alpha decay (toy model},05-107,131-134,171-173
Born rule, 132
consistent family, 172
with detector, 131, 172
exponential decay, 133
time of decay, 172
unitary dynamics, 106-107, 132
AND, seeconjunction
antilinear,28, 30
approximateseeconsistency conditions, energy,
momentum, position
aspects, 365
atoms seeinterferometer for atoms
average79-80
from density matrix, 80, 204
of indicator, 79
as linear functional, 79
of observable, 130
quantum, 80

badminton, 265

base seecontextual
baseball, 108
basis seeorthonormal
beam splitter, 159
classical analogy, 245, 248
and detector243-246
conditional probabilities, 245
consistent family, 245
unitary dynamics, 243
inside box, 252-255
movable, 263, 273-282, 343-348
See alsotoy beam splitter
Bell inequalities 332-335, 375
Bell, J. S., 297, 329, 332, 374, 375
Berndl, K., 375
biorthogonal seeSchmidt decomposition
Birkhoff, G., 7, 61, 372, 374
Blank, B., 371
Bohm, D. J., 310, 329, 375
See alsoEPR, hidden variables
Bohr, N., 8, 371, 372
Boolean algebreg5-71
Boolean latticeseeBoolean algebra
Born rule,126-131, 137, 373
as fundamental postulate, 126
limitations of, 130, 133, 245
and measurements, 128
probabilities, 126-130
weights, 126, 137
See alsogeneralized
Born, M., 373, 374
bra, 29
branch dependence, 196, 197
Bransden, B. H., 371
Brownian motion108-109, 110, 373
diffusion equation, 125
as quantum process, 111
single-time probabilities, 125
Brun, T. A., 358, 376
Bub, J., 375

Cartesian product, 81

383



384

cause, 164, 168, 274379, 289
follows effect, 248
See alsocontextual
center-of-mass wave function, 13
chain kets, 154155
chain operatorsl 37-140
mutually orthogonal, 141
pure states, 138
time ordering, 138
channel projectors, 180
chaos, 358, 366
choice of framework, 193, 219, 278, 295, 325,
364-365
does not ifluence reality, 364
not a law of nature, 255
See alsomultiple frameworks
CHSH inequality332-333 375
Chuang, I. L., 372
classical dynamic®4, 358
deterministic, 94, 108, 359, 362
classical limit, 226356-359, 365-366
classical mechanics, 11, 349, 357
Clauser, J. F., 332, 375
coarse graining, 357
See alsophase space
coarseningseedecomposition of identity, sample
space
codependenseecontextual
Cohen-Tannoudji, C., 371, 372
coherentseedecoherence, superposition state
coin, 65, 109, 265267
as quantum object, 111
See alsoguantum coin
collapse of wave function, 16869,246-249
classical analogy, 248
consistent family, 247
from failure to detect, 168, 246, 374
leads to paradoxes, 261
misleading, 289
nonlocality, 246
not a physical effect, 168, 248
not needed, 9, 249
spin singlet, 317
unsatisfactory features, 246, 249
See alsoEPR, Lilders rule
collective coordinates, 357
colored slips of paper, 316
column vector, 38
common rénement
consistent histories, 147
decompositions of identity, 71
commuting seeHermitian operators, projectors,
unitary operators
compatible decompositions, 71
compatible frameworks (families), 147, 224
compatible properties, 61
complement
of projector (P or P), 35
of set ¢~P), 54
See alsoonrthogonal complement
complementary (Bohr), 372

Index

complete seesample space of histories
composite system81ff (Ch. 6)
compound event, 65
compound history, 110, 116
conditional density matrix13-215 258, 259
pure states, 215
time dependence, 214
unconditional, 214
conditional probabilityseeprobability
conjunction (AND),57-59, 66
of histories, 114
consciousness, 262, 369
consistency
from decoherence, 35857
See alsoronsistency conditions, quantum
reasoning
consistency conditiond40-142, 148, 373
approximate consistency, 142, 356
and Born rule, 143144
chain kets, 155
checking,148ff (Ch. 11)
using density matrix, 210, 211, 214
and dynamical laws, 142, 145
final projectors149-151, 155
fixed initial state,152-155
Heisenberg representation, 151, 153
initial projectors, 149
two times, 149
weak consistency, 141
See alsochain operators
consistent family141
refinement146-147
support, 149
See alsocompatible, consistency conditions,
framework, incompatible, split
consistent historieq,37ff (Ch. 10)
See alsoconsistent family, consistency conditions,
framework
consistent seseeconsistent family, framework
contextual (dependent), 9892ff (Ch. 14) 215
base, 192
vs. caused by, 193, 200, 201, 289, 291
classical analogied4,93-195
codependent, 196
and conditional probabilityl 95-196
definition, 192, 195
dependence on
earlier events, 196,98
initial event, 196
later events, 190, 19201
events in histories] 96-201
irreducible, 194, 198
vs. nonlocal ifiuence, 328
contradiction, 10, 225, 305, 324, 328, 3348
correlated photons, 329
correlationsseespin singlet
counterfactual262, 265-272, 374, 376
ambiguous, 267
dependence on framework, 271
dependence on pivot, 271
(continued



counterfactual (cont.)
diagram, 266, 268
measurement, 268
if no measurement, 271
MQS, 271, 281, 289, 292
node, 265, 268
null, 266, 270
pivot, 266—267, 269
quantum268-272
question, 265
spin measuremer268-272
stochastic (classical), 265
worlds, 265
See alsoEPR, Hardy paradox, null,

single-framework rule

d’'Espagnat, B., 374
dagger operatioti, 30-34, 83
data,seeinitial data
de Broglie, L., 329
decoherence, 142, 18349ff (Ch. 26), 376
definition, 350
density matrix, 352-355
measure of, 352
model for, 350
partial, 188
produces consistency, 356-357
decoherence conditions, 141
decoherent histories, 142
decoherent set, 141
decomposition of identity36, 68
coarsening71, 78
generated by operator, 42
generated by two decompositions, 72
history Hilbert space, 116
refinement of, 7071-73
trivial, nontrivial, 69
ultimate, 71
decomposition of projector, 36
DeGroot, M. H., 372
delayed choice parado273ff (Ch. 20)
consistent families, 276-281
counterfactual, 274, 279-282
unitary dynamics, 275-276, 279
See alsoindirect measurement paradox
delocalized states, 18, 25
density matrix44,202ff (Ch. 15)
diagonal basis not special, 206
eigenvalues, 202
equations of motion, 208
as initial condition211-213
from initial probability distribution, 212
isolated systen11-213
mixed state, 202
partial description, 202, 212, 213
as pre-probability, 203-204
pure state, 202
subsystemseereduced density matrix
support, 44
thermal equilibrium, 211
time dependent, 212

Index 385

See alsoaverage, conditional, consistency
conditions, reduced
dependentseecontextual
destructive measureme229, 231, 233240-242
conditional probabilities, 241
consistent family, 241
general decomposition of identity, 241
unitary dynamics, 240
detectorseebeam splitter, toy, weak
diagonalizationseeHermitian operators, unitary
operators
Dicke, R. H., 375
die, 65, 110
Dirac notation27ff (Ch. 3)
See alsobra, dyads, ket, matrix element
Dirac, P. A. M., 371
disjunction (OR)59-60, 66
of histories, 115
problem of interpretation, 60, 69, 115
dot product, 12
double slit,174-177, 373
analogy with Mach-Zehnder, 177-190
which-slit detector, 175
Dowker, F., 143, 373
dual space?9, 31
dyads31-33, 34
adjoint, 32
projector|¢)(¢|, 34
trace, 42
dynamics seeclassical, unitary

eigenvalue, 40
degenerate, 40
multiplicity, 40
eigenvector, 40
Einstein, A., 8, 310, 371, 375
See alsoEPR
elementary event, 65
elementary history, 116
elementary indicator, 67
Elitzur, A. C., 375
energy, approximate, 54
Englert, B. G., 375
ensemble73-75, 79
subensemble, 74, 75
entangled stat3, 310
physical interpretation, 92
entropy, 236, 237
environment, 95349-359
random, 354-356, 359
See alsodecoherence
EPR (Einstein—Podolsky—Rose®)10,323ff
(Ch. 24), 375
Bohm version323-329
collapse of wave function, 324, 326
counterfactual326-329
locality, 329
nonlocal influence, 329
paradox323-326
event algebrag5-71
classical, 65
quantum, 68



386

event(s) seecompound, contextual, elementary
exclusive seemutually exclusive

exponential decageealpha decay

extension of historyseehistory

extension of operatoliA® |, 88

faith, 360, 370
physicists, 361
false,seeincompatible vs. false, meaningless,
true/false
family of histories,116-118
based on initial state, 117
product of samples spaces, 116
refinement118-119
many possibilities, 118
not a physical process, 119
two times, 126

second paradod43-348
resolution, 344348
statement of paradox, 343

unitary dynamics, 337338

Hardy, L., 336-348, 375, 376
harmonic oscillator

classical, 11, 53, 55, 94
dynamics, 97
energy,53-54, 56, 58, 70
Hamiltonian, 77
histories, 111

Hartle, J. B., 358, 373, 374, 376

height of table, 228

Heisenberg chain operator, 151
Heisenberg projector, 151

Heisenberg representatidtf1-152 153, 155
Heisenberg uncertainty principle, 223

See alsocompatible, consistent family, framework, Hermitian operators, 33, 39, 43,767

incompatible, unitary

Feller, W., 372, 373
Fetter, A. L., 372
Feynman, R. P., 175, 18790, 371374
Fine, A., 375
Fourier transform, 21, 52
framework,141

errors due to changing, 307

See alsochoice, compatible, consistent family,

incompatible, multiple, quasi-classical,
single-framework rule

free choice, 262

French revolution, 200

functions of operatorseeoperators

commuting, 42, 297, 298
diagonalization40-42
observables, 76

hidden variables329-332, 362, 375

and Bell inequalities, 333
Bohm theory, 329, 334, 375
deterministic, 331
instruction set, 330

local, 334

nonlocal, 334

Hilbert space, 13, 227ff (Ch. 3), 371

infinite-dimensional, 4, 5, 371
See alsohistory

Hiley, B. J., 375

future irfluences past?, 274, 278, 279, 281, 291, 334 history,108ff (Ch. 8), 373

Gaussian wave packet, 19, 22

Gell-Mann, M., 358, 373, 374, 376
generalized Born rulel44

ghosts, 261

GHZ (GreenbergeiHorne-Zeilinger), 336, 376
Gieres, F.,, 371

Giulini, D, E., 376

Greenberger, D. M., 336, 37876

Griffiths, R. B., 372376

Gudder, S., 372

Hajek, A., 375
Halmos, P. R., 371, 372
Hamiltonian,94-95
with “classical field, 231
Hermitian operator, 94
Hardy paradox336ff (Ch. 25)
counterfactual, 343
first paradox338-343
conditional probabilities, 33840
original version, 341, 342
resolution, 344343
statement of paradox, 340
interferometer, 336
and nonlocality, 342, 346
and relativity, 341

classical 109-111
ddfinition, 110, 111
entangled in time, 118
extension of, 112
of Great Britain, 164
Hilbert spacel12 373
logical operations or.13-115
projectorF1 © Fp © - -+, 112
of qguantum mechanics, 371
weight
additivity, 140
from chain operator, 137, 139
using density matrix, 211
Heisenberg representation, 151
See alsocompound, family, jumps, probabilities,
unitary, zero weight

Holt, R. A,, 332
hopping (toy) model103-105

with detector, 104
See alsoalpha decay, toy beam splitter, toy
detector, toy MachZehnder

Horn, R. A., 371373
Horne, M. A., 332, 336

identical particles, 82, 372
identity operator, 34
incompatibility, 372



Index

incompatibility paradox296ff (Ch. 22)
spin half, 296
incompatible decompositions, 71-73, 75
incompatible descriptions, 128
incompatible vs. falseg1-62, 365
incompatible frameworks (families}47, 217
cannot be combined, 221
interpretation, 164224-227 362-365
and measurementd52-257
no contradictions, 225
which is correct?, 221
See alsosingle-framework rule
incompatible measurements, 254, 257
incompatible propertie§0-64, 129
incompatible sample spaces, 128
incompatible wave functions, 16
inconsistent family, 142-144
inconsistent history, 141,57-158, 182, 342
independent reality, 369
indicator (function)47, 57, 6667
elementary or minimal, 67
indirect measurement, 316
indirect measurement parad@84ff (Ch. 21)
consistent families, 287-292
counterfactual, 286, 291-293
delayed choice, 28290-293
unitary dynamics, 286
influence seenonlocal, superluminal
initial condition or stateseedensity matrix, family of
histories
initial data,218, 219
inner product, 1228
See alsopperators, toy model
instruction setseehidden variables
interaction-free measurement, 2283-294, 375
interferencel174ff (Ch. 13)
interferometerseedouble slit, Hardy paradox, (toy)
Mach-Zehnder, neutron
interferometer for atoms, 350
intrinsic inconsistencyseeinconsistent history
inverse seeoperators
irreversibility (thermodynamic), 233, 237, 349
Isham, C. J., 373
isolated system, 95
isometry, 98

Jammer, M., 371-375
Joachain, C. J., 371
Johnson, C. R., 371-373
jumps in histories, 156

Kent, A., 143, 373
ket, 27

phase of, 29

scalar multiple of, 48

sum of other kets, 49, 134-135
Kochen, S., 297, 375

Lewis, D., 374
lightning, 131
linear algebraseeHilbert space

387

linear functional, 29

locality, seeEPR, nonlocal influences

location,seeposition

logical operationsseeconjunction, disjunction,
negation

long-rangeseenonlocal, superluminal

Lorentz frame, 341

Lorentz invariance, 342

Luders rule, 259

Luders, G., 374

Lutkepohl, H., 372, 373

Mach—Zehnderl76, 273, 284, 350, 373
See alsotoy Mach—Zehnder
macro projector236-239, 245, 250, 264, 287
macroscopic measureme@83-240, 260
conditional probabilities, 235, 238
consistent families, 235, 237-238
initial density matrix, 239
initial probabilities, 239
unitary dynamics, 234, 237
macroscopic quantum superpositiseeMQS
map of city, 360
matrix, 39
determines operator, 40
matrix element, 31, 39
matrix product, 40
McElwaine, J. N., 373
meaningles$1-63, 142
vs. false 62, 307
measuremen8-9, 22,228ff (Ch. 17),243ff (Ch. 18),
374
classical, 228
disturbs system?, 105, 252, 257
idealizations, 229
not a fundamental principle, 9, 369
of incompatible properties, 61
outcome, 228
and paradoxes, 261
of prior property, 228, 231, 369
problem, 9, 374
produces correlation, 228, 231
repeated243-252,255-257
of spin, 230-240
See alsocollapse of wave function, counterfactual,
destructive, Heisenberg uncertainty principle,
incompatible, interaction-free, macroscopic,
nondestructive, partial, pointer basis, spin
singlet, Stern-Gerlach, toy detector, von
Neumann
Mermin, N. D., 299, 330, 375, 376
Merzbacher, E., 371
Meyer, D. A., 372
mirror, movable, 284-295
Mittelstaedt, P., 374
mixed stateseedensity matrix
momentum
approximate, 21-22, 53
representation, 21
wave function20-23, 52
See alsoprobability, toy model



388

movable seebeam splitter, mirror
MQS (macroscopic quantum superpositidi§4-136
observation of, 367
vs. pointer states, 185, 235, 238, 2288
toy version, 166, 184185
See alsocounterfactual, Schdinger cat
multiple descriptions, 363
multiple frameworks (families), 217
interpretation224-227
See alsoincompatible frameworks
museum, 266
mutually exclusive, 1415-17, 59, 65
classical vs. quantum, 216
See alsosample space

negation54-57, 66
classical vs. quantum, 567
of history, 113
of projector (P or P), 35-36, 55-57
neutron interferometer, 177, 350, 374
Newtonian mechanics, 366
Nielsen, M. A., 372
noncommutingseeprojectors
nondestructive measuremeBg9, 231,257-260
conditional probabilities, 258
consistent family, 258
unitary dynamics, 257
See alsoStern-Gerlach (nondestructive)
nonlocal iffluences
do not exist, 10, 292, 295, 316, 318, 329, 369
See alsoEPR, superluminal
nonlocality, 10, 334

Index

orthogonal projector36-37, 59
collection of,36-37
orthogonal wave functions, 12
orthonormal basis37-38
See alsodecomposition of identity
overview of book1ff (Ch. 1)

paradoxes, 910, 261262
methods for analyzing, 282
See alsodelayed choice, double slit, EPR, Hardy,
incompatibility, indirect measurement,
Schiddinger cat
partial measurement, 284
partial trace, 9691
Pauli matrices, 299
Peres, A., 375
phaseseeket, random, toy MackZehnder, wave
function
phase shifterseetoy Mach-Zehnder
phase space, 11, 47, 81
coarse graining, 66
photograph, 360
physical propertyseeproperty
physical variable, 4776-79
See alsoHermitian operators
pivot, seecounterfactual
Podolsky, B., 310, 375
See alsoEPR
pointer, 233238
basis,133 184, 240
states, 166, 185, 189
See alsoMQS

See alsocollapse of wave function, Hardy paradox position,17-20, 22-23

nonorthogonal projection, 35
norm, normalized28

See alsowave function
NOT, seenegation
null, seecounterfactual

observablesseeHermitian operators
Omres, R., 358, 37374, 376
one dimension]1-22, 51-54, 56
one-dimensional subspace (ray), 34
open system, 95, 209
operators30-34

acting to the left, 31

commuting, 32

functions of,45-46

inner product of139, 210

inverse, 32

linear space of, 139

mutually orthogonal, 139

products of, 3432

See alsoadjoint, dyads, extension, Hermitian,

orthogonal, positive, projectors, unitary

OR, seedisjunction
orthogonal complement, 36
orthogonal kets, 29

See alsoorthonormal basis
orthogonal operators, 139
orthogonal projection, 35

approximate18-20, 52, 58

not precisely déned, 1718

representation, 21

See alsodelocalized, probability, toy model
positive operator}3-45

support, 44

Tr(B A) positive, 45

See alsodensity matrix
Pr(), 73
pre-probability, 20129-131

limitations of, 131

See alsodensity matrix
probabilities,73-75, 372

of compound event, 73

conditional,74-75, 195-196

of histories,121-131, 137-143

for momentum, 22

one or zeroseetrue/false

for position, 20

in quantum theory, 7475

specfic to framework, 217, 226

See alsoaverage of indicator, Born rule, ensemble,

pre-probability, single-time

product,seeoperators, tensor product
projectors 34-37

analogy with indicator, 48

commuting, 57, 72

(continued



Index

projectors (cont.)
geometrical interpretation, 34
noncommutingb0-64
refinement of, 36
See alsocomplement, decomposition, macro,
negation, orthogonal
property, 1947ff (Ch. 4)
classical, 47, 54-55
definition of, 47
logical operations or4-60
possessed by system, 48
prior, seemeasurement
true or false, 54
undefined for system, 48, 62
See alsoincompatible, physical variable
pure state, 34
See alsodensity matrix

quantum coin, 262262-265, 268
consistent family, 264
simplified, 265
unitary dynamics, 263
quantum logic, 761, 372
“quantum probabilities”, 6, 75
quantum reasonin@16ff (Ch. 16), 374
vs. classical reasoning, 217, 226, 307
consistency 0f222-223
context is important, 115
general principle216-219
probabilistic, 218
relative to sample space, 218, 226
strategy for, 223
using refinement, 219-220
See alsoincompatible frameworks, incompatible
properties
quasi-classical framework (family358-359, 366
single framework stiiicient, 366

radioactive decayseealpha decay
random environmengeeenvironment
random phases, 355
random processeestochastic process
random variable76-79
random walk, 110121-125, 373
conditional probabilities, 123
dynamics, 121
history, 110
hopping probabilities, 121
initial data, 122
probability distribution, 122
refinement rule, 122
sample space, 110, 121
weights,122-124
compound histories, 124
See alsosingle-time probabilities
ray, 34
realistic interpretation, 268
reality, 360ff (Ch. 27)
macroscopic world, 365-368
and measurement, 362
and physical theories, 360

389

quantum vs. classica861-362,368
similarities, 368
stochastic dynamics, 362
reasoningseequantum reasoning
Redhead, M., 376
reduced density matri204-210
definition, 205
as initial condition209-210
lacks correlation information, 207
time dependenc07-209
Reed, M., 371
refinementseecommon, decomposition of identity,
family, projector, sample space
relativity (special), 286, 334, 361, 362, 366
compatible with qguantum theory?, 9, 10, 247,
261-262, 343
See alsolorentz frame, Lorentz invariance
Renninger, M., 374
Rosen, N., 310, 375
See alsoEPR
Ross, S. M., 372, 373
row vector, 39

safety net, 265
sample spac&5—71
coarsening, 71
of histories,116-117
(dynamically) completel49, 153
refinement of71-73
See alsodecomposition of identity
sawing off branch, 307
scalar, 27
Schmidt decompositiorg5, 206, 372
Schiddinger cat134-135, 373
toy version, 166
See alsoMQS
Schibdinger equatior94-98
preserves inner products, 98
time-independenid, 97
See alsotime development operators
Schibdinger representation, 151
Schiddinger, E., 373
Schwabl, F., 371
self-adjoint,seeHermitian
servomechanism, 263
Shankar, R., 371, 372
Shimony, A., 332, 376
Simon, B., 371
simultaneous value296-297, 310, 323
See alsovalue functional
single family,seesingle framework
single-framework rule, 70, 13@17, 221, 222, 225,
226
applications, 277, 290, 295, 305-307, 325, 328,
341-342, 344-348
and classical physics, 217, 226
counterfactual, 268
and measurements, 229
and nonlocal influences, 369
and paradoxes, 295



390

single-time probabilities] 24-125, 131
difference equation, 124
singlet,seespin singlet
Specker, E. P., 297, 375
spin half,50-51, 60-62, 69
angular momentum operator, 77
different components incompatible, 128
dynamics, 97
trivial, 127
histories, 111, 114, 117
jump in orientation?, 128
ket for general directiom, 50-51
in magnetidield, 97
three spin-half particles, 87
two spin-half particles, 87
See alsospin singlet
value between measurements, 256
See alsocrounterfactual, measurement, spin
singlet, SterrGerlach
spin one, 304
spin singlet310ff (Ch. 23)
correlations311-313 319
histories,313-315
conditional probabilities, 313, 314
inconsistent family, 314, 322
measurement§15-322
conditional probabilities, 315, 318, 319, 321
wave function, 311
See alsocollapse of wave function, EPR
spinning body (classical), 195, 363, 364
split in consistent family, 164165
state seedensity matrix, ket, stationary,
superposition, wave function
stationary state, 98
statistical mechanics, 202, 203, 211, 236
Sterr-Gerlach, 197230
conditional probabilities, 232
consistent families, 23232
nondestructive249-252
apparatus, 249
conditional probabilities, 25252
consistent families, 251
unitary dynamics, 230
stochastic process, 108
guantum vs. classical, 109
Strang, G., 371
strong detector, 188
subjective, 364
subspace, 1®4, 48, 55, 372
See alsoonrthogonal complement, projector, ray
superluminal ifluence, 10, 261, 286, 334, 369
See alsononlocal, relativity
superposition state, 164, 274, 350
See alsoMQS, Schédinger cat

Index

tennis, 265
tensor product31ff (Ch. 6), 372
definition, 82-85
operators87-91
matrix elements, 891
product of, 88
product of bases, 84
product of decompositions, 93
product of sample spaces, 93
product operatoré ® B, 87-89
physical sigrficance, 92
product properties, 92
product state, 83
See alsoentangled state, history Hilbert space,
partial trace
thermal equilibriumseedensity matrix
three-box paradox304-307, 375
incompatible frameworks, 304, 306
time development operatofi(t, t’), 100-102
inverse, 101
Schibdinger equation for, 102
time-independenid, 102
P=T(t)P'T(,t),101
toy beam splitter1 59-165
channel projectors, 161
hopping between channels, 161, 162
periodic boundary conditions, 159
unitary dynamics, 159
with detector165-169, 219-221
See alsochannel projectors
toy detector,104-105
time-elapse169-171
See alsoweak detector
toy Mach-Zehnder178-191
with detector,183-188
phase shifters, 179
unitary dynamics, 178
See alsoMach-Zehnder
toy model, 69, 71, 372
inner product, 24, 25
internal degree of freedom, 86
momentum, 2526
position,23-25, 49, 55
position operator, 78
properties48-50
time-dependenti02-103
time-independent, 226
two particles, 85
wave packet, 180
See alsoalpha decay, hopping model, toy beam
splitter, toy detector, toy MaefZehnder
Tr(), 42

supportseeconsistent family, density matrix, positive trace,42-43

operator

tails of wave packet, 20
tape measure, 228
teacup, 224

telescope, 8

product of operators, 43

Tr(CTC) positive, 44

See alsopartial trace
transition amplitudes, 138
true/false, 66

probability 1/0, 218, 220, 224



Index 391

truth value functional298-299
depends on frameworR26 classical, 298
quantum vs. classical, 309 preserves relationships, 298, 300
of theory, 360 quantum, 298
See alsotrue/false, truth functional universal,299-301
truth functional 301-304,308-309, 375 nonexistent, 297, 301
classical, 301 See alsotruth functional
conditions for, 303 values seesimultaneous, value functional
determines value functional, 302 vector, 27
histories, 308 See alsocolumn, row
quantum, 302 Venn diagram, 58
universal 303-304 von Neumann, J., 7, 61, 168, 216, 372-374
for histories, 308 theory of measurement, 8, 22816249, 373, 374
nonexistent, 304, 308
two slit, seedouble slit Walecka, J. D., 372
two-spin paradox299-301, 375 Wannier, G. H., 373
wave function 11ff (Ch. 2)
norm, 13

uncertainty relationseeHeisenberg uncertainty
principle

unicity, 363, 368
unique exhaustive description, 363
unitary dynamics94ff (Ch. 7), 372

See alsotime development operators
unitary extension]56-157
unitary family,120

consistency, 144
unitary history,119-120, 136, 155
unitary operators99-100, 372

adjoint, 99

commuting, 100

diagonalization, 100

eigenvalues, 100

normalized, 15
phase of, 15
physical interpretatior,3-23
scalar multiple of, 14
sum of other wave functions, 25
See alsocenter-of-mass, collapse, ket, momentum,
orthogonal, position, zero
wave packet, 243
See alsoGaussian, tails, toy model
weak consistencygeeconsistency conditions
weak detector] 88-191
weight,seehistory, zero
Wheeler, J. A., 371, 374
Wigner, E. P., 374
Wolf, E., 374

inverse, 99
map of orthonormal basis, 99 worlds, seecounterfactual
matrix, 99 Zeilinger, A., 336
product of, 99 zero ket, 27
unitary time developmenseetime development zero operator, 30
operators, unitary dynamics zero vector, 27
universal seetruth functional, value functional zero wave function, 13

zero weight historiesl 39, 149, 153, 157
Vaidman, L., 375 Zurek, W. H., 371, 376



	Contents
	Preface
	1 Introduction
	1.1 Scope of this book
	1.2 Quantum states and variables
	1.3 Quantum dynamics
	1.4 Mathematics I. Linear algebra
	1.5 Mathematics II. Calculus, probability theory
	1.6 Quantum reasoning
	1.7 Quantum measurements
	1.8 Quantum paradoxes

	2 Wave functions
	2.1 Classical and quantum particles
	2.2 Physical interpretation of the wave function
	2.3 Wave functions and position
	2.4 Wave functions and momentum
	2.5 Toy model

	3 Linear algebra in Dirac notation
	3.1 Hilbert space and inner product
	3.2 Linear functionals and the dual space
	3.3 Operators, dyads
	3.4 Projectors and subspaces
	3.5 Orthogonal projectors and orthonormal bases
	3.6 Column vectors, row vectors, and matrices
	3.7 Diagonalization of Hermitian operators
	3.8 Trace
	3.9 Positive operators and density matrices
	3.10 Functions of operators

	4 Physical properties
	4.1 Classical and quantum properties
	4.2 Toy model and spin half
	4.3 Continuous quantum systems
	4.4 Negation of properties (NOT)
	4.5 Conjunction and disjunction (AND, OR)
	4.6 Incompatible properties

	5 Probabilities and physical variables
	5.1 Classical sample space and event algebra
	5.2 Quantum sample space and event algebra
	5.3 Refinement, coarsening, and compatibility
	5.4 Probabilities and ensembles
	5.5 Random variables and physical variables
	5.6 Averages

	6 Composite systems and tensor products
	6.1 Introduction
	6.2 Definition of tensor products
	6.3 Examples of composite quantum systems
	6.4 Product operators
	6.5 General operators, matrix elements, partial traces
	6.6 Product properties and product of sample spaces

	7 Unitary dynamics
	7.1 The Schr&#246;dinger equation
	7.2 Unitary operators
	7.3 Time development operators
	7.4 Toy models

	8 Stochastic histories
	8.1 Introduction
	8.2 Classical histories
	8.3 Quantum histories
	8.4 Extensions and logical operations on histories
	8.5 Sample spaces and families of histories
	8.6 Refinements of histories
	8.7 Unitary histories

	9 The Born rule
	9.1 Classical random walk
	9.2 Single-time probabilities
	9.3 The Born rule
	9.4 Wave function as a pre-probability
	9.5 Application: Alpha decay
	9.6 Schr&#246;dinger's cat

	10 Consistent histories
	10.1 Chain operators and weights
	10.2 Consistency conditions and consistent families
	10.3 Examples of consistent and inconsistent families
	10.4 Refinement and compatibility

	11 Checking consistency
	11.1 Introduction
	11.2 Support of a consistent family
	11.3 Initial and final projectors
	11.4 Heisenberg representation
	11.5 Fixed initial state
	11.6 Initial pure state. Chain kets
	11.7 Unitary extensions
	11.8 Intrinsically inconsistent histories

	12 Examples of consistent families
	12.1 Toy beam splitter
	12.2 Beam splitter with detector
	12.3 Time-elapse detector
	12.4 Toy alpha decay

	13 Quantum interference
	13.1 Two-slit and Mach–Zehnder interferometers
	13.2 Toy Mach–Zehnder interferometer
	13.3 Detector in output of interferometer
	13.4 Detector in internal arm of interferometer
	13.5 Weak detectors in internal arms

	14 Dependent (contextual) events
	14.1 An example
	14.2 Classical analogy
	14.3 Contextual properties and conditional probabilities
	14.4 Dependent events in histories

	15 Density matrices
	15.1 Introduction
	15.2 Density matrix as a pre-probability
	15.3 Reduced density matrix for subsystem
	15.4 Time dependence of reduced density matrix
	15.5 Reduced density matrix as initial condition
	15.6 Density matrix for isolated system
	15.7 Conditional density matrices

	16 Quantum reasoning
	16.1 Some general principles
	16.2 Example: Toy beam splitter
	16.3 Internal consistency of quantum reasoning
	16.4 Interpretation of multiple frameworks

	17 Measurements I
	17.1 Introduction
	17.2 Microscopic measurement
	17.3 Macroscopic measurement, first version
	17.4 Macroscopic measurement, second version
	17.5 General destructive measurements

	18 Measurements II
	18.1 Beam splitter and successive measurements
	18.2 Wave function collapse
	18.3 Nondestructive Stern–Gerlach measurements
	18.4 Measurements and incompatible families
	18.5 General nondestructive measurements

	19 Coins and counterfactuals
	19.1 Quantum paradoxes
	19.2 Quantum coins
	19.3 Stochastic counterfactuals
	19.4 Quantum counterfactuals

	20 Delayed choice paradox
	20.1 Statement of the paradox
	20.2 Unitary dynamics
	20.3 Some consistent families
	20.4 Quantum coin toss and counterfactual paradox
	20.5 Conclusion

	21 Indirect measurement paradox
	21.1 Statement of the paradox
	21.2 Unitary dynamics
	21.3 Comparing M[sub(in)] and M[sub(out)]
	21.4 Delayed choice version
	21.5 Interaction-free measurement?
	21.6 Conclusion

	22 Incompatibility paradoxes
	22.1 Simultaneous values
	22.2 Value functionals
	22.3 Paradox of two spins
	22.4 Truth functionals
	22.5 Paradox of three boxes
	22.6 Truth functionals for histories

	23 Singlet state correlations
	23.1 Introduction
	23.2 Spin correlations
	23.3 Histories for three times
	23.4 Measurements of one spin
	23.5 Measurements of two spins

	24 EPR paradox and Bell inequalities
	24.1 Bohm version of the EPR paradox
	24.2 Counterfactuals and the EPR paradox
	24.3 EPR and hidden variables
	24.4 Bell inequalities

	25 Hardy's paradox
	25.1 Introduction
	25.2 The first paradox
	25.3 Analysis of the first paradox
	25.4 The second paradox
	25.5 Analysis of the second paradox

	26 Decoherence and the classical limit
	26.1 Introduction
	26.2 Particle in an interferometer
	26.3 Density matrix
	26.4 Random environment
	26.5 Consistency of histories
	26.6 Decoherence and classical physics

	27 Quantum theory and reality
	27.1 Introduction
	27.2 Quantum vs. classical reality
	27.3 Multiple incompatible descriptions
	27.4 The macroscopic world
	27.5 Conclusion

	Bibliography
	References
	Index
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	Z




