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Abstract

Many discussion about the black hole conundrums, such as singularity and information loss,
suggested that there must be some essential irreconcilable conflict between quantum theory and
classical gravity theory, which cannot be solved with any semiclassical quantized model of gravity,
the only feasible way must be some complete unified quantum theory of gravity.

In [VSKO7], the arguments indicate the possibility of an alternate outcome of gravitational
collapse which avoids the information loss problem. In this paper, also with semiclassical analysis,
it shows that so long as the mechanism of black hole evaporation satisfies a quite loose condition
that the evaporation lifespan is finite for external observers, regardless of the detailed mechanism
and process of evaporation, the conundrums above can be naturally avoided. This condition can
be satisfied with Hawking-Unruh mechanism. Thus, the conflict between quantum theory and
classical gravity theory may be not as serious as it seemed to be, the effectiveness of semiclassical
methods might be underestimated.

An exact universal solution with spherical symmetry of Einstein field equation has been derived
in this paper. All possible solutions with spherical symmetry of Einstein field equation are its
special cases.

In addition, some problems of the Penrose diagram of an evaporating black hole first introduced

by Hawking in 1975 [Haw75] are clarified.
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I. INTRODUCTION

According to Oppenheimer & Snyder[OS39], there are two influencing conclusions of
black hole(BH) formation: “the total time of collapse for an observer comoving with the
stellar matter is finite... an external observer sees the star asymptotically shrinking to its
gravitational radius.”

It must be mentioned that the word “see” means measuring by coordinates, not “watch-
ing” the light emitted from the star, which leads to a widespread misleading statement:
what an external observer sees is just optical illusion, a BH has already formed, leaving only
its light behind. It is difficult to trace back the origin of this misleading statement, but a
figure in the early well-illustrated introduction of BH in [RW71] may lead to some misun-
derstanding. One world line represented in two different coordinate systems of an infalling
object are put together into one figure to show the difference between coordinate systems
(see Fig.1). However, it is easily misunderstood that the red curve is the real trajectory of

the infalling object, and the black curve is the trajectory of its optical image.
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FIG. 1: Comparison of ingoing world line in different coordinates

With Penrose diagram, the misleading statement can be easily clarified. Fig.2 on left
shows a collapsing star with the trajectory of its surface (brown) and an ingoing light
(green), the black dashed lines represent curves of constant Schwarzschild time tg. It is
clearly that the Schwarzschild time tg of any event on horizon is infinite, but objects can
still encounter the horizon within finite proper time, and the collapsing star can form within
finite time in a comoving coordinates.[Wal94|

One may ask that who care whether the BH has really formed or not? A distant observer
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FIG. 2: Left: BH formation, Right: BH formation and evaporation

can never distinguish it from outside, and an infalling observer will encounter the horizon
and the singularity in quite a short time. However, Vachaspati[Vac07] pointed out that
there would be significant difference for distant observers. The almost forming quasi-BH
is called “black star” in his paper. It shows that in the case of two black stars collision,
electromagnetic radiations will be emitted, which is sharply distinct from the perfect BHs
that can only emit gravitational wave radiations.

Hawking’s innovative paper [Haw75], with the semiclassical method of applying QFT in
curved spacetime, shows that BHs will emit particles with a black-body spectrum that will
cause BH evaporation. For a distant observer, a Schwarzschild BH with initial mass mg will
have a temperature Ty = (87wmg) ™!, and have a finite evaporation lifespan ¢, = 5120mmg>
(G = ¢ = h = 1 units is adopted in this paper). This requires that the event that the
BH vanishes must map to some finite Schwarzschild time, or no external observer could
witness the event. For a typical BH with one solar mass (mgy ~ 2 x 103°kg), the evaporation
lifespan is about 10%7 years, much longer than the current age of the universe about 10
years. Furthermore, a BH will not emit but absorb radiation from environment until the
background temperature becomes lower than its Hawking temperature 7.

Hawking radiation caused a bunch of conundrums, such as the violation of baryon and
lepton number conservation, the loss of quantum coherence etc.[Wal94], referred to as in-
formation loss problem. Many people believes that these conundrums together with the
singularity problem shows the essential irreconcilable conflict between quantum theory and

classical gravity theory, which cannot be solved with any semiclassical quantized model of



gravity, the only feasible way must be some complete unified quantum theory of gravity.

Fig.2 on right is the refined version[L.S10] of the Penrose diagram which was first intro-
duced in [HawT75], shows a BH with formation and evaporation process.

In [Lin08], on BHs with finite evaporation lifespan, it states that “the horizon of a static
Schwarzschild geometry is a t = oo surface, while those of the dynamic BHs have surfaces
of constant t crossing the dynamic horizon.” Some curves of constant Schwarzschild time
(black dashed lines) are plotted in Fig.2.

This leads a problem that may be widely neglected: the surfaces of constant Schwarzschild
time will cross the horizon of an evaporating BH. Which means all the world lines that
encounter the horizon of a BH with finite evaporation lifespan, must also encounter the
horizon at some finite Schwarzschild time, which is seriously violate the property of a classical
eternal BH.

In addition, Hawking process shown in Fig.2 on right has a bizarre behavior that the
dominant energy condition has to be violated. There must be either negative or superluminal
energy current between singularity and horizon because there is no time-like or null world
line can transport energy from singularity to the exterior region of the BH. However, the
energy of singularity has to be transported to the exterior region via Hawking radiation.

This paper, in Sec.Il A, an exact universal solution with spherical symmetry of Einstein
field equation(EFE) will be derived. In Sec.IIB the solution will be applied to show that the
light-cone forbids anything to encounter the horizon of an evaporating BH before it vanished.
In Sec.ITC, a conjecture of general case will be proposed. In Sec.II D the conclusion will be

illustrated with figures. Sec.III is a summary.

II. SEMICLASSICAL ANALYSIS OF BH CONUNDRUMS

A. Exact universal solution with spherical symmetry

An exact universal solution with spherical symmetry of EFE will be derived in this section.
Any physically permitted form of energy-momentum tensor with spherical symmetry has
been involved in this solution, such as pulsing, collapsing, charge, radiation, etc. Any metric
with spherical symmetry is a special case of this exact solution, such as Schwarzschild vacuum

and interior metric, Reissner-Nordstrom(RN) metric.



Choosing the standard metric form under Schwarzschild coordinates[Wei72]:
ds* = —A(r,t)dt* + B(r,t)dr* + r*dQ?

where dQ? = df* + sin(0)*d¢>.

The only non-vanishing elements of the Ricci tensor are:

Let A Eﬁ[2A’/—A’(%’+%)—2§+B<§+§i)]
Ru =A%+ a)
R =B (5% =)
Ry = -5
Ron = 1= 4= (4 - %)

where Roo = Rgg = Ryy/ sin(6)?. Convention: X =9X, X' =0,X.
Applying EFE: R, — %ng = 8nT,

w, the only non-vanishing elements of the energy-

momentum tensor are:
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where Toq = Thpg = Tys/ sin(0)?, p(r,t) is the energy density, S(r,t) is the radial energy flux
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density, p(r,t) is the radial pressure, p;(r,t) is the tangential pressure.

The form of tangential pressure p; is quite complicated, but it is dependent with p, p, can
be uniquely decided by p,p. Please note that it is not necessary to assume the pressure is
isotropic that p; = p.

From T}; and T,,,

9 B)/
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Adding up the two equations in Eqn.2,
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[e.9]
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where fo.(t) is an arbitrary function of ¢.
The solution with A(oo,t) = B(oo,t) =1 of Eqn.3 is

o0

AB =exp{ — / 8TiB(r,t) (p(F,t) + p(7, 1)) d7 (4)

T

Let f(r,t) = exp {— TSWfB(T, t) (p(7,t) + p(7,1)) df}, thus A(r,t) = f(r,t)/B(r,t).

Introducing the total energy function M (r,t) = [ 4ni?p(7, t)dF, thus
0

B 472 . (5)

By the way, the radial velocity of an observer who sees dM = M'dr + Mdt = 0 can be
defined as the radial velocity of the radial energy flux. For such an observer, the total energy

inside his radial location is unchanging.

dM = M'dr + Mdt = 0

dr M _
= % = —M = UT(T, t) (6)
B S
= Zvr(r, t) = " = u,(r,t)
where v, is coordinate radial velocity of the energy flux and w, is measured by an observer
rest at r.
From T,
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where My(r), Bo(r) are arbitrary functions of r.

The solution with lim B(r,t)™' =1 — 22 of Eqn.7 is
r—00



Now, combining Eqn.4 and Eqn.8, the solution is complete:

2M (r,t 2M (r,t)\ "
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r

f(rt) =exp {— :fo87rf <1 - %EM)) - (p(7,t) + p(7,1)) df} 9)

M(r,t) = [4xr2p(r, t)dr
0

It is easily to validate the metric form by substituting into Eqn.1, p, p are back, p; and S
are represented with p, p.
In this metric, the coordinate singularity is located at r = 2M (r,¢), may be at not only
one radius. Define Rq(?):
Rg(t) : maxr € {r =2M(r,t)} (10)

there must be a BH if Rg(t) > 0.
The total energy function M (r,t) and the radial pressure distribution function p(r,t) can

be arbitrarily chosen under energy conservation law and some energy condition:

p=0,M(rt)=0
S
P

weak or dominant energy condition)

<1 dominant energy condition)

M(0,t) =0, M(oc0,t) = M (energy conservation law)
(
(
(

p+p>0 null, weak, dominant or strong energy condition)

Following the last condition, immediately:
0< f(r,t) <1 for r> Rg(t) (12)

In this paper, the exact form of p(r,t),p(r,t) is irrelevant with the conclusion. In the
sense of energy conditions, all physically permitted form of p(r,t), p(r,t) will leads the same
conclusion.

It is obviously that this metric will become the classical vacuum Schwarzschild metric,
and the Birkhoff’s theorem will be satisfied automatically. As a further validation check of
this general metric form of spherical symmetric field, the RN metric can be easily obtained

by replacing p and p with the energy density and radial pressure of the static field produced
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by a point charge Q, p(r) = 2 and p(r) =

8

fOﬂ::eXp{"?é”f<1"Mgﬂ>_luﬂf)+lﬂﬁ)df}:=1

M(r) = [ 4nP2p(F)di = [ 4ni2p(F)di — [ 4nip(F)di = M — € (13)
0 0 r
_ -1 _ 1 2M(r) _1 % %2

= A(r)=B(r)” =1 . =1 " +T2

B. The forbidden region of light cone

For a BH with finite evaporation lifespan, the only way to get in the horizon is getting
in the horizon before it vanished, or it is impossible to encounter any horizon because there
will be no more BH. This is quite different from the case of an eternal BH, in this case, even
the horizon cannot be encountered at any finite coordinate time, but because the BH will
never vanish, ingoing world lines can still encounter the horizon at infinite coordinate time,
and in the comoving coordinates, an infalling observer will encounter the horizon within
finite proper time.

In this section, the only assumption is that there has already been a Schwarzschild BH
at the origin of Schwarzschild coordinates, and it will vanish after some finite Schwarzschild

time t.,, then there will be no more BH and horizon:

Ra(t) >0 if  t<te,
Rg(t) =0 if > te,

where the definition of Rg(t) see Def.10.

Please note that the contribution of radial radiation and radial matter flow has been
naturally involved. The only requirement is the BH must vanish within finite time for
external observer, and after that, there will be no more BH. The calculation is almost
classical, and the only non-classical factor is the assumption of finite BH evaporation lifespan,
which is the key to obtain the conclusion.

In addition, geodesics in non-vacuum region may be far different from the real trajectory
of the particles, unless the particles do not participate with any other interactions but gravity.
Considering the light cone, if the ingoing null geodesic cannot encounter the horizon, neither
do anything.

For an ingoing null geodesic, radius r is a function of Schwarzschild time ¢, r = r(t), r(0) >



Rc(0), thus f(r,t) and M(r,t) becomes function of ¢:

f@) = f(r(t), 1),  M(t) = M(r(t), ) (15)

where M (t) is just the total energy inside the current radius r(t) of geodesic. Please note
that M(t) and f(t) include not only the contribution of the energy inside the BH, but also
the energy outside the BH, where the radiation of the BH has been naturally involved.
From metric Eqn.9 the ingoing null geodesic becomes:
2M (t oM (r)\
£ (1= 2O gz (4 2 2MON
r(t) r(t)

for ingoing null geodesic, dr/dt < 0

dr 1/2 2M(t>

S (1 - 16

=10 (1- 2 (16)

The radial energy flux cannot travel faster than light, from Eqn.6:

1) < | 250
Oy M (r,t dr(t)
O.M(r,t) =  dt
dr(t)  dM(r(t),t)

= QM (1, 1) + 0, M(r, ) 2> = =T = M(t) <0

(17)

so for ingoing null geodesic, the total energy inside radius r(¢) will never increase with ¢,
because nothing can run out of the light cone.

Introducing reduced radius # and time #:

) r(t) . t
= t= 18
T oM@y M (t) (18)
for any 0 <t < t.,, with Cond.14,
dt  M(t) — M'(t)t

t— 2M(t)?

therefore  is a strictly monotone increasing function of any 0 < ¢ < t,,, the inverse function
of 1(t) exists.

Before the BH vanished, when there must be M(t) > 0 (see Def.15.), any finite
Schwarzschild time ¢ maps to £ = ¢/(2M(t)) also be finite, this means if any world line

can encounter the horizon at any Schwarzschild time ¢ < t.,, the corresponding reduced



time ¢ must also be finite. When t > t.,, there will be no more BH and horizon inside
current radius r(¢).

Thus, regardless of the choice of coordinates, the necessary condition that a geodesic
can encounter the horizon is its reduced radius 7 can reach 1 within its finite reduced time
t < 0.

According to Cond.17, M (#) = M (t(t)) is a monotone non-increasing function of ¢:

M() = C”Z Lft) _ M’(t)j—; <0 (20)

now Eqn.16 can be rewritten with 7 and ¢:
dr ~1/2 1 ~1/2 ( 1) . A} M'(t)
— = —J(t 1—= - t 1—=|t+r = 21
=@ (1-7) - [ (1-7) | A @)
the first term is the same as classical vacuum Schwarzschild metric, thus, the sign of the
second term is the key. Before the BH vanished, if » > 2M(t), # > 1, £ > 0, f({) >
0(Cond.12), M(t) > 0(Cond.11), M'({) < 0(Cond.20), then
. 1\ . M'(t
- [f(t)m (1 - 7> t+f~1 D20 fori>1
T M(t)

To decide whether the geodesic of Eqn.21 will encounter the horizon at some fi-

nite Schwarzschild time ¢, comparing Eqn.21 with the ingoing null geodesic in classical

Schwarzschild metric, where f(t) = 1, M'(t) = M'(t) = 0:

dr 1
—=—1-= 22
dt ( fr) (22)

this geodesic in classical vacuum Schwarzschild metric will never encounter the horizon at
any finite ¢, and so as Schwarzschild time ¢. Please note that for a classical eternal BH, this
does not mean that the geodesic will not encounter the horizon. However, this is irrelevant

here because there will be no more BH to encounter after t.,. Now compare Eqn.21 and

Eqn.22: )
Ty (1 - i) - {f(f)”2 (1 - i) f+f} M)

dt
> (@) (1-

(-

this result shows that the geodesic of Eqn.21 will also never encounter the horizon at any

(23)

finite ¢, because the decreasing speed of 7 with £ is no faster than the case of classical vacuum

Schwarzschild metric.
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Thus, the geodesic of Eqn.21 will never encounter the horizon at all, regardless of the
choice of coordinates. Because if the geodesic cannot encounter the horizon before the BH
vanished, then there will be no more BH and horizon to encounter.

To sum up, for an evaporating spherical symmetric BH with finite evaporation lifespan,
the light-cone forbids anything to encounter the horizon, regardless of the choice of coordi-
nates, even regardless of how the evaporation process contributes to the spacetime geometry,
such as the contributions of the back-reaction of radiations and any other radial energy flux.

What would an evaporating BH look like as seen by an infalling observer? Comparing
with the conclusion made with classical general relativity(GR) in [OS39], the total time of
evaporation for an observer infalling to the BH is too short to enter the horizon, while an
external observer sees the BH having an extremely long evaporation lifespan. As the infalling
observer getting close to the horizon, he will see the horizon becomes incredible bright and
shrinking faster and faster. With a terrible explosion, the BH vanishes before he enters its
horizon. More information about Hawking radiation as seen by an infalling observer can be

found in [GS09], but please note that the effect of shrinking horizon has not been included.

C. Generalization

B 5/ The calculation in Sec.II B is valid for any spherical symmetric BH

075 With finite evaporation lifespan. Nevertheless, what about the other

=05 general BHs? It is not so smart to solve special BHs one by one.
1=0.25

Heuristically, the result obtained in Sec.IIB could be acquired

XF2  XF3 Xf4

t=0

more generally with Rindler geometry near the horizon.
=-0.25
o If the near-horizon geometry is Rindler geometry, a hovering ob-
t=0.75 server close to horizon is a Rindler observer. For a Rindler observer,
t=-1

AN nothing can encounter the horizon within finite Rindler time. The

Rindler time on the horizon must also be infinite. However, the Pen-
rose diagram of a BH with finite evaporation lifespan shown in Fig.2 on right requires that
the event on horizon must map to some finite Rindler time before the BH vanished, which
strongly unfavor Fig.2 on right.

The rigorous proof for the general cases may have to involve some global differential

geometry technique. Nevertheless, along the heuristic thread above, it is reasonable to

11



conjecture that for any BH with finite evaporation lifespan, nothing is physically permitted
to encounter the horizon, regardless of the choice of coordinates, even regardless of how the

evaporation process contributes to the spacetime geometry.

D. Causal structure and conclusion

Fig.3 is the plot of the null geodesics of an evaporating spherical BH in Schwarzschild
coordinates. The solid red curves are the ingoing null geodesics (and eventually escaped from
coordinates origin after the BH vanished), solid green curves are the radiations emitted near

the horizon.

Schwarzschild Radius

Schwarzschild Time

FIG. 3: Null geodesics of an evaporating BH in Schwarzschild coordinates

Fig.3 shows no ingoing (eventually escaping) null geodesics will terminate at singularity;
therefore, these geodesics are complete, because the ingoing null geodesics cannot encounter
the horizon within finite Schwarzschild time t.,. Nevertheless the geodesics of the radiations
emitted from horizon are not complete, the BH is pre-existing as assumed, which means the
outgoing geodesics of radiations will encounter the coordinates singularity at past infinity.

One may ask what about ingoing Eddington-Finkelstein coordinates. It can be found in
Birrell & Davis[BD82], shown in Fig.4.

Fig.4 is exactly equivalent to the Penrose diagram in Fig.2 on right, so they share exactly
the same problem. Then what is the correct Finkelstein diagram of a pre-existing evaporating
BH? The answer is it is impossible to plot a pre-existing evaporating BH in the ingoing
Finkelstein diagram, but it is possible to plot in the outgoing Finkelstein diagram, which

is used to describe WHs. However, in outgoing Finkelstein diagram, a WH cannot have a

12



surface

FIG. 4: Ingoing Finkelstein diagram of an evaporating BH (incorrect)

beginning, must be pre-existing. As shown in Fig.5, the solid green curves are radiation

emitted from the horizon; the solid red curves are ingoing lights.

FIG. 5: Outgoing Finkelstein diagram of a pre-existing evaporating BH

Similarly, just like BH evaporation process cannot be shown in the ingoing Finkelstein
diagram, the WH formation process also cannot be shown in the outgoing Finkelstein di-
agram, and, it is impossible to show both the formation and the evaporation process of a
BH or a WH in one Finkelstein diagram. Although it is possible to show a pre-existing
evaporating BH as a WH in outgoing Finkelstein diagram, there is still a problem that how
a BH with a finite evaporation lifespan have existed for infinite long time (measured by
external observer)?

In [Haw76], section IV.“WHITE HOLES”, Hawking considered a gedanken experiment
about the arrow of time, it shows that there is no difference between BHs and WHs by
means of ergodic assumption. As the time-reverse of an evaporating BH, a WH can also
absorb radiation continuously from the environment, even can be created from gravitational
collapse of interstellar radiations.

Along the thread above, the Penrose diagram of a pre-existing BH with finite evaporation

lifespan must be like an erupting WH, as shown in Fig.6 on left, the exactly up-side-down

13



version of Fig.2 on left.
The Penrose diagram of an erupting WH with a beginning corresponding to the up-side-

down version of Fig.2 is shown in Fig.6 on right. It also shares exactly the same problem of

Fig.2 on right.

FIG. 6: Left: Pre-existing evaporating BH as an erupting WH, Right: WH with a beginning

Whenever a BH can form and evaporate, or a WH can form and erupt, their horizon
must be hanging in the middle of the Penrose diagram, and there is no way to let the event
on horizon maps to the infinite Schwarzschild time.

The only feasible solution is BH(WH) can never form at all, no horizon with slop +1
except the future and past null infinity can appear in Penrose diagram. The only physically

permitted possibility is the quasi-BH(quasi-WH), as shown in Fig.7.

FIG. 7: Quasi-BH and quasi-WH
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In Fig.7, the left one shows a quasi-BH, the right one shows a quasi-WH, the middle one
shows a collapsing quasi-BH bounced by some Hawking-Unruh-like mechanism and turned
to an exploding quasi-WH. Because there is no essential difference between quasi-BH and
quasi-WH, both of them can be called quasi-hole.

Please note that according the calculation in Sec.II B, the back-reaction of outgoing radi-
ation is not necessary for preventing the formation of a BH, because the light-cone will forbid
anything to enter the horizon even there is no back-reaction. However, the back-reaction of
outgoing radiation should be one of the key mechanisms for the formation process and other
properties of a quasi-hole. Quasi-holes may have some observable effects that distinct from
perfect BH(WH).[Vac07][VSKO07] It is reasonable to believe that a quasi-hole may have much
more complex behaviors than a perfect BH(WH), such as bounce or burst, for a quasi-BH

may have much more complex structure than a perfect BH(WH).

III. SUMMARY

In this paper, an exact universal solution with spherical symmetry of EFE was derived
first, where both the Schwarzschild metric and RN metric are its special cases.

With this metric form, for a pre-existing spherical symmetric BH with finite evapora-
tion lifespan (measured by external observers), the calculation shows nothing outside can
encounter the horizon before the BH vanished, regardless the choice of coordinates. Along
same thread, we proposed a conjecture that for any pre-existing BH with a finite evaporation
lifespan, no infalling object can encounter the horizon before the BH vanished, regardless
the choice of coordinates. Therefore, the widely used Penrose diagram of an evaporating
BH (see Fig.2) is incorrect, because it requires that any event on horizon must mapped to
some finite Schwarzschild time.

As a logical consequence, no perfect BH can form from gravitational collapse, regardless
the choice of coordinates. Therefore, the conundrums such as singularity and information
loss are naturally avoided. The conclusion does not depend on any specific mechanism or
process of BH evaporation in detail. This may imply that the conflict between quantum
theory and classical gravity theory may be not as serious as it seemed to be.

However, the arguments in this paper cannot be considered as a proof because the Einstein

equations need not hold when quantum effects are included, and some of the conundrums
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may not remain sharply in a complete unified quantum theory of gravity.
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